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Preface 



This text covers the fundamental concepts and theories that make up the Stan- 
dard Model of particle interactions. The effort to develop this model continues 
the tradition of looking inside the atom and the nucleus to see how these sys- 
tems are constructed and the principles that govern their behavior, providing an 
understanding of matter at ever-deeper levels. 

The Standard Model describes these interactions through a number of fun- 
damental constituents, three families of quarks and leptons and the gauge field 
quanta with which they interact. These constituents have been revealed through 
the study of natural objects, as well as controlled interactions at several genera- 
tions of accelerator facilities. The Standard Model has provided the quantitative 
basis for understanding the very large body of data accumulated at particle accel- 
erators of ever-increasing energy and luminosity. In this text the various types of 
interactions are presented in sequence, allowing each part oi r the Standard Model 
to be examined in some detail. The various concepts are always introduced in 
conjunction with many detailed phenomena explained by the given idea; general 
principles, stemming for example from quantum mechanics, are also emphasized. 

Particle physics, at the level of this text, is usually taught in the second year 
of graduate study, following advanced quantum mechanics, and often during the 
same year as a field theory class. Since the sequence and numbers of classes taken 
varies from one institution to another, I have attempted to make the material pre- 
sented in the text self-contained. Thus the Dirac equation is presented, as well as 
some material regarding field theory. This inclusion is not meant to replace a class 
covering these topics more fully. I have, however, assumed that the student has an 
understanding of quantum mechanics, including angular momentum and related 
topics, such as Clebsch-Gordan coefficients. In the case of field theory, I have 
tried to show what the mathematics is "doing," rather than attempting rigorous 
derivations of the material. The material is presented using a multi-particle the- 
ory, rather than the single particle equation that is often used, and hopefully this 
will contribute to the appreciation of the content of field theory. The approach 
taken allows a uniform treatment of fermions and bosons, as well as particles and 
antiparticles. Following the introductory material, which is contained in the first 
three chapters, the full phenomenology of particle physics is presented, based on 
the fundamental constituents. This includes the spectrum of states of the strong in- 
teractions, decays and mixing phenomena due to the various interactions, and the 
behavior of scattering cross sections. In addition, a major goal is to work through 
a large number of calculations, particularly for the benefit of experimentalists 
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who may not have an opportunity to see these calculations in any other class. A 
number of homework problems accompany each chapter, allowing students to test 
their understanding of the material and in some cases extend it. 

In presenting particle physics we can write down a number of equations and 
try to deduce their consequences, or work up through the phenomena toward a 
theoretical synthesis. The material in the text is presented mostly using the latter 
approach. This allows the student the opportunity to work through elements of 
the theory more slowly and to understand some of the evidence that led to the 
components of the Standard Model. In addition, the nonperturbative parts of the 
strong interaction are mostly not rigorously calculable, so we have to develop a 
separate understanding of these phenomena, which show their own regularities. 
The lightest hadrons have been used for this purpose. The spectrum of these states 
and their decays illustrate a number of interesting phenomena. The text covers the 
strong (Chapter 5), electromagnetic (Chapter 6), and weak (Chapter 8) decays of 
these particles in some detail. 

This text provides material for a one-year long class. It can, however, also 
be used for a semester-long special topics class, for example, on the weak in- 
teractions. The fraction of the material covered in the first three chapters can be 
adjusted based on which other classes are taught at a given institution. Topics 
covered in some detail, such as the constituent quark model and weak decays, can 
be covered more briefly, with additional reading left to the student. One topic not 
covered is the connection of particle physics to astrophysics and cosmology. This 
is an exciting connection and I would expect that at some institutions this mate- 
rial will be taught as a semester-long special topics class following the particle 
physics class. 

The emphasis here is pedagogical. No attempt has been made to present topics 
in their historical setting. In addition, a number of important topics, such as tech- 
niques used in particle detectors and particle acceleration, are not covered due to 
space limitations. A number of books now cover these topics; some of these are 
listed in a bibliography. They would provide interesting supplementary reading. 
This text generally does not contain the references to the original scientific litera- 
ture; however, many useful references are provided in the bibliography. These are 
chosen for pedagogical reasons and no credit for original discovery is implied by 
the selection. 

The text should allow the instructor the scope for some interesting additions. 
For example, although specific experiments are not discussed, the instructor can 
include material relevant to the experiments at a given institution. Material can 
also be added about particle detection techniques relevant to these experiments. 
The calculations in Chapter 1 1 can form the basis for such a discussion. These 
additions can help students make the transition to research at the given institu- 
tion. In addition, the instructor can add graphic material to discussions that are 
mostly algebraic or descriptive. Examples include additional Feynman diagrams 
and various unitarity triangles for quark mixing. 

The material presented illustrates the beautiful picture we have of particle 
physics at the start of the 2 1st century. Important missing pieces in this picture 
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should be found in the next decade. The last chapter presents some ideas of where 
nature may lead us. The discussion is very brief, since it is not clear which ideas 
will prove to be a key to the future. The student can expect to learn more about 
these topics over the coming years. 
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The Particle Physics Program 



1.1 



Particle 

FIGURE 1.1 Representa- 
tion of a local interaction 
involving three quantum 
particles at a given space-time 
point. This could represent 
the decay of particle I into 
particles 2 and 3. 



INTRODUCTION 

Particle physics aims at the discovery of the basic forms in which matter can occur 
and the interactions among these forms. The search for the simplest, most basic 
objects has led to the study of matter at very small distances. We call the forms of 
matter on these short distance scales particles. Interactions of the particles must be 
described by quantum mechanics and the present state of experimentation has al- 
lowed the study of physics at distance scales down to about 10~ l6 cm. These stud- 
ies typically require high energies; in fact, the energies in such particle processes 
are frequently large compared to the masses of the particles involved, implying 
relativistic motion. As a consequence, the production of new particles through 
the interactions is typical, since the large kinetic energy carried by the interacting 
particles can provide the energy for the creation of additional particles. 

To incorporate relativity into quantum mechanics will require some new ideas. 
In particular, the requirement of relativistic invariance is a strong constraint on 
how we can picture the interactions between the particles. Basic interactions must 
be local in character. There are no instantaneous interactions at a distance. We 
thus picture a particle process or quantum event as an interaction at a point in 
space-time of objects of very small size (perhaps vanishingly small for the "fun- 
damental" particles). This is shown in Figure 1.1. We, of course, need to define 
the meaning of such a picture, including the possible participants and the strength 
of the interaction. 

In a given quantum event, all the particles obey the same quantum rules, which 
replace the classical physical picture of a relativistically covariant local interaction 
of a particle with a different entity, the classical field. In fact, we will use the word 
particle or field rather interchangeably to describe the particles we discuss. We can 
think of a single particle as the simplest field configuration after the vacuum. 

The basic quantum event allows for the creation and absorption of particles, as 
first seen most clearly in the photo-electric effect. The particles involved carry en- 
ergy and momentum, as well as other attributes such as spin and charge. These are 
absorbed or created fully in the event and the possible values are governed by the 
allowed quantum states for each particle type. Although the interactions are local, 
the quantum particles are not fully localized, but rather their "presence" is spread 
over space-time (e.g., described by a wave function). Thus, calculating the effect 
of the local interactions in real situations always involves adding contributions 
spread over space-time. 
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The space-time evolution and detection of the particle systems obey the basic 
principles of quantum mechanics. Primarily, these are: 

1. For any system there exists a complete set of base states, which forms a 
basis that we can use to describe the system when measuring its characteristics. 
The values found for physical observables correspond to the values that charac- 
terize the appropriate base states. The allowed values may be either discrete or 
continuous. Various types of measurements may or may not be mutually compat- 
ible, leading to the limitations quantified in the uncertainty principle in the case 
of incompatible measurements. 

Examples of base states are the quantized energy states of atoms, molecules, 
and nuclei. These begin at lowest energy with discrete bound states, followed 
by a continuum representing the breakup of the system. These states are also 
characterized by internal angular momenta, which are discrete. 

A physical system we will often talk about is a beam of particles to be used 
in a scattering experiment. The particles in such beams are usually described in 
terms of a continuum of energy and momentum base states. To achieve a complete 
description also requires specification of the particle spin orientation, which is a 
discrete variable. 

2. The evolution of a system from an initial state to a final base state is de- 
scribed by a complex amplitude whose square gives the probability of finding the 
system in the final base state. An example of an amplitude is the nonrelativistic 
wave function, for which the particle state has been projected onto position states. 
After squaring, it gives the probability density for finding the particle at a given 
position as a function of time. 

3. Quantum mechanics is linear. This implies that the amplitude for the evo- 
lution of the system from a linear combination of initial base states to a given 
final state is a linear combination of the amplitudes describing the evolution of 
the individual base states, had they alone been the initial state. 

For a single particle that goes from a spatially localized initial state to a well- 
separated localized final state, we can calculate an amplitude for each trajectory 
or path in space-time that the particle could have taken. The linearity condition 
applies to these amplitudes. For indistinguishable alternative paths connecting the 
initial and final state, the complex amplitudes for the alternatives add when con- 
structing the full amplitude. This has long been known for light, which exhibits 
various diffraction and interference phenomena, where the quantum events be- 
tween which propagation occurs are the initial emission and final absorption of 
the light quantum. The alternative paths are the available trajectories the light 
quantum can take. Analogous interference phenomena are seen for other particles 
such as neutrons or electrons. 

The use of amplitudes, and the interference of alternatives, gives a wave-like 
propagation between quantum events. Combined with the particle-like local in- 
teraction, this gives rise to the wave-particle duality so characteristic of quantum 
mechanics. 
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4. The amplitudes must have a Lorentz covariant description, since we insist 
that the physical picture of the system and its evolution must allow an equivalent 
interpretation in all inert ial reference frames. 

The principles above have been found to be universal. For example, there can 
be no strictly classical objects; all objects are quantum in nature. In addition, 
there are no arbitrary potentials; rather, a potential is a consequence of the local 
particle interactions and propagation. This is remarkable and exciting progress in 
the development of a unified view of the rules by which nature works. 

Typical of physics, the variety of phenomena allowed by the same basic rules is 
truly surprising. For example, the quantum rules, when combined with the differ- 
ent particle masses and interaction strengths, provide a multiplicity of structures 
or systems with different characteristic dimensions and energy scales. Each such 
system has its base states and amplitudes, which satisfy equations usually solved 
using approximations emphasizing the relevant degrees of freedom of the system 
and therefore valid over some range of distances and energies. Some examples of 
increasing characteristic energy are the states within a crystal, the behavior of the 
atom, the structure of the nucleus, and the nucleons within the nucleus. 



1.2 ■ WHAT DO WE MEASURE? 

The study of the forms and interactions of matter is based on observations of nat- 
ural systems and on experiments arranged to create controlled interactions. The 
latter, using large accelerators, have become the primary research tool for look- 
ing at matter at very short distance scales. The present state of experimentation 
has probed energy scales up to approximately 200 GeV. This corresponds to dis- 
tances on the order of 10 _J6 cm. For some types of measurements we understand 
the physics down to 10 _l7 cm. The types of observations typically made in ex- 
periments are characterized below. 

The Particle Spectrum This involves the determination of the base states con- 
sisting of a single stable isolated particle, along with any quantum numbers 
needed for a complete description of these energy eigenstates. Such a particle 
may be a composite object. These states are eigenstates of the Hamiltonian oper- 
ator that determine the time evolution of the system; they provide information on 
the objects and interactions the Hamiltonian describes. 

Scattering of Particles In addition to seeking the spectrum of individual par- 
ticles, we can create collisions between particles. This leads to measuring the 
results of a scattering experiment. Here beams of particles are directed onto each 
other or onto stationary targets. The resulting collisions allow us to discover new 
final state particles, as well as the characteristics of the interactions of the initial 
particles. 
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Beams for scattering experiments typically originate with either low energy 
electrons stripped from materials, or protons from ionized hydrogen. These par- 
ticles are accelerated and can be used directly in experiments, or they can be used 
to make beams of secondary particles created in collisions with intermediate tar- 
gets. These secondary beams can then be used in scattering experiments. 

The final collisions of interest involve two particles at a time, one from the 
beam and one from the final target. Prior to collision, these were two widely 
separated, noninteracting particles. Following the collision, we measure the fi- 
nal particles at a distance far removed from the collision region. Here the state 
can again be described in terms of separate noninteracting isolated particles. To 
achieve maximum total energy, the target is often chosen to be a beam of high 
momentum particles. 

The states we will use to describe the motion of the initial and final particles 
will usually be momentum eigenstates. Beams are usually constructed to have 
reasonably well-defined momenta, and measurements on final state particles typi- 
cally aim at a momentum determination. We will occasionally use states of given 
angular momentum, but this is cumbersome for final states with many particles. 

To complete the space-time description of a momentum eigenstate requires 
specification of the spin projection along the direction of motion, called the he- 
lieity. Final states of different helicity are distinguishable and do not interfere. 
For the initial colliding particles, the state can be specially prepared to have un- 
equal populations of the various helicities providing a polarized initial state. In the 
common case, where nothing is done to preferentially populate the spin states, the 
initial particles contain an incoherent statistical mixture of all helicities, often re- 
flecting the state from the initial particle source. 

Since the evolution of the system is determined by the quantum principles, the 
description of the scattering process is contained in an amplitude that is a function 
of the initial and final momenta and helicities 
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where P\ , k\ ; Pi, k' 2 are the initial momenta and helicities and k\ , k[ ; . . . ; k n> k{ 
are the analogous quantities for the final particles, for the case of n final particles. 
Rates are determined by the square of the amplitude yielding a density of events in 
the momentum space describing the n final particles. The calculation must yield 
an answer that is Lorentz covariant, which will provide a constraint on how the 
momenta appear in the amplitude. Finally, the amplitude must be linear in the spin 
degrees of freedom by the linearity requirement. 

In the case of identical particles in the final state, the amplitude must reflect the 
spin-statistics relation obeyed by all systems, including identical complex com- 
posite systems emerging as separate isolated particles. If particles / and j are 
identical, the amplitude must satisfy 

A (. . . ; k^kfx . . . ; kj, kj . . .) = ± A (. . . ; *,-, kj \ . . . ; *,-, k{ . . .) , 
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with the 4- sign for particles of integral spin (called bosons) and the — sign for 
particles of half- integral spin (called fermions). Care must also be taken that phys- 
ically indistinguishable configurations are not counted more than once when cal- 
culating rates by integrating over the momentum space. 

Production of Resonances A third type of measurement involves a determina- 
tion of the properties of resonances. These are isolated particles that live long 
enough to leave a scattering process, but subsequently decay spontaneously. Res- 
onances are described by a mass m, and decay lifetime r. We will generally use 
the reciprocal of the lifetime, V = 1/t, called the decay width, which has units 
of energy. 1 For these states the mass is usually determined as an eigenstate of a 
part of the full Hamiltonian. Thus the mass spectrum and pattern for these states 
is often similar to the spectrum for fully stable particles and we will seldom dis- 
tinguish between the two. The width is generated by the remaining interactions, 
which may have little to do with the mass, but cause transitions to final states of 
several particles. In general, several decay modes are possible, each contributing 
a fixed fraction of the decay width. Resonances provide a nice system in which 
to study the interactions responsible for their decay, since they are the simplest 
initial state we can prepare whose probability is time dependent. We give some 
examples below. 

A familiar and simple example of a stable state and a set of related resonances 
is the ground state and excited states of hydrogen. Here, all the bound state en- 
ergies can be calculated to high accuracy in terms of the Coulomb potential and 
electron kinetic energy. The decay of the excited states comes from the emission 
of photons leading to a transition to a state of lower energy. Both binding energies 
and widths result from electromagnetic interactions; however, these can be split 
into a static potential (with no real photons present) and the emission of a separate 
real photon from the resonance. Note that in thermal equilibrium, as opposed to 
in isolation, the relative populations of the ground state and the resonances are de- 
termined by the temperature. This is not the situation of accelerator experiments 
where particles are detected as isolated objects and transitions occur from heavier 
to lighter states. 

Another interesting example is provided by the three n mesons 7r + , 7T°, and 
tc~. All three have nearly the same mass, determined by the strong interactions. 
The 7r + and n~ decay via weak interactions and live a sufficiently long time to 
allow production of beams of these particles. The n° decays into two photons, a 
process forbidden by charge conservation for the 7r + and 7r~, and has a lifetime 
about 1 8 times shorter than that of the charged states. Here the masses and widths 
come from entirely different interactions. 

As a final example, we can look at the p° and co° resonances that decay into 
7T + 7T - and 7r + 7r~7r°, respectively. The masses of these are again determined by 
the strong interactions and the two have nearly the same mass and are made of 
the same constituents in the same spatial state. If we think in terms of a poten- 

We use units ft = c = I . See the Appendix for discussion of this. 
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tial, we might guess that it is the same for both states, given the near equality of 
the masses. Both particles decay via the strong interactions, so that they live a 
very short time. The decay comes again from the creation of new quanta, which 
combine with the initial constituent quanta to make the final state pions. We will 
discuss later the principles that dictate why one state decays into two and the other 
into three pions. The net result is that F p is about 20 times F^. We see again that 
widths can differ significantly for resonant states that have much in common. 

In all the examples above the widths are determined by the interaction dynam- 
ics. Particles have no "intrinsic" widths. Masses are also at least partially dynam- 
ically determined, certainly for bound systems, and one could ask whether there 
are any "intrinsic" masses. One of the surprising discoveries is that there appear 
to be no "intrinsic" masses for the stable states of the spectrum, including our 
familiar particle, the electron! These masses result from dynamics, although the 
dynamics are not fully understood at present. We will discuss the mass-generating 
interaction in some detail in Chapter 10. 



One Jet 




Annihilation 
Point 



Second Jet 

FIGURE 1.2 Two-Jet final 
state that might be produced 
in e + e~ annihilation. Each jet 



has four particles. 



Jets at High Energies In very high-energy scattering processes producing 
strongly interacting particles, the number of particles produced can be very large. 
Focusing on the distribution function that keeps track of all of the many particles 
can obscure the global characteristics of the final state. We find that the final 
state particles can often be grouped together into individual "jets" that reflect the 
underlying physics more clearly. Each jet contains a number of particles close to- 
gether in momentum space and separated from the other particles in the scattering 
event. Unlike resonances, which escape the collision volume and decay through 
an independent process yielding a well-defined average number of final particles 
independent of the momentum of the resonance or how it originated, the jets are 
not independent of each other in an event. Thus there is no well-defined average 
number of particles characterizing the decay of a single jet. 

The simplest process illustrating the production of jets is the annihilation of a 
positron with an electron into strongly interacting particles emerging in two jets. 
An example of how such a two-jet event might look is shown in Figure 1 .2. The 
average number of particles in the final state is determined by the pair of jets and 
grows with the invariant mass (or total center of mass energy) of the jet pair. As 
this energy grows, the final particles are more and more collimated into the two jet 
structures, making it progressively easier to define their directions and energies. 
The question then becomes, what determines the jet energy and direction? Whose 
direction is it giving us? We will discuss this in the next section, where we turn 
from what we measure to the forms of matter underlying the measurements. 



1.3 ■ FUNDAMENTAL CONSTITUENTS AND INTERACTIONS 



The set of all known particles and their interactions up to an energy scale on the 
order of 200 GeV can be described in terms of a small set of constituents of mat- 
ter. We exclude here, however, gravity, which is an extremely weak interaction for 
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particle pairs at presently available energies. The particles and interactions have 
a certain simplicity and unity and form what is called the Standard Model. We 
will spend most of our time developing this picture and relating what is seen ex- 
perimentally to the postulated constituents. This section serves to introduce these 
ideas. 

We begin by describing the simplest set of particles, called leptons, and their 
interactions, starting with interactions that are large at a scale of a few GeV. 



There are a total of six leptons, e , \x , t" 



and v T (we do not list the 



antiparticles as separate particles). Three of the leptons are electrically charged, 
having the same charge as the electron, and three, the neutrinos, are neutral. The 
masses of the neutrinos are small, and presently under very active investigation. 
The charged leptons have masses: 

m e = 0,5110 MeV, 
m u = 105.7 MeV, 
m t = 1777 MeV. 

There is no fundamental understanding of the mass pattern. All leptons have 
spin \ and are therefore fermions. 

To first approximation, at the few GeV scale, leptons interact only with the 
electromagnetic field, which is described by a gauge theory that we discuss in 
Chapter 2. This gauge interaction results in only one field particle, the photon, 
transmitting the force. The gauge field theory guarantees several crucial features 
of electromagnetism: The photon is massless, it has spin 1 , and it couples to a con- 
served current, determined by charged particles. The latter property is already fa- 
miliar from classical electrodynamics, as is gauge invariance. The basic quantum 
event describing the electromagnetic interaction of the leptons is the absorption or 
the emission of individual photons, shown in Figure 1.3. Such an event is called 
an interaction vertex. It is generally part of some larger process, for example the 
scattering processes discussed in Chapter 3. 






FIGURE 1.3 Basic vertices for the electromagnetic interaction of the charged leptons. 



Neutrinos have no charge and thus have no interactions at all to this approx- 
imation. The photon also carries no charge, so it does not interact with itself. In 
this approximation there are no events that couple different leptons. Thus, all six 
would be stable; none would decay into any others. 
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However, already at Jow energy, we find an additional interaction, which ap- 
pears to be very weak compared to electromagnetism. It is visible mainly because 
it has different interaction vertices, allowing new types of reactions that do not 
occur at all for vertices involving photons. These reactions treat the six leptons as 
three families (called doublets), which we group as follows: 

with transitions occurring between pairs within a family via the emission of new 
particles called the VV + , or its antiparticle, the W~. These have spin 1, like the 
y, and are called gauge bosons. They are heavy and have finite lifetimes when 
produced as real final state particles. 

With this interaction, the ixT and r~ decay via the processes shown in Fig- 
ure 1 .4. In these diagrams time flows in the direction that takes us from the initial 
to the final state, which is upward in the figure. Such pictures are called Feyn- 
man diagrams. These are second order, involving two interaction vertices and the 
propagation (or exchange) of a W between. The initial energy is <£ Mw\ the 
propagating W is called a virtual particle. All decays shown are energetically al- 
lowed and are observed. What is now conserved by these diagrams is the sum of 
the number of leptons of each family type, for example, \±~ plus v^. Note that 
the final e~ particle plus v e (an antiparticle) in \x~ or r~ decay produce no net 
electron lepton number, which is conserved separately. 




FIGURE 1.4 Weak decay processes involving only leptons. Processes include two ver- 
tices. 



The stable leptons, considering the electromagnetic and weak interactions, are 
c~ , iv, Up, and v T . These are the lightest members of each family, plus one 
charged lepton whose stability is required by electric charge conservation. These 
stable particles are the leptons we find around us. The others have a fleeting exis- 
tence on earth at accelerator laboratories or in cosmic ray showers. 

The foregoing discussion could have focused equally on the various antipar- 
ticles, for example, e + , and did not tell us what to expect for the net value of the 
various lepton numbers in the cosmos. We believe that this was determined during 
the very early evolution of the universe, although the details are not well under- 
stood. The net result, however, was the generation of an asymmetry between the 
numbers of particles and antiparticles, resulting in an excess of particles. 
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In addition to causing \x~ and r~ decays, the weak interactions provide the 
mechanism for the neutrinos to have very weak scattering processes with other 
particles at low energies. In these processes the neutrino can turn into its charged 
lepton partner via W exchange, or it can remain unchanged. The latter process 
requires a new, electrically neutral intermediate particle called the Z°, which 
is closely related to the W particles. Examples of such scattering processes are 
shown in Figure 1.5. 





FIGURE 1.5 Two Feynman diagrams leading to the same final state and involving dif- 
ferent virtual intermediate states. 




FIGURE 1.6 Vertex involv- 
ing Z^W~^~W~ at a point in 
space-time. 




FIGURE 1.7 Vertex involv- 
ing yW~*~W~ at a point in 
space-time. 



The transitions between the members of a doublet by three gauge bosons is 
described by a non-Abelian gauge theory denoted SU(2), which we will discuss 
extensively in Chapter 8. The theory has an SU(2) symmetry, that is, a symmetry 
under unitary transformations among the doublet members and gauge bosons. An 
expected consequence of the symmetry is that particles that transform into each 
other via the unitary transformations have the same mass. Such a theory would be 
expected to yield three massless spin 1 gauge bosons, analogous to the massless 
photon, and requires degenerate fermions within a doublet family. Neither of these 
is true! The deviation of what is seen from what is expected is called symmetry 
breaking. For example, Mw = 80.4 GeV and M/ = 91 .2 GeV. The large value of 
the gauge boson masses is responsible for the apparent weakness of the interaction 
at low energies and the fact that there are no bound states of this interaction. 
The interactions are not weak compared to electromagnetism for energies much 
greater than the boson mass. 

The breaking of the SU(2) symmetry is attributed to a new interaction; we 
leave to later discussion how the details of this theory are emerging experimen- 
tally. This is the mass generating interaction alluded to earlier. Before continuing 
to the next set of constituents, we mention one other interesting point. The photon 
does not interact with itself, which we attribute to it not carrying electric charge. 
In contrast, in a non-Abelian theory the gauge bosons carry the "charge" that cre- 
ates the interaction and interact with each other. This is true of all particles that 
are not singlets under the unitary transformations of the gauge group, whereas sin- 
glets do not interact. Thus there are vertices such as the one shown in Figure 1.6, 
a process that is visible at sufficiently high energy. Since the W + and W~~ carry 
electric charge, there must also be a vertex of the type shown in Figure 1 .7. Appar- 
ently, the photon is not a singlet under the weak SU{2) symmetry. This process 
is a hint that the photon is somehow linked to the three vector bosons. This will 
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be seen to be true and the set of reactions involving all four bosons, which is the 
full set of known reactions for the leptons, are collectively called the electroweak 
interaction. 

We turn next to the remaining ferrnions, called quarks. These again come in 
three doublet families that interact via the electroweak interaction. We denote the 
quark types (called flavors) u (up), d (down), c (charm), s (strange), t (top), and 
b (bottom) with doublet families: 



All upper members of a doublet have electric charge +| (we use units of the 
proton or positron charge, hence the electron has charge —1) and the lower mem- 
bers a charge of — {. The masses are: 

m u - few MeV m c = 1 .5 GeV 
m c ) — few MeV m\> = 4.8 GeV 
m, = 170 MeV m, = 175 GeV. 

These particles, however, are never freely found, making it difficult to determine 
the masses. The u and d are very light, with mj > m u \ the large variation in 
masses is an unsolved puzzle. 

Again, the electromagnetic interactions alone would have provided six separate 
stable quark types. The weak interactions are visible at low energies by creating 
transitions between quark types, reducing the number of stable objects. Consid- 
ering only transitions involving quarks, we would expect to find the stable types 
(choosing the lightest doublet members for the second and third generations): 
£/, d, .v, b* However, two effects further reduce the number of stable quark types. 
The first is the mixing of members of the three quark families, again believed 
to be due to the SU(2) symmetry breaking interaction that generates the gauge 
boson masses. It also generates the fermion masses and the family mixing. The 
mixing allows transitions of the type shown in Figure 1.8 in addition to those to 
the partner in the doublet, and is specified by a unitary matrix that we will dis- 
cuss later. The net effect is to allow the s and b quarks to weakly decay to lighter 
quarks. 






FIGURE 1.8 Some of the basic vertices for the weak interaction of the quarks leading 
to transitions outside a doublet pair. 
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FIGURE L9 Weak decay 
involving quarks and leptons. 



The second effect is that the weak interactions couple the quarks to the leptons. 
Thus, the process shown in Figure 1.9 allows d quark decay because the total mass 
m u -f m e + m Ve is < m ( \ by a small amount. Thus we would expect to find one 
quark type, u t to be stable and one conserved quantity, the total number of quarks 
of all types. 

The above would be the whole story if quarks were just like leptons. Instead 
they have an additional interaction, the strong interaction, which dominates their 
behavior. In fact, the quark families we have written down each come in three 
copies, which have identical masses and electroweak properties. These types are 
called colors; each quark flavor comes in three colors. 

Quarks can make transitions between color types, emitting a new type of spin 1 
gauge boson. Since the transitions involve triplets now, the gauge group is SUO). 
The symmetry is unbroken, so the gauge bosons are massless and coupled to con- 
serve color. To describe all types of transitions, the number of gauge bosons, now 
called gluons, has to be 8, as discussed in Chapter 4. They are the glue binding 
together quarks in the proton and neutron. The gluons carry "color" charges and 
interact with each other as well as with the quarks. To explain the much greater 
strength of the strong interaction, as compared to the electromagnetic interaction, 
the amplitude for a quark to emit a gluon must be much greater than the ampli- 
tude for an electron to emit a photon. Choosing one family of quarks, the possible 
transitions that occur are shown in Figure 1.10. 



Gluon Transitions 



Change Colors 



" Weak Transitions 
Change Flavor 



Color # 1 



Color # 3 



Color # 2 

FIGURE 1.10 Types of transitions for u and d quarks considering both strong and weak 
interactions. 



According to this picture, we would expect the quark types that are stable un- 
der the weak interactions to come in three versions, the three colors. These are not 
found in nature; in fact, no quarks or gluons are found at all among the spectrum of 
isolated states we see. This is the surprising feature we have to deal with for color 
theory, just as symmetry breaking is the surprise we have to deal with for elec- 
troweak theory. These features most clearly distinguish these interactions from 
electromagnetism. However, while the electroweak theory has missing pieces, 
namely the dynamics responsible for the symmetry breaking and mass genera- 
tion, the unusual features of the color theory follow just from the strength of the 
interaction and the properties of the gauge theory. 

The fact that free quarks and gluons are not seen is called confinement and is 
a consequence of the behavior of the gluon exchange force with distance. The net 
effect is that quarks are confined in bound states consisting of color-correlated 
quark clusters, whose net color charge vanishes. Attempts to knock the quarks 
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out using high-energy collisions always result in showers of colorless bound-state 
particles, which form the strong interaction spectrum. These jets of final particles, 
discussed in the previous section, are the result of the particle showers following 
the direction of the parent quarks or gluons and carrying their large energy and 
momentum. The existence of jets allows an approximate determination of the par- 
ent quark direction and energy and a test of our understanding of the interactions 
at the quark level. This was critical for gaining acceptance of a theory whose basic 
objects cannot be isolated individually. 

The strongly interacting particles made of quarks are called hadrons. We will 
look at the spectrum and properties of hadrons in Chapters 4, 5, and 6. They come 
in states with half-integral spin (made of three quarks) called baryons, and inte- 
gral spin, called mesons. The one stable quark type with respect to the electroweak 
transitions results in one stable hadron, the proton. However, the neutron-proton 
mass difference is sufficiently small that the binding energy of a neutron in a 
stable nucleus forbids (by energy conservation) neutron decay, which occurs in 
free space. Note that the free neutron decay, n — > p + e~~ + v e , is just the de- 
cay of the d quark discussed earlier but now in the context of a bound quark 
system. 

The neutron and proton differ by the exchange of a d quark for a u quark within 
the bound state, resulting in a mass difference of about 1.29 MeV compared to a 
typical binding energy per nucleon of about 8 MeV, for a wide range of nuclei. 
The stability of the neutron in nuclei is thus a fortunate accident of the quark 
mass spectrum, as all other quarks are more than 100 MeV heavier than the u 
or d. We note that neutrinos and the weak interactions are extremely important 
for our understanding of the processes in stars responsible for building heavy 
nuclei, since these are the only processes that lead to nuclear transmutations via 
the basic transition of an n and a p. 

We conclude by noting that the stable spin \ constituents of the low energy 
world, as presently known, turn out to be: e~ and p, which are stable; 77, which 
is stable in many nuclei; and the three neutrino types, which are nearly invisible 
since they interact only via the weak interactions. This simple set of objects then 
build up the various structures around us using the interactions we have discussed. 
For these interactions, the photon is the only gauge particle that appears as a stable 
single particle state. 

The Standard Model, as sketched above, provides an understanding of atomic 
phenomena including chemical behavior, the principles underlying nuclear behav- 
ior, and, after including the gravitational potential, an understanding of why the 
sun shines, and why some stars explode. Not well understood are the questions 
of why the universe is made of particles and not antiparticles, the cosmic ratio of 
massive particles to photons, as well as various phenomena visible mainly through 
gravitational effects. This includes the quantum nature of gravity itself and dark 
matter, which may well consist of the most abundant of the massive particles in 
nature, but whose nongravitational effects are very small. An understanding of 
gravity is an important motivation for much of the recent work on theories such 
as string theory. The search for the nature of dark matter, using both experiments 
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that look for this material as it passes through the earth, and at future accelerators, 
is an exciting undertaking. 

We might ask about the role of the unstable particles, the heavier leptons and 
quarks. Has nature just been generous with the number of particle families, or 
have they been crucial in the evolution of the universe? They are like dinosaurs, 
remnants of an earlier age — in this case the very early universe where tempera- 
tures were large enough to produce these objects. It may well be that we need the 
several families to produce the difference between particle and antiparticle pro- 
cesses required for a world of only particles. The mass and mixing parameters 
that distinguish the family members arise through the mass-generating dynamics. 
How does the mass generation mechanism work? The very heavy top quark may 
have some special role in mass generation; in any case its very heavy mass may 
carry a message we do not yet understand. These kinds of questions, along with 
whether there is a deeper relationship of the several interactions to each other (and 
finally gravity) are some of the exciting forefront questions in particle physics. 



CHAPTER 1 HOMEWORK 

1.1. Given a particle's lifetime r we can define the width T and a decay distance I by 
multiplying by the velocity of light. The mean decay length then equals fiy£, where 
P and y are the usual relativist ic kinematic parameters. 

(a) The charged pi on lifetime = 2.60 x 10 sec. What are V and l for this particle? 

(b) The aft decay width T = 8.4 MeV. What are z and t for this particle? 
For the units used, see the Appendix. 



1.2. In Chapter 2 we will show that, in the low-energy limit, the exchange of a virtual 
particle of mass in corresponds to a potential with a range ~ i/w. What is the range 
for 7r gauge boson exchange? Compare this to the size of a hydrogen atom. Do you 
expect Z° exchange to have much of an effect on atomic binding energies? 

1.3. The uncertainty relation for position and momentum is 

AxAp ~ 1. 

For an uncertainty in a- of 10 cm (a typical atomic dimension), what is the typical 
spread in the momentum? 

1.4. The momentum transfer, q y in a scattering process tells us approximately the distance 
scale probed for "structure" in the target by the reaction. This is quantified by the 
relation cjAx — I, where Ax is the distance scale probed. What must q be to probe 
distance scales ~ 10 -16 cm? 



1.5. Draw the simplest Feynman diagrams for the scattering processes contributing to the 
following: 

(a) v, L c~ -* v p e~ 

(b) v, L c~~ -» \) IL c~ 

(c) v e e~ -* v c e~ 
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(d) v e e~ —> v e e~ 

(e) v lt e~ -> ii~v e . 



1.6. Suppose the electron mass were 5 MeV instead of approximately 0.5 MeV, with all 
other particle masses unchanged. What particles would you expect to populate the 
universe? 

1.7. Suppose the mass difference between the d and u quarks was 50 MeV, with all other 
particle masses unchanged. What major difference would this make in the universe? 
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Particle physics incorporates and builds on the ideas of quantum mechanics and 
classical field theory as developed in electrodynamics. We will describe particle 
propagation using field equations that generalize electrodynamics. The results in 
this chapter are quite far-reaching, and the interpretation of how to use the field 
equations will develop as we explore their solutions. 

As discussed in Chapter I, we will often be looking at states for asymptotically 
noninteracting single particles that we detect individually. The quantities needed 
to describe such single particle states can be specified without actually having 
to identify explicitly the detailed quantum theory. The possible choices for such 
states follow from looking at the group of transformations that result from the 
space-time symmetries of the universe: translations, rotations, and Lorentz trans- 
formations. This is analogous to the situation where we can figure out the various 
spin choices by considering the representations of the rotation group, without hav- 
ing to introduce an explicit Hamiltonian. 

We will not present this group theory analysis, but the result has been men- 
tioned already. The free single particle base states can be chosen to have a given 
energy, momentum, and helicity for a given reference frame. The amplitude for 
the field associated with the particle is a plane wave given by 



00?, = X(Pu)e' 



-ip-.x 



(2.1) 



where p ■ x = p^x^ = Et — p -x, with E = energy and p = particle momentum. 
We use the summation convention for repeated indices, but will not distinguish 
between upper and lower indices. Only special relativity will be relevant for the 
topics covered here, so that the four-dimensional inner product is the same ev- 
erywhere in space-time. The conventions used in the text are discussed in the 
Appendix. For Lorentz indices the convention will include the minus sign for the 
term involving the dot product of the space components. 

The factor x(P/i) in Eq. 2.1 carries the spin information for the particle and is 
independent of x and /. E and p transform under Lorentz transformations in the 
familiar way, so only the expression for x(P/.i) i s likely to be unfamiliar. The am- 
plitude satisfies a space-time relativistic wave equation, called the Klein-Gordon 
equation, but we will require more than this to get the spin dependence right. In 
the rest frame of the particle, the choices for x are just those functions (spinors, 
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vectors, etc) that provide representations of the rotation group, which are trans- 
formations that leave the particle at rest. In this chapter we will first look at the 
field equations and amplitudes for several spin choices. We then discuss how the 
amplitudes are used in quantum calculations. These lead to the quantities we mea- 
sure in experiments, which are transition rates between states. 

The phase variation in space-time of the amplitude in Eq. 2. 1 is the basis for 
many interference phenomena, for example, in the case of photon detection fol- 
lowing a diffraction grating, where several sources contribute to the full ampli- 
tude. In all cases, however, particles are confined to some finite region in space. 
This means that the particle momentum is not perfectly defined and the ampli- 
tude is not a perfect plane wave. Thus Eq* 2,1, which we will typically use in 
calculations, is an idealization of the realistic situation. For example, an electron 
constrained to an atomic dimension ** 1 0™ 8 cm will have a momentum smearing 
that we can estimate from the uncertainty principle to be a few thousand eV, If 
accelerated to a much larger energy, such an electron will have a very small un- 
certainty in both momentum and position, allowing us to describe it by a state of 
well-defined momentum even when making a rather accurate simultaneous posi- 
tion determination in an experiment 

The state corresponding to a single particle will transform under the group 
transformations when changing reference frames. However, several quantities are 
invariant, that is, th e same in all frames. These can be shown to be the mass of 
the particle, m = y/ ' E 2 — p 2 , and its total spin. Thus we can speak about these 
quantities as characteristic of the particle itself. 



2.2 ■ SPIN ZERO PARTICLES 

The simplest amplitude is that for a spin zero particle. This will not describe any of 
the constituents discussed in Section 1.3, all of which have nonzero spin, but will 
serve in this chapter as the mathematically simplest example of a field amplitude. 
In this case, except for a normalization constant, Eq. 2.1 becomes 

<f>(x,t)=e- i i >x . (2.2) 

The Klein-Gordon equation, satisfied by <f> 7 is: 



dt 2 



= /n 2 0, (23) 



where tn is the particle mass. This can be verified by direct substitution. Alterna- 
tively, using the energy and momentum operators E = i(B/Bt) and p = — i V, 
the Klein-Gordon equation is the operator equivalent of E 2 — p 2 = m 2 , acting 
on the amplitude $♦ Note that the covariant differential operator corresponding to 
P} t . iid/'dx^), has the components i(d/dt, — V), The normalization of is not 
constrained for a classical theory. In the transition to the quantum case, the nor- 
malization is fixed by the requirement that the quanta come in discrete units. 
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Interactions of the field with other particles requires the introduction of a 
source term into the field equation. The simplest modification, which parallels 
electromagnetism and the role of the electromagnetic current, is to introduce a 
source p that modifies the field equation as follows: 



v-ii 

3f* 



<p - m 2 4> = P- (2.4) 



Since is a Lorentz scalar, p must be as well. It should be calculable in terms 
of properties and space-time trajectories of the other particles that are present. A 
simple example is a static source; this is a source that (to good approximation) 
is localized and whose change in energy due to interactions can be ignored, such 
as a very heavy particle at rest. In this case, choosing the origin as the source 
location, 

P = gS\x). 

The time independent solution for $ from Eq. 2.4 is 

— ee~ mr 
4>(r) = — A , (2.5) 

which is called the Yukawa potential. We see that the strength of the potential at 
a given point is determined by g (called the coupling constant) and m. A large 
value of m gives a very short range interaction. This is the reason, in fact for the 
weakness of the weak interactions. It is an example of a general result, that high 
mass physics is very hard to see at low energies, since it corresponds to very short 
distance phenomena only. The Yukawa potential occurs as a nonrelativistic limit 
using a classical source. We will make the connection to the quantum particle 
picture in Section 2, 1 3. 

In nonrelativistic quantum mechanics, we can define a probability density and 
current in terms of the particle wave function. The density and current satisfy 
the continuity equal ion but do not form a four- vector in the nonrelativistic theory. 
The current describes the local flow of the probability for finding the particle, with 
the total probability remaining constant. In the relativistic case, the creation of 
new particles in interactions implies that we cannot expect a constant probability 
for finding every individual particle. However, for free particles we might expect 
to find a fixed probability. This is true for the solutions of the free field (Eq t 2,3). 
We define a four-vector current density for complex solutions: 

which has components 

j ^iL*^.-4,^Pj and / = -«<0*V*-*V**). 
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The current density satisfies the continuity equation: 

— *L + v ■ J = 0, 

dt 



which follows from the Klein-Gordon equation. Substituting the solution <j> - 
e~ ipx gives for J fl , Jo = 2£, J = 2/3, or J jL = 2/; M . If we have a situation 
where the state we have prepared involves one free particle in a volume V, then 
the expression for 7n implies that the normalization we have to choose for is 

0=-^*-'> A ". (2.6) 

y/2EV 

We will typically do calculations using covariant fields like e~ ipx . To then trans- 
late these calculations into results for one asymptotically free particle in a vol- 
ume V, we have to multiply the derived expressions for probabilities by \/2EV 
for each particle involved. 

In this discussion, the plane wave for is assumed to be complex, as is the 
wave function in nonrelativistic quantum mechanics. However, classically, fields 
such as the electromagnetic field are real, so we might not expect complex solu- 
tions in this case. We will discuss the meaning of the complex solutions later in 
the chapter, starting in Section 2.8, for the quantum theory. 

The equation for <p with a source present will not automatically allow for cur- 
rent conservation, since Eq. 2.4 does not imply that the current satisfies the con- 
tinuity equation. Thus, even if we start with individual free particles, the source 
can, in general, modify the number of particles. This is also true for electromag- 
netism, where the number of photons is not fixed. However, we expect to find 
some quantities conserved, for example, electric charge, as we explore more gen- 
eral equations. 



2.3 ■ LAGRANGIAN DENSITY 

A technique for arriving at the equations of motion in classical mechanics is the 
use of a Lagrangian and a variational principle. It is possible to derive the field 
equations using an analogous approach based on a Lagrangian. Since the field is 
defined over all space, the Lagrangian is specified by a density, also called the 
Lagrangian for simplicity, which is a Lorentz invariant space-time function of all 
of the fields and their first derivatives. For the case of the free scalar field, the 
function is £(0, 3<p/3x^). 
We define the action, S, as: 



f <"/ A 



C. (2.7) 



Requiring the action to be stationary, that is, SS = for <fi varying in space- 
time arbitrarily, generates the field equations from L. The variation in 4> is, how- 
ever, taken to vanish at t\ , £2 and the extremities of the space integration. For L 
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depending on more fields, this procedure applied to each field will generate equa- 
tions for each of the independent fields. 
For the scalar field, 



SS 



C di f A 






m 



Integrating the second term by parts, with the total derivative yielding a term that 
vanishes at the extremities of the integration region, gives 



SS 



f rf '/" 3 



dC 9 dC 



Requiring this term to vanish for 8</> an arbitrary function of x and t yields the 
Euler-Lagrange equation: 



d 



d£ 



^wo. 






= o. 



(2.8) 



To derive the free field Klein-Gordon equation using the Euler-Lagrange equa- 
tion, a choice for £pree * s 



^Free — 



dxjj dx^ 



d(f) 22 

m q> 



(2.9) 



To include a source-term interaction, as in Eq. 2.4, we can add to jCp vee 

£m = -4>P, (2.10) 

which then yields the correctly modified field equation. Since we are particularly 
interested in the interactions, the usual focus of attention is the form and conse- 
quences of C\ nu which must be generalized to apply to the correct set of particles 
and interactions present. 

We can define a Hamiltonian density, by analogy with the mechanical case, as 



H = 



d(p dC 



dt 



w 



£, 



(2.11) 



with the Hamiltonian H = j'Hd 3 x. We will make the connection to quantum 
mechanics in Section 2.9, through the Hamiltonian. H must then be Hermitian, 
which implies that C is as well. The contribution of the interaction term in C 
provides an interaction term in H\ 



H\ r 



= / H\ nl d 3 x, 



(2.12) 
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where 



_ 'd<f> d£\ m 

/"Mm — ~ jtl Mm- 

dt 9( M) 

For the scalar field just discussed, H\ n t = — ^int = P<j>> As an example, for a 
static source at I2 in the Held of another static source at X|, we can calculate the 
interaction energy by integrating pcj) over all space. Using the Yukawa potential 
given in Eq. 2.5 for <f)(x): 



I- 



-o 2 g-^i-vi-.o: 

>(x)g8*(x -x 2 )d*x = -?--; ^-. (2.13) 

4tt I x\ - x 2 I 



The interaction potential energy is attractive, with a range determined by i/m. 
This is the scalar theory analog of the Coulomb interaction energy in electro- 
statics. 



2.4 ■ SYMMETRIES AND THE LAGRANGIAN 

If the Lagrangian is invariant under a continuous group of transformations, then 
there exist locally conserved quantities constructed from the fields and their 
derivatives. These quantities, like the electric charge, flow in space-time and are 
described in terms of currents. This is called Noether's theorem. The conserved 
quantities in nature tell us which symmetries to build into the Lagrangian. In 
addition, an internal symmetry will result in a spectrum of quantum states that 
are related by symmetry transformations. The mechanism for evasion of this 
expectation, that is, a symmetry of the Lagrangian not seen in the spectrum of 
states, is called spontaneous symmetry breaking. This intriguing phenomenon, 
believed to be responsible for mass generation, will be discussed in Chapter 10. 
We look below at symmetries for the case of a scalar field, but the result is directly 
general izable to other spins. 

A symmetry familiar from mechanics is the invariance of the equations of mo- 
lion under translation of the origin in space-time. For the fields this symmetry 
corresponds to the Lagrangian having the same form if the x fi are used as coordi- 
nates, or if x'y = x IJL + £n are used. This requires that x^ does not appear explicitly, 
only the fields and their derivatives can appear. We calculate the change in C due 
to an infinitesimal displacement: 

We can, however, write this in terms of changes of and d(p/'dx lu , since C depends 
only on these; therefore, using the chain rule for differentiation, 

8C 3C B<p dC 3 ( dcp 

f: n^ — = ttt^V- — + 



"3x M " dcj) r 3x v a ( |£) v dx v \dx (l 



2.4 Symmetries and the Lagrangian 
Using the Euler-Lagrange equation to replace 

/ 

V 
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by 



30 



dXn 




Olives 



3£ 

8x l( 



d 



\)£ 



/_30 



We can write this as 



£ u 



(».v M 



9£ 



(ft) U " 



£/^£ 



= 0. 



Since the gy are arbitrary, the tensor 



a£ 



fe) 



d*u 



— g/i\>£ satisfies 



37^ 
dxu 



= 0. 



(2.14) 



Using the divergence theorem, it is then easy to show that the quantities P v = 
f cfixTov are conserved over time, that is dP v /dt = 0. Too is the Hamiltonian 
density, H, and the corresponding conserved quantity H is the total energy. Its 
conservation follows from time translational invariance. 

We turn next to a symmetry more specific to quantum mechanics. For the non- 
relativistic case, we know that the absolute phase of the wave function is not 
measurable. We look at the analog of this for the scalar field. Stated as a symme- 



try, we want the replacement of by 



^0 to yield the same form of the 



Lagrangian. To achieve this we have to introduce as a complex field explicitly, 
with and 0* appearing symmetrically. The Lagrangian, 



£ = 



30* 30 
dx fl dXfjt 



m <p*tpi 



(2.15) 



is clearly invariant with regard to the overall phase change for 0. Such a change 
in phase over all space is called a globaJ gauge transformation. 

By varying and 0* separately, it is seen from Eq. 2.8 that both fields satisfy 
the free field Klein-Gordon equation with the same mass. We next show that 
the symmetry leads to a conserved current J^. The associated time independent 
quantity Q = f Jo d x is called a conserved charge. 

Under an infinitesimal phase change: 



-» (1 + /(9)0, 0* -» (1 - /(9)0* and £ -+ £. 
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= 8C=—S<p + &4>* + - 



dc 90 dc ; 

S— - + 8- 



m 



dx 



fg) dx " 



Here 



Replacing 



dx u J dx jL 



dC 



m 



dx L 



by 



dXr 



d£ 



3f|J 



a 
a.v,. 



3£ 






gives: 



o = /0 




The first two terms vanish by the Euler-Lagrange equations. Since 6 is arbitrary, 
the last term, using the explicit formula for £ above, gives 



dx,. 



0, y M== / 0*-^-0^ 



8* f 



dx. 



(2.16) 



where the sign convention has been chosen to be the same as in Section 2.2. 

To arrive at a conserved current we had to double explicitly the number of 
fields being considered. This can be seen in another way. Taking 







01 +/02 

V2 ' 



!>1 ~ i<p2 

72 ' 



we can write C in terms of the real fields 0j and 0?. The result is C = £(0i) -f 
£(02), that is, two independent scalar field Lagrangians, but with both fields hav- 
ing the same mass. The phase transformation for and 0* is equivalent to an 
orthogonal transformation (a real rotation) in the 0i and 02 space. From the point 
of view of 0] and 02, the symmetry arises because the 0i and 02 particles are 
degenerate in mass. The doubling of the degrees of freedom for a field describing 
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a particle that carries charge will be seen later in this chapter to correspond to the 
existence of antiparticles of opposite charge, but identical mass, for each particle 
type. Thus the total charge Q can be either positive or negative, depending on how 
many particles or antiparticles are present. 

Maintaining charge conservation even in the presence of interactions con- 
strains the choices available for £i m ; £jm must maintain the global gauge sym- 
metry. For example, a term of the type — A(0*0) 2 maintains the symmetry. This 
represents an interaction between the scalar particles themselves, which conserves 
the charge and leaves the expression for J jJL unchanged. 

For the simplest fields and their interactions described in this chapter, we fo- 
cus mostly on the field equations themselves with the Lagrangian playing a sec- 
ondary role. Since the Lagrangian formalism is the same for the classical and 
quantum case, we can use the familiar classical field equations for electromag- 
netism directly. When we come to the more complex equations and symmetries 
of the strong and weak interactions, the Lagrangian will provide the most direct 
approach for formulating the complete theory. 

The construction of an appropriate C and the corresponding field equations 
follow closely what experiment tells us. That is, we've learned how to build the 
symmetries and interactions into our theories and the use of a Lagrangian is typ- 
ically the most direct way to accomplish this. In subsequent chapters we return 
repeatedly to symmetry questions. In addition, C provides the Hamiltonian that 
we will use for construction of the quantum theory. Except for bound states of 
spin ^ particles, no spin particle has yet been seen, so much of our subsequent 
discussion will focus on particles of spin \ and spin I . 



2.5 ■ SPIN 1 PARTICLES 

We turn next to the case of a free massive particle with spin l , called a vector field. 
The spin dependence x(Pn) {S specified by a 4-vector e^ called the polarization 
vector. In the particle rest frame, e /L is a space vector, which transforms as spin 1 
under spatial rotations. There are thus three independent spin choices in the rest 
frame, with space components e x , e y , or e z providing the simplest set. These 
satisfy the Lorentz covariant conditions e ■ p = 0, e ■ e = — 1, which then hold 
in any frame. We write for the free particle vector field in a general frame: A^ — 
e /i e~ !px . This is the amplitude in Eq. 2.1 for spin 1. 

Choosing p in the ^-direction, we can Lorentz transform the individual spin 
vectors given above to get three choices for e IL \ (0, 1,0,0), (0,0,1,0), or 
l/m(p, 0, 0, £), where the first component in parentheses is the time-component 
and p = |/?|. The first two choices are called transverse polarization, the third is 
called longitudinal. 

A convenient, related basis is given by the helicity states, which are states 
with fixed angular momentum component along p. To calculate these we can take 
states of given angular momentum in the rest frame along the axis given by p 
and then boost these so the momentum is p. Taking as an example p along z, the 
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states in the rest frame have spatial components: 

'e x ±ie v 



Jz = ±1, =F 



J z =0, e z . 



V2 



Under a rotation of the vectors by an angle 6 about the z-axis, these change by 
a factor e~' J: ° , indicating the correct J z . Boosting, the value of J z becomes the 
helicity, which we denote by X. Thus (keeping the unit vector notation for the 
spatial part of the transverse spin states): 

A. = 0, eAX) = -(p,0, 0, E). 

To specify fully a given free particle state, we have to specify the momentum p 
and the helicity X. 

We can generalize the procedure above to arrive at fields for massive particles 
with other integral values of spin. For example, for spin 2 there are 27 + 1 =5 
base states. These are specified in the rest frame by five choices for J z . Based 
on the representations of the rotation group, the spin states are given by traceless 
symmetric tensors. The five linearly independent such tensors correspond to five 
choices we can use to construct the field amplitudes. 



2.6 ■ SPIN 1 PHOTONS 

An example of a spin 1 field is the electromagnetic field, whose associated par- 
ticle, the photon, is massless. Massless particles differ in some important respects 
from massive ones. For the case of massive particles of spin J discussed above, 
the 27+1 base states in the rest frame must have the same mass as a conse- 
quence of rotational invariance. When looking at interactions of moving massive 
particles, those with opposite helicity will have related interactions as a conse- 
quence of Lorentz invariance, since a Lorentz transformation along p with ve- 
locity greater than the particle velocity changes A. into —X. Thus the same event 
involves a particle with helicity X or —X depending on the reference frame. Fur- 
thermore, all internal properties (for example, electric charge) that do not depend 
on the reference frame must be the same for all helicities. These arguments can- 
not be invoked for massless particles, which always travel at the speed of light 
(so there is no rest frame and X is the same in all frames) and we will see that 
the consequences don't hold in this case. For the photon, only states of A = ±1 
exist, which correspond in the classical limit to transverse fields. There is no state 
of A. = at all. When we get to the weak interactions, we will find that the mass- 
less fermions of the Lagrangian with X = + \ (called right-handed) and X = — j 
(called left-handed) behave very differently, and have different internal properties. 
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An alternative way to relate states with opposite sign A is through a parity 
transformation, which changes the sign of p but leaves the sense of rotations 
unchanged. Therefore A also changes sign under a parity transformation. This 
transformation works for both massive and massless particles and, if parity is a 
good symmetry, we can relate interactions and internal properties for massless 
particles with opposite helicities. The very different behavior of left-handed and 
right-handed fermions for the weak interactions will therefore violate parity. The 
electromagnetic interaction conserves parity. 

We turn now to the photon field, beginning with the classical equations. These 
are Maxwell's equations, which we can write in a 4-dimensional notation. For the 
basic field A lt , we introduce the electric and magnetic fields through 

a a 

dX/j ax v 



'LLV — 



/0 -E x -E v -E z \ 

E x -B z By 

E y B z ~B X 

\E Z -B y B x / 



(2.17) 



The Maxwell's equations that relate the fields to their sources are 

3 



fan 



F„ V = J V , (2.18) 



where J v is the 4-dimensional electromagnetic current density. Since F^ v is anti- 
symmetric, by differentiating again we get the current conservation equation: 

^~J V =0. (2.19) 

ox v 

The sign conventions have been chosen to correspond to the classical case where 
an electron has a negative charge (of value — e, where e will be a positive number 
everywhere it occurs). The units for charge are discussed in the Appendix. 

The relation between F^ v and A^ allows various A (Ji to correspond to the 
same F^ v . In particular, if 6 is any scalar function, then 

30 

gives the same F lJLV . Such a transformation is called a local gauge transformation 
(local, since 6 may vary in space and time and is not the same everywhere). The 
field equations for the photon are gauge invariant, requiring the source to be a 
conserved current. 

We can arrive at the field equations from a Lagrangian. In particular, 

C=--\F^F^ V -J^A, L (2.20) 
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yields Maxwell's equations by variation of the vector potential field components. 
£pree = —^FfivFfiv is the Lagrangian for a free photon field. Ant is given 
by -J^.A jX . 

We could introduce a photon mass term by adding to Cy vcc a term of the form 

2 m ^ ju « /i • 

This explicitly violates the gauge symmetry. Thus, the gauge symmetry forbids a 
photon mass. An interaction term is not automatically gauge invariant but requires 
that the source terms are introduced into £ in a very specific way, described in 
Section 2.7.2. 

Turning to the free particle field, we have: 

^, = ^^ M '. (2.21) 

The relation found earlier for the massive vector field e ■ p = 0, can be shown to 
be equivalent to 

3A n 

— '- = 
3x fjL 

by explicitly differentiating the expression for A ju in Eq. 2.21. This equation is 
called the Lorentz condition and corresponds to a specific (but still not unique) 
choice of gauge for A /J: . With this choice of gauge, Maxwell's equations can also 
be written as: 

3 3 3 2 9 

— — A v = —, ^A v - V 2 A V = J v . (2.22) 

dXfi 3x lL 3t~ 

Each component of /\ M then satisfies the massless Klein-Gordon equation in the 
free field case where J lL = 0. 

Turning to the polarization vectors, the longitudinal polarization of the massive 
vector field e^ = \/m(p, 0, 0, E) cannot be taken over to the photon case, since 
m — > 0. The two transverse polarizations ai"e independent of mass and translate 
into X — ±1 states for the photon. In fact, we can use gauge invariance to show 
that the two transverse choices for the free field are sufficient. 

Consider a gauge transformation 

30 

where both A jjL and A' satisfy the Lorentz condition. This restricts to functions 
that satisfy the massless KJein-Gordon equation. An example of such a function 
is = constant x e~' p ' x . Substituting this into the gauge relation with A /jL = 
e }1 e~' p ' x and A 1 ^ — c' IL e~ ip ' x gives the relation: 

e = e jL -f constant x p fl . 
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Both e' and e^ must describe the same physics. We can choose the constant to 
eliminate the time-like component of e fl . The new polarization vector will then 
satisfy the Lorentz condition in the simplified form 

° = ^Pm = *' ■ P- 

This means that e' can be chosen in the transverse plane. Since there are only two 
linearly independent transverse vectors, there are only two polarization choices. 

Note, the above means that if you wish, you can use for the two polarization 
choices: 

e [P = e tl Q, = +\)+ap IJL 

e™=e tl {k=-[)+b Ptl 

in all calculations and the terms proportional to p /L must drop out. This is a useful 
way of checking that a calculation is gauge invariant. Stated another way, if we 
replace e tl by p M in a quantum calculation involving a real photon, the resulting 
amplitude must vanish. 



2.7 ■ SPIN \ PARTICLES 

The electron is a spin ^ particle, which implies that each momentum state has two 
possible helicities, A = +^orA = — ^. The states in the particle rest frame can 
be determined by looking at the spin ^ representation of the rotation group. 
We can describe the two spin choices in terms of base states: 

x + = Q and X ~ = CX (223) 

These states, called spinors, correspond to spin + J> and — j along a chosen axis, 
which we take to be the z-axis. 

The spin operator in the fermion rest frame is S, which is given in the basis 
above by 

5=| (2.24) 

with 

1\ /0 -i\ (\ 

1 oj' °* = {i oj' ^ = ^0 -1 

the Pauli spin matrices. Why can S be a legitimate spin operator? The answer is 
that it satisfies the angular momentum commutation relations: 

[Si f Sj] = ieij k S k , (2.25) 
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where Sjjk is the fully antisymmetric symbol. As a result, the three numbers 
X ' Sx, for a general state x, transform as a vector and thus are appropriate for 
coupling to other vectors, for example the magnetic field, to make an operator 
that transforms correctly as a scalar under rotations. The spin state is measurable; 
for example, in a magnetic field the two spin states of an electron split in energy. 
For integral spin, our knowledge of how to Lorentz transform vectors allows 
us to take the rest-frame solutions and boost them, generating the general free 
particle solution. For the spinor case this procedure is not so obvious. In fact, 
what was done by Dirac was to invent an equation that gave the general solution 
in any frame. We turn to this next, expecting it to give the rest-frame solution as a 
special case. 

2.7.1 ■ The Dirac Equation 

The Dirac equation is a relativistically covariant equation describing spin \ par- 
ticles. It is a first order equation in the various space and time derivatives. The 
free field equation can be written: 

iy }1 m\[/ — 0. (2.26) 

Our field is now i//-, containing both the momentum and spin dependence, and m is 
the particle mass. The y M are four matrices, one for each index \i. It will turn out 
that each y M is a 4 x 4 matrix; therefore \[/ is a 4-component column vector called 
a Dirac spinor. Since we expect two helicity choices for the electron, the number 
of degrees of freedom is twice as large as expected. The doubling will correspond 
to the existence of positrons — particles of opposite charge and the same mass and 
spin as the electron! 

The dependence on spin and the space-time coordinates should factorize for a 
free field, as given by Eq. 2. 1. To see how it can work, we operate on both sides 
of the equation with iy^iB/dXp), which gives: 

d di// 'dx/f 2 

-YnYv- — — = imy^- — = m \j/. 
dx^ dx v ox p 

For this to give us the Klein-Gordon equation for the common space-time depen- 
dence of each component of }[/, requires that the first term reduce to the correct 
operator. Rewriting the first term in a symmetric form as 

1 8 dif 

- r (Via Yv + YvYn)- — — 

2 ax tl dx v 



we will get 



-d av 

ax^ dx^ c 
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provided the y matrices satisfy ^{y^.yv} = g }LV l '■ {)V Y\>) is defined to be 
(Y/lYv + YvYii) an ^ ^ is the identity matrix. A given set of matrices that sat- 
isfy the above anti-commutation relations provides a representation for the Dirac 
matrices. The lowest dimension for which these matrices exist is 4 x 4. 
Assuming the relations above, we get: 

+mV =0, (2.27) 

3a' m dx lx 

which will have solutions of the form i// — column vector x e~' px with 
p - p = m 2 . 

We will use, whenever looking at explicit solutions, the Dirac-Pauli represen- 
tation for y fl . This representation is most convenient for looking at the nonrela- 
tivistic limit of the Dirac equation. In this representation: 

// 

YO = {o -J 



W 



here / = ( j) is a 2 x 2 submatrix, as is 0, and 



<5 
-5 

where again o, is a 2 x 2 submatrix given by the appropriate Pauli matrix. For 
example, in this notation: 



cr { 

-a, 



/ 1\ 
10 
0-100 

V-l 0/ 



You can show that these y /t satisfy the correct anti-commutation relations. 

Since measurables involve Hermitian operators, it is useful to check the prop- 
erties of these matrices. The individual a, are Hermitian, so that y = yo an d 
y^ = —y. Using the anti-commutation relations, a useful way of writing these is 
}/'*' = yoYiiYQ- We can also look at the Hermitian conjugate of the Dirac equation, 
which is 

Here xj/^ is a row vector. Multiplying from the right by yo and inserting a y£ = 1 
between di//' ( /dx fl and yj gives the equation: 

i — $Y i <+mir = 0. (2.28) 
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The spinor \j/ = ^/ ' yo, called the adjoint spinor, will be the one that appears most 
often with \j/ in various operators. 

Multiplying Eq. 2.26 for \\i by if and Eq. 2.28 for if by if and adding the two 
gives: 

- / a \ / a - \ a - 

^ iv- — # +m ~, — ^ ^ = ° or ' a — (fr^f) = o. 

Hence the operator ify lL if is a conserved current! 

Returning to the Dirac equation, we can multiply by yo to give, after using 

/— = Yoy ■ (-/Vi//) + Ko^iA- 
a/ 

This has the form of a Schrodinger equation where the Hamiltonian operator is, 
in terms of the momentum operator, 

H = yoy ■ p + yo^- (2.29) 

For this to be Hermitian requires again the relation y ' = yoy^yo- 

2.7.2 ■ Lagrangian and Symmetries for Spin ^ 

The Lagrangian for the free field is 

This expression depends on the fields and their derivatives, and through the Euler- 
Lagrange equation, results in Eqs. 2.26 and 2.28 for if and if. The Hamiltonian 
density corresponding to this C is Ti = if' (yoy - p + yo>m)\j/ = ir(y ■ p + m)\jj. 
The Lagrangian has a global gauge symmetry, since taking if —> e'°if and \j/ — > 
e~ lij ^f leaves the form of £ unchanged. Thus we expect a conserved current, 
which is J fJL = ify fl if, derived in the previous section directly from the Dirac 
equation. 

We would like to look next at the question of angular momentum for the free 
spin ^ field. Consider an expression for the expectation value of an operator 0\ 

(O) = f f^Of£x. 

We assume O has no explicit time dependence, and differentiate this expression 
with respect to time. Replacing the time derivative of \jf by the Hamiltonian, (O) 
is conserved in time provided [H, O] = 0. For a spin zero particle the orbital 
angular momentum operator x x p is conserved. In the nonrelativistic limit for a 
spin j particle the analogous quantity is J = x x p + S, where S = o /2 and the 
2-component spinor formalism is adequate. 
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What is the relativistic extension for the angular momentum? By commuting 
x x p with H = yoY * p + yo^, we can try to determine what must be added 
to the orbital angular momentum to make a conserved quantity. It turns out that 
the simplest extension of the nonrelativistic expression works. Defining the 4 x 4 
matrices: 

a 
d 

j =x x p + (E/2) satisfies [//, J] = 0. 

The plane wave fields we are using are not eigenstates of /. These fields are 
eigenstates of /3, and J and /; don't commute! This happens because the x in the 
x x p term doesn't commute with the momentum operator. If we can isolate the 
spin operator alone in an expression that commutes with //, we can get a quantity 
that does commute with the momentum. Taking J • p, the term (x x p) • p van- 
ishes, leaving E • p/2. This helicity operator now commutes with H and p and 
can therefore be simultaneously diagonalized. The resulting states are the helicity 
states. Note that this works because the internal spin operator is independent of 
position, as is the resulting spin dependent factor in the amplitude in Eq. 2. 1 . Both 
of these features are true for particles with other values of the spin. 

As a final issue we look at examples of what interactions can be added to £. 
For electromagnetism, the classical interaction of an electron of charge — e can be 
introduced by the substitution p fl —> p jjL + eA^ into the basic equations for the 
electron. This is called the minimal substitution and maintains gauge invariance 
for the classical case. In the quantum case, the replacement 



Pit 



d 

i — 

3x 



n 



gives the prescription: 



> it, — +e/l M . 

dx fx dxp 



Making this substitution in the Dirac C gives: 

C = ifYn U-^- + eAA V - mi/n//. (2.30) 

To include the free photon field in C we add the term —^F^^F^. The local gauge 
transformation now is 

ir^e ieB rlf and A^ -+ A )JL + -— , 

leaving C unchanged. The function is an arbitrary space-time function and the 
fields must transform in a carefully coordinated fashion. The interaction term 
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arises directly out of the modifications to the free field Lagrangian if we add the 
local gauge symmetry requirement. The Dirac equation, Eq. 2.26, does not have 
a local gauge symmetry. The main degree of freedom left in Eq. 2.30 is the value 
of the coupling constant e. For particles with different charge, we replace e with 
— Q, where Q is the particle charge. For several kinds of fermions (for example, 
electrons and muons) the Lagrangian is the sum of terms, one for each fermion. 
The interaction term resulting from Eq. 2.30 is: 

£lnt = eA^iry^. (2.31) 

Comparing this expression to the general expression for £j m given in Eq. 2.20, 
we see that J^ = —e\jfy^ir is the conserved electromagnetic current. Thus, the 
expression for the conserved current is not modified in the presence of an elec- 
tromagnetic field (that is, when going from a global to a local gauge symmetry) 
for the Dirac field. This is a consequence of the derivative not explicitly appear- 
ing in the expression for the free particle current for spin \ (all derivative terms 
are modified because of the minimal substitution used to introduce the electro- 
magnetic interaction). For other spins, such as spin zero, the expression for the 
current is modified. This will be important in the discussion of symmetry break- 
ing in Chapter 10. 

Other interactions can be introduced in an analogous way. Since £ is a Lorentz 
scalar, the term multiplying ra, ifij/ is also a scalar. Thus an interaction with 
a scalar particle, if one is found, can be introduced via: 

£mt = -g<Pff (2.32) 

where is the scalar field. This interaction also leaves the expression for the 
conserved current unchanged provided 4> is real and unchanged under the gauge 
transformations. (p\l/\j/ will go into (pxi/ij/ after a phase transformation of \j/ pro- 
vided <p —> (f) under this change. Physically the case where <fi -> <fi under the 
gauge transformation corresponds to the <p particles carrying no charge; only the 
particles of the \j/ field are charged. Finally, note that g is a real number since C\ n{ 
has to be Hermitian. 

2.7.3 ■ Explicit Plane Wave Solutions 

We have not yet looked explicitly at the spin dependent parts of the solution of the 
Dirac equation. To look at the solutions for the free field, we start first with the 
simplest case, which is a particle at rest. In this case the Dirac equation reduces to 

iyo- m ^ — 0. 

dt 



Since 



/ 

= lo -/ 
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this is, taking 




tfr = 




.9^1 

/ my/i 
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9 1/^2 

0, / — mi//? = 

dt 

8^/4 

0, /— h m^4 = 0- 

fit 

The equations for the four components of i// separate in this case. As mentioned 
earlier this representation for the ypt gives a simple nonrelativistic limit. The sep- 
aration shown above is an example. 

Taking a solution of the form e~ lEt , we get E = m for t/m and fa. This so- 
lution for ijfi and ^4, however, would give E = — m. Since all particle masses 
are positive, this is clearly a problem. To get a positive mass we have to take for 
the solution e lEl . If we assume the energy operator is i(d/dt), then this state has 
a negative energy. We have a dilemma, since all energies are also positive. This 
problem actually exists for all of the fields. The Klein-Gordon equation has so- 
lutions of the form e~ ipx and also e' px . So far we have just ignored the latter. 
Classically A fl is real: We expect to have e ipx appear in A^ if e~' px appears. 
We will resolve this dilemma in Section 2.8. It points to the fact that the relativis- 
tic theory requires some extensions beyond nonrelativistic quantum mechanics. 
These extensions will lead to the existence of antiparticles as well as the connec- 
tion of spin and statistics. In the nonrelativistic case these are ad hoc additions; in 
the relativistic case they emerge as a consequence of physically interpreting the 
extra solutions. 

For the particle at rest only two solutions of the form e~ lEt exist with E = m. 
Thus the four-component spinor has only two degrees of freedom that behave in 
the expected way — just what we need for the two spin degrees of freedom of an 
electron. 

We now turn to the solutions for particles in motion. We take the space-time 
dependence to be e~' px for the two solutions which reduce to e~ unt as p —> 0. 
After differentiating, 

iy^e- ip -* = p (1 y^e- ipx . 
ox, i 

To simplify the notation we introduce the definition $ = p }1 y^, which is a 4 x 4 
matrix. 

/ E^ -5J\ where 5 .- = ( P Z Px -ip> 

\a ■ p -E ) \Px+ip y ~Pz 

For the other two solutions we take the dependence to be e' px , so these also 
have E = in as p — > 0. We write the four solutions as: 



^(2) = u (2) e -ip.x 
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^0) = v O) e ii-x 

For p = 0, we've found the four solutions, which can be written as u(0) — 
(q), f(0) = ( J, where x = (o) or ( i )• Substituting into the Dirac equation 
the more general solutions satisfy: 

(0 — m)u — 
(0 + m)v = 0. 

Noting that (0 — m)(0 + m) — p 1 — m 2 = 0, we can find a general solution by 
taking 

u(p) = (0 + m)u(Q), 
v(p) = (0 — m)v(0). 

We can now choose w(0) = (q), with x = ( o ) or ( i )> t0 g enerate me two 
choices for u(p), with analogous solutions for v(p). 

To pick a normalization for the spinors, we will use the same convention as 
for the scalar field. Using the current i/y^ ', we shall choose the normalization 
so that the number of particles per unit volume is 2E. When calculating using 
covariant spinors we must multiply probabilities by 1/2EV when the physical 
situation involves one particle in a volume V. Using the density i/TO^A = V" r *V r » 
the normalization choice for the particle at rest is then 

u(0) = V2m( x Q ), v(0) = V2^(^) . (2.33) 

Using these rest frame solutions and including a constant to get the correct nor- 
malization, we now have our general result by applying (0 + m)/2m to u(0) or 
(-jt + m)/2m tou(0): 

u = y/ETm( a X ?x \ v = jE + m\^\ (2.34) 



a - p is the operator proportional to the helicity for the two component spinor x- 
For p along z, taking x = ( o ) or ( J ) w '" yield two helicity eigenstates for u 
or v. If p is along an arbitrary direction, we can rotate ( J and f { J using 2x2 
rotation operators and the Pauli spin formalism to generate helicity eigenstates 
along p. For p in an arbitrary direction, we can still use x — ( J ar| d ( i ) t0 
give us two base states for u (or v)\ these are then each a mix of the two helicity 
states. 
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2.7.4 ■ Bilinear Covariants 

Interaction terms in £ involve bilinear quantities such as ^y /; V or '4 f i / - These 
must transform appropriately as a 4-vector or scalar, respectively, to maintain 
the Lorentz invariance of the theory. Had we specified how i// behaves under a 
Lorcntz transformation we could check this explicitly. Since the Dirac equation 
is not tied to any frame, we are able to get a general result and assume that an 
appropriate Lorentz transformation can be defined. This is true, although we will 
not take the time to work through such a transformation. You can check by ex- 
plicit substitution that, for example, the quantities uy jX u = 2p }i and uu = 2m 
transform correctly. 

A question we can ask is whether we can find other operators O that are 
4x4 matrices, for which -tfrOt/r is both Hermitian and has a well-defined 
transformation property under Lorentz transformations. Such operators, called 
bilinear covariants, are legitimate candidates to appear in £ for terms involving 
only the fields and no derivatives. So far, the choices for O are 1 (scalar) and 
y fl (vector). 

We can approach this question by looking at operators involving products of 
Yn just as we generate tensors by taking products of vectors. The choices are: 

Y/xYv — YvYn for /x, v different 

Yn Yv + Y\x Yv reduces to 2g }L v 

Y/j YvYo- for /z, i>, a different 

YfiYvYaYp for /x, v, a, p different. 

Five or more y's reduces to at most a product of four since some y's are repeated 
and yoyo = 1, y\y\ — ~ 1 f° r l — 1 > 2, 3. 

The product of four different y matrices is an important operator. We define 
the Hermitian matrix: 

Y5 = i-YQY\Y2Y3- (2.35) 

In the Dirac-Pauli representation: 

/ 



while in general, 



Y5 = w 



[Y^YiA =0, ar| d y] = ( Q { 



Using Y5 we can form the Hermitian bilinear operator ij/iysxl/. By explicit 
substitution we can calculate that, in the nonrelativistic limit, u(pj)iy5u(pj) = 
l X [V • (Pi — Pf)Xi- Since / v a/ transforms under rotations as an axial or pseu- 
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dovector, just like the angular momentum, the bilinear operator transforms as 
a pseudoscalar in the nonrelativistic limit. It turns out to be a pseudoscalar in 
general, although demonstrating this requires figuring out the form of a parity 
transformation for the Dirac theory, which we will do in Chapter 4. Making 
use of y$ 9 we can also write the product of three different y matrices as y$y {1 
by suitable choice of \ju> This leaves then the choices for bilinear covariants in 
Table 2.1, where we have made each quantity Hermitian. Here a llv is defined as 
h(YiiY\> ~ YvYii)- Adding together the number of possible operators gives a to- 
tal of 16, which is the number of independent terms in an arbitrary Hermitian 
4x4 matrix. Since a general operator O is a 4 x 4 matrix, the bilinear covariants 
provide a complete set for expanding an arbitrary Hermitian operator that has no 
derivatives. 



TABLE 2.1 Possible Spin A Hermitian Operators. 

Number of 

Bilinear co variant Transformation property operators 

\J/is Scalar 1 

iriysTJs Pseudoscalar 1 

yj/yn^/ Vector 4 

^YsYiity Pseudovector 4 

\j/a^ v ij/ Antisymmetric Tensor 6 



In the relativistic limit the helicity states have simple representations. For /^ 
along p and x (_) opposite p: 



In this limit the operators 



<+> = I±* and (-> n-y* 



2 \ 2 

project out states of given helicity. By explicitly multiplying: 

0^hi (±) = u {± \ (±) v (±) = v {± \ 
{±) u^= 0, O (±) u w =0. 

For massless fermions the left- and right-handed states behave differently under 
the weak interactions. The above projection operators become very useful as a 
way of keeping the Dirac spinor notation when writing a C that differentiates 
between right- and left-handedness. 



2.8 Interpretation of Extra Solutions 37 

2.8 ■ INTERPRETATION OF EXTRA SOLUTIONS 

The free field equations we looked at had solutions of the form e~' px and e ip '\ 
and now we want to interpret the two types of solutions. We want the solutions 
to provide amplitudes for particles participating in given quantum events where 
particles are absorbed and created at points in space-time. We will use two obser- 
vations below to motivate the interpretation. 

In nonrelativistic quantum mechanics we calculate transitions via matrix el- 
ements of the form f \jr%H\j/i d 3 x. For momentum states, 1//7 ~ e~' p ' x and 
\jf% ~~ e lpi ' x . Thus incoming particles in an event have a dependence e~' px and 
outgoing particles have a dependence e ipx in these calculations. We will maintain 
this interpretation for the amplitudes in the relativistic case. This is the simplest 
extension of the nonrelativistic result. The amplitudes in some sense replace the 
wave functions of the nonrelativistic theory. 

What is new in the relativistic case is that a given field has both incoming and 
outgoing solutions, as does its conjugate. Thus a given field contains as solutions 
both %jfi and i//% of the nonrelativistic theory. For example, the Lagrangian and 
interaction Hamiltonian for the electromagnetic field contain only A^\ there is no 
term of the type A* (we will make this more precise in Section 2.14, where A^ 
becomes a Hermitian operator). Since photons can be both absorbed and emitted, 
A^ must be sufficient to describe both processes. Based on the discussion above, 
the solutions where A jL — e~' px correspond to absorption of (that is, incoming) 
photons and the solution e' px corresponds to emission. The two solutions are 
needed to allow the one field to describe both processes. 

With this interpretation we can state the general result for the fields: 

1. A field, for example or i//, will have solutions of the form e~' px and 
e' px . In quantum processes, we take the former to correspond to incoming 
particles of type A and the latter to correspond to outgoing particles of 
type B. We will use these amplitudes when these particles participate in 
processes. 

2. The conjugate field, for example 0* or i/r*, has the exponential complex 
conjugated, so the solutions for this field correspond to outgoing particles 
of type A and incoming particles of type B. We use these amplitudes when 
the conjugate field appears. 

3. For a real (Hermitian) field, the conjugate field is the same as the field itself. 
For this case the type A and type B particles are the same. Examples are the 
photon field and the real (Hermitian) version of 0. 

4. If the conjugate field is different from the initial field, for example \jr or 
the complex (non-Hermitian) c\> field, particles of type B are called the anti- 
particles of type A. Stemming from the same initial equation, particles and 
antiparticles have the same mass and spin. This interpretation accommo- 
dates the four independent solutions of the Dirac equation. 
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Although we are using the nonrelativistic expression for a transition as guid- 
ance, it is important to appreciate some of the differences in the relativistic case. 
For the nonrelativistic theory, H is a iixed operator typically involving given po- 
tential functions. The information about the states is contained entirely in 1//7 and 
\j/% and these represent two states of the same particles. In the relativistic case, the 
Hamiltonian density, and the resulting H , are dynamically determined in terms of 
the fields themselves, which does not necessarily result in the same particles in the 
initial and final states. As an example, the Hamiltonian density for the interacting 
scalar field in Section 2.3 was p</>. Using this expression to calculate transitions, 
the field (j) is dynamically determined by the physics process under consideration. 
The field amplitude will take on the value for a single incoming (or outgoing) 
particle when we calculate the overall transition amplitude for the absorption (or 
emission) of such a scalar particle. 

In a more abstract notation, the states in nonrelativistic quantum mechanics are 
indicated by |/> and (/|. We want to extend this notation to the relativistic theory. 
Taking the scalar field as an example, and \p) as a single scalar particle state of 
momentum /5, our interpretation for the fields corresponds to the matrix elements 
for quantum transitions: 

<0| \p) - e~ ip ' x and {p\ |0) - e i/,x . (2.36) 

The vacuum state |0) has no scalar particle, so these amplitudes correspond to 
the absorption and emission, respectively, of one scalar particle in a quantum 
process. We have not distinguished very carefully until now between the states, 
for example \p) or |0>, and the corresponding amplitudes. We will, in the next few 
sections, clarify the distinctions as we develop the quantum theory. 



2.9 ■ TIME HISTORY OF STATES 

We will use the above interpretation to begin calculating probabilities for pro- 
cesses. We use ]/) to denote an initial state that we prepare experimentally. It 
consists of free particles as t —> -co. We use \f) to denote a final state whose 
probability we wish to determine. \f) also consists of free particles as / -> 00, 
The state into which \i) evolves over time we denote by |/, t). Thus we want to 
calculate \ (f | /, / -» 00) | 2 as the experimentally determinable information. 
Note that we do not follow the system while it is interacting; the real dimensions 
and times for measurements (taken as infinite) are large enough so that uncertain- 
ties in momentum and energy created by restricting the system are insignificant. 
The operator that determines the time evolution is the Hamiltonian. However, 
we want to separate out the effect on the state of the free field Hamiltonian, 
which creates no transitions, from the effect of the interaction Hamiltonian, which 
has the fields acting as sources for each other. To accomplish this we introduce 
the interaction representation. We thus follow the method used to develop time- 
dependent perturbation theory in nonrelativistic quantum mechanics. 
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Consider the time evolution equation 

i^\lj) s = H\Ij.) s , 

where H is the full Hamiltonian. The subscript S indicates that this state is in what 
is called the Schrodinger representation. We will omit the subscript for the state 
in the interaction representation below. We now separate H into Hp + ///, where 
Hp describes the free held evolution and H/ the rest of //, which corresponds to 
the interactions. We now make the following transformation: 

\I,t)=e iHF '\/ t t) s 

for the states and 

O =e iHFt O s e- iHFt 

for all operators. Note that O is an explicit function of time, whereas Os typi- 
cally is not — the latter characterizes the Schrodinger representation for operators. 
Using the above we can explicitly differentiate, giving the following equations: 

i—\I,t) = H,\J,t) (2.37) 

at 



and 



These tell us the following: 



d 

— O =i[H F , O]. (2.38) 

at 



1. In the interaction representation the time-dependence of the state is deter- 
mined entirely by ///. |/, t) would be just a constant |/) if there were no interac- 
tions. 

2. All the operators in this representation have a time-dependence determined 
entirely by the free field Hamiltonian. In particular, this will mean that the field 
operators we eventually define in Section 2.14, for example the A^ we will use in 
calculations, can be determined in the free field case. Since we have already found 
the free field solutions, we already know much about the amplitudes embedded in 
these operators for various particle types. 

We proceed to solve formally the Hamiltonian Eq. 2.37. We introduce the uni- 
tary operator U(t, to), called the time evolution operator, which satisfies 

|/,/) = tf(/,/())|/,fO>. 

This implies that U(to, to) = 1. The Hamiltonian equation, then, is equivalent to 

i^U(tj ) = Hi(t)U(tJo). (2.39) 

ot 
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This differential equation can be recast into an integral equation: 



■■/' 



£/(M ) = I -/ / HMtiUihJtidty. 



We can solve the equation for £/(/, /o) by the procedure of iteration. 

'i 






/ ^,f/,a,) 1 -/ r dt 2 H I (t 2 )U(t2,to) 



I-// </*,//,(/,) + (-£")'/ dfi I r// 2 ///(/j)///(/2) + -'- 

//q -7/Q J/ 

+ (-/)" / df, [' dt 2 >-> [" ] dt n H,(t\)H,(t 2 ) • • • //,(*„) + ■ ■ - 

«//0 •'/Q A) 

Each /// (//) can be written in terms of the Hamiltonian density: 
///(>/)= fni ni (x t ti)d 3 x. 

To simplify the notation we will write 7Yi m as TL, that is, we take 7i to refer to the 
interaction term only. 

A few important observations: 

1. In the equation |7, t) = U(t. to)\I, to), the operator U(t, to) is independent 
of \L to). This is a statement of the linearity of quantum mechanics for time evo- 
lution. U(t, to) in fact must contain within it the information for the evolution of 
any valid initial system. 

2. We will evaluate the interaction Hamiltonian, whose repeated action ap- 
pears in the iteration expansion, in terms of the fields we have been discussing. 
This evaluation will provide the mathematical expression corresponding to the 
point-like local interaction described in Section 1.1. The basic local quantum 
event will contribute to the time evolution calculation through the matrix element 
of Ti(x* t) at a given point x, t. Quantities conserved by 7i(x, /), for example, 
electric charge, will be conserved over time, since the evolution is determined by 
repeated actions ofH. 

3. The iteration solution for the operator will yield a coherent sum of ampli- 
tudes for all quantum events that can be experienced by the system as it goes from 
to tor. 

4. We can find an approximate solution by cutting off the sum in the itera- 
tion solution after n terms, which requires that the next order term be sufficiently 
small. Such an approximation is known as a perturbation solution. Since the total 
sum is not known for the cases of interest, most of our results will be perturbation 
results or results that follow from symmetry arguments. 
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Taking the limit as to — > — oo, / — > oo for matrix elements between initial and 
final states gives us the quantity we want, called the S matrix: 

S fi = lim </|C/(*,/o)|/>. (2.40) 

/ () ->-oo. 

For the states of given momentum that we are using for |/> and |/>, we show 
that we can write Sfi as 

S fi = S fi - i(2n) 4 8 4 (p f - Pi)M fi , (2.41) 

where pj = total initial momentum, /?/■ = total final momentum, and the 
4-dimensional 8 function expresses energy and momentum conservation. The 
quantity M /•/, called the matrix element or amplitude for the process, contains the 
nontrivial physics of the problem. We will try to determine the quantity, often in 
the approximation of perturbation theory, in order to predict the time evolution of 
the system. In a perturbation expansion we can write &f// = M ^ + M J + ■ • ■ , 
where the terms correspond to terms in the iteration expansion. 

We look at some examples of the perturbation solution, starting with the sim- 
plest example. The lowest order term for the time evolution operator is: 

U (l) = I -/ / H/(t)dt. 



J to 



Substituting for H/(t) and taking the appropriate limits gives, for the 5 matrix, 

/CO 
H(x)d A x. 
-c 



-co 



Since 7i is a Lorentz scalar and the integral is over all space-time, 5 (1) is Lorentz 
invariant. This holds to all orders. We want to take the matrix element of this 
operator between the initial and final state. 

Some examples for Ti we have examined earlier are p<p for a scalar interaction, 
or 7 M /\ M for electromagnetism. In terms of the spin J> particles, we have p = 
gifril/ and J fi = —eij/y^, derived from Eqs. 2.32 and 2.31, respectively. For 
such interactions each factor of Tt contains a g for the scalar case or an e for 
the electromagnetic case. These are called the coupling constants for the given 
interaction. The applicability of the perturbation expansion will therefore depend 
on the size of the coupling constant. 

A matrix element of Tt will correspond to an interaction vertex. For the first 
order expansion, the one vertex directly involves the initial and final state, so 
that what we want is {f\Ti\i). For the vector or scalar interaction, the processes 
corresponding to particle emission 

^(initial) — » i/r (final) H- y (final) or 0(final), 

are indicated (along with the momenta) in Figure 2. 1 . 
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JA (final) v^ (final) 





y (final) ^ (final) 

> (initial) ^(initial) 

FIGURE 2.1 First order interaction vertex. 



We gel the matrix element of 7i by substituting into 7i the appropriate single 
particle amplitudes for \fr, \p\ </>, or A lL . We assume for these amplitudes the ex- 
pressions from Section 2.8, but now also include the appropriate spin dependent 
factors when the particles are not scalars. Note that i// has solutions correspond- 
ing to incoming particles, the adjoint if/ has solutions corresponding to outgoing 
particles, and (p or A fl has solutions corresponding to either incoming or outgoing 
particles, where the outgoing solutions are relevant here. Looking at interactions 
involving spin Jj particles (rather than antiparticles), the two interaction types 
yield the following matrix elements of 7i: 

gu(P2)u(pi)e i( ^ k -^ )x or - eu(p 2 )y fl ii(p l )ele'te+*-n ) ' x . 

Terms from the various exponentials have been combined and the helicity choices 
for the spin \ particles and the photon are not explicitly indicated to simplify 
the notation. For the outgoing photon, the amplitude is the complex conjugate of 
that for an incoming photon, resulting in e* appearing rather than e lx . Note our 
expression for the matrix element quantifies the amplitudes for the vertices shown 
in Figure 1.3. 

We now look at the structure of this result. Since the spin functions are indepen- 
dent of space-time, the space-time dependence occurs entirely in the phase factors 
e ±ip '\ making the space-time dependence very simple. For given momenta and 
helicities the spin part will give a Lorentz invariant function of the momenta that 
factorizes from the space-time calculation. We are using a density, so we can 
view the final amplitude for finding the particles as a sum over emissions, which 
can take place spread over space-time. For a given point in space-time, taking 
Pf = p2 J rk and p\ = p\ to be the total final and initial 4-momenta, respectively, 
the amplitude varies as e l< " p f~ pj) ' x and momentum conservation is not required. 
Momentum conservation is therefore not a local property of the Hamiltonian den- 
sity, which allows in higher-order diagrams for the propagation of virtual particles 
over restricted regions in space-time. However, adding amplitudes from different 
locations, the relative phase will vary in the contributions because of the factor 
e i(Pi-Pi)--\ We get a large overall amplitude when the phases are similar over 
the full space that contributes; this requires pj — p t = or p/ = pi when we 
integrate over all of space-time. Thus, we only get momentum conservation as a 
result of adding amplitudes over a large space-time region. Clearly, all incoming 
particles must give a contribution e~' px and all outgoing particles e' p ' x , so that 
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we can separately add together all incoming and all outgoing momenta to get the 
correct p\ and p/ t respectively. 

Writing (/ \'H \i) as Hfi(0)e i{p f~ p,)x and integrating, we have 

S/i = &fi - U27i) 4 n fi (0)S 4 (pf - Pi ), (2.42) 



where the relation 



/CO 
e i(P f -Pi)-x d 4 x = (2n) 4 S 4 (p f - Pi ) 

has been used. 

Thus Mp = Hft(0). Note that M ( f l - is Hermitian since H fi is; this will not 
be true for higher orders. 

The vertices we've looked at are simple, involving a small number of particles 
like e~ — > e~ + y. This will remain true as we look at other interactions. The S 
matrix element for e~ — > e + y, calculated to lowest order, vanishes, since this 
process would violate the momentum conservation enforced by the S 4 (p /■ — /?/) 
factor. The first order process, however, is responsible for excited atomic states 
making transitions to lower energy states with the emission of a photon. Also, the 
heavy gauge particles such as W~ decay into lighter final states such as e~ v e via a 
first order matrix element. We will look at this process when we discuss the weak 
interactions. 



2.10 ■ TIME EVOLUTION AND PARTICLE EXCHANGE 

We turn next to the second order term for the S matrix. This term is extremely im- 
portant; it will provide an accurate result for particle scattering in cases where the 
perturbation expansion is adequate — for example, for electrodynamics. Specifi- 
cally, we will look at the case of muon-electron scattering via the electromagnetic 
interaction, or a hypothetical scalar interaction. We set up the calculation using 
electromagnetism, but complete it taking instead the scalar interaction, which is 
the simplest. This illustrates the common features in such a calculation, which 
will be completed for electromagnetism in Chapter 3. 

The interaction Hamiltonian density for this case is obtained by adding terms 
for each fermion interacting separately: 

n. = J a Aq, -\- J a A a 
for the electromagnetic interaction, and 

n = p e ~(i) + p fX ~(p 

for the scalar interaction. 
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Using 



U (2) = (-i) 2 [ dt\ f 1 dt 2 H I «\)H I (t 2 ), 

J to J to 

then gives for the second order term: 

/OO /"OO 
/ 6(t l -t2)d 4 x ] d 4 .K2{f\n(x ] )H(x2)\i). (2.43) 
-OO J — OG 

The function 0(/j — /2X which is i for t\ > t 2 and for rj < t 2 , restricts the time 
integrals to the region where t 2 is less than t\ y as in the expression for £/ (2) . 

We next calculate TL(x\) / H{x 2 ) using the expression for H above. It has four 
terms, of which one gives contributions for e~e~ scattering, one for /x~/x~ scat- 
tering, and two that are relevant to e~ >~ scattering. Since U contains the terms 
to describe all processes, it should not be surprising that only a subset contribute 
in a given process. The appropriate terms are: 

jf(xOA a (xi)jf(x 2 )Ap(x 2 ) + Jf {xi)Ap{x { )jf (x 2 )A a (x 2 ). 

We indicate the initial and final states, which are composed of separate free 
particle states, as: 

\i) = lMin> kin) |0y> 

and 

(/l = (Moutl(e O utl(0y|. 

We have included the information for the photon, indicating that no initial or final 
photons are present. This gives: 

(f\H(xi)H(x 2 )\i) 

= (<?outl Jf(x.[) k'inj^outl Jp (x 2 ) |/Xin)(0| A a (x\)Ap(x 2 ) |0) 

+ (eootl JfOtti \em)(vLwt\ Jf(xi) |/x in )(0| A fi (x { )A a (x 2 ) |0). 

In this expression, we exchanged the order in which the currents are written in the 
second term, since after taking matrix elements the terms are just 4- vectors. Note, 
as an example, that the expression 

(*outl Jf(*2) kin) = -eu^yaufc^-^-* 1 

is the same as the corresponding expression for the first order calculation in the 
previous section. Again, the space-time dependence is entirely in the exponential 
factor, and the spin-dependent part is a function of the momenta and helicities 
only. 
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We next make a useful observation. The space-time points x% x\ label the 
locations of quantum events in the time sequence in which events occur, irrespec- 
tive of the event. We would like now to change variables so that the coordinates 
correspond to specific types of vertices, irrespective of the time-sequence. If we 
exchange the labels x\ < — > xj in the second term, then we can interpret *i as 
the space-time point where the electron scatters and X2 as the space-time point 
where the muon scatters. The coordinates then correspond to well-defined physi- 
cal events. We can do this, provided we also exchange t\ and /? in the function 
from Eq. 2.43 accompanying the second term. This gives us now the expression: 

(~i) 2 f?Lf™oo d * X] ^ 4 *2(tfoutl Ja Ul) kin||Atourl Jp U?) l/^in] T a p(.X[ , * 2 ), 

Tap(xi 9 x 2 ) = (0| A a (x } )Afi(x2)0(t\ - t 2 ) + Afs(x 2 )A a {x\)0{t2 - r,) |0). 

The currents are each evaluated at arbitrary' space-time points, with the tensor T a p 
depending on the locations of the two points. 

You might imagine that, since no photons are in the initial or final state that the 
term involving A a Ap vanishes; but this isn't true. Since the field appears twice, 
the first field can correspond to the emission of a photon and the second its absorp- 
tion, so that no photon ends up in the final state. Such a particle is called a virtual 
particle. Thus the scattering occurs because of the exchange of virtual particles. 
This idea is crucial in understanding how the particle picture explains scattering, 
which in the nonrelativistic limit is pictured as due to a potential. 

We now develop the same calculation for scalar exchange and work through 
the effect of the virtual particle. In this case, 

Ja* Jp - * P an d A a , Ap — > (j). 
Thus the analogous result is: 

s fi = <-'> 2 / ^'l d 4 x 2 {e oat \ p e ~(xi)\e- m ) 

■UAouiIp" (X2)\lMn)D F (Xi,X2), 
D F ( X] ,X 2 ) = <O|<K.Vi)</>(*2)0('l -t2)+4>U2)4>(X ] )0(t 2 -td\0), 
(<'outl P e ~{xi) kin) = g^'eW™-^^ , 

(//ou.1 P"'(X2) IWn) = gu£ t u£efO& -&'**; 

We next focus on Df, which involves the scalar fields. We insert a complete 
set of states involving one (j> particle between the two </> fields: 
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so that this expression becomes: 

J2 (01 0Ui ) \p) (pi *<&,) 10) Ht\ -a)+J2 ( °l ^ (X2) M { p\ ^ (xi) l°> e ^-t\Y 
p p 

Here \p) represents a scalar particle of 4-momentum p. The term of the form 
(p\ (j)(xi) |0) represents an outgoing scalar particle of momentum p created at X2- 
The field representing an outgoing scalar is e' p ' x ' 2 . Similarly, (0| <f)(x2) \p) repre- 
sents the absorption of an incoming particle. The field corresponding to an in- 
coming particle absorbed at X2 is e~ ipXl - . We can thus picture the two terms by 
Figure 2.2. 



X\ /-ip'X\ X-) /-ip-x 1 

e e 

/ / 

/ / 

/ / 

/ / 

X 2 / ^ P -x 2 X ] / ^p-x, 

/, > t 2 t 2 > t ] 

FIGURE 2.2 Amplitudes for virtual scalar exchange. 



Defining Df{x2—x\) as the contribution to the amplitude from the scalars, we 
have 



D F (x 2 - X] ) = J2 [e' ip<Xl ~ xt) 0(t ] - t 2 ) + e"^^-^Q(t 2 - /j) 



• (2.44) 



Dp is called the space-time propagator for the exchange of a scalar particle of 
arbitrary momentum. 

Because of the integrals over phase factors, the simplest way to complete 
the calculation is to introduce the Fourier transform of Df. Defining the 
4-dimensional transform f(p) via 

f(p)e ~"" X 7^i' (2A5) 



(2n) 4 



we can now write the expression for S ^ : 



s (2) 



i {e om \ p e ~(0) kin)] [-/' (/Xoutl P^~ (0) |/Xin)] /■ 
The space-time integral 

/_ _ /4 

d 4 x t d 4 X2e i< - p '°«- p b> yxi e l( - p °°> ~ p b, y*2f( p)e -ip-(*2-x\) c 



I 



(2n) 
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Defining 

x=x 2 -x\, pi = p l m + p£ , pj = p e m{ + Pout > 



J (2tt) 4 j w 

= (27T) 4 5 4 ( / . / - - Pi ) [ rf^^V ^(p£ -^"-/^-/(p). 
J (271)^ 

For any given X2 — *] , momentum conservation again comes from adding am- 
plitudes spread over space-time. The rest of the amplitude depends on the physics 
for relative separations x 2 — x\ . We can complete the integration simply. The in- 
tegral over x gives a delta function, which then gets rid of the integral over d 4 p. 
The end result is: 

(2ji) 4 8 4 (p f - pi) f(p£n-p£). 

Defining q = pf — /?£ up which also = p p ul — p^ ; it is the 4-momentum 
transferred in the reaction. The function /, which is called the momentum-space 
propagator, is a function off, We show in the next section that 

f(q) = '-£—, (2.46) 

q z — m 1 + is 

where m = scalar particle mass, and the ig tells us how to handle the poles from 
the denominator (which are not important for the present calculation, since q 2 
cannot equal m 2 ). The coherent effect of the space-time sum involving all single 
particle scalar states, each of which satisfy p 2 — m 2 y is given by the simple 
momentum-space propagator where q 2 ^ m 2 . 

We can now put together all of the terms and write the matrix element (leaving 
out the is): 

-iMf) = [-/ (e mt \ p*~ (0) k in )] 2 l _ m2 [-i (/x out | p"~(0) |^in) 

Cancelling the factors of/ and putting in the spin dependent terms: 

a/2) _ 2 -a- e- J u p ~ u p ~ 

lV1 fi - * "out w in ^2_ m 2 M out M in ■ 

We can summarize the elements in the calculation by a Feynman diagram, which 
shows the correct linkages of the particles. For the lines in the picture we can as- 
sociate the terms in the matrix element shown in Figure 2.3. Such a diagram rep- 
resents an explicit calculable contribution to Mf\. The propagator in the picture 
represents the sum over both ti me-orderi ngs for the scalar exchange in space-time. 
In calculating q, the 4-momentum is conserved at each vertex. 
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FIGURE 2.3 Fey n man diagram for e \l scattering via exchange of uncharged scalar 
particles. Terms shown are ingredients needed to calculate —iMji. 

Before turning to an explicit calculation of the crucial propagator function, we 
look at some points related to the fact that the propagator includes two different 
time sequences. First, we would like to see how our calculation might work for 
v^e~ scattering via W exchange. The Feynman diagram analogous to the diagram 
in Figure 2.3 is shown in Figure 2.4. 




FIGURE 2.4 Feynman diagram for v jjL e 



ix v e 



We redraw this diagram in Figure 2.5, indicating the two time orderings in 
space-time and the associated flow of charge, which is a conserved quantity. 





*u ' t \ < ^2 x e "M ' *2 < h 

FIGURE 2.5 Two time sequences represented by one Feynman diagram. 



The virtual W that contributes is sometimes a W~ and sometimes a VV + — both 
are needed to conserve charge and allow two time sequences. The propagator in 
general includes both particles and antiparticles! The coexistence of charges for 
the particles and relativistic covariance, which requires both time ordered pro- 
cesses, implies the existence of antiparticles. Note that the difference between the 
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two time sequences for the virtual particle at each vertex is that we go from incom- 
ing to outgoing (or vice versa) solutions for the field. The exchange of particle and 
antiparticle required by the diagram when we go from incoming to outgoing so- 
lutions of the field equation fits perfectly with the interpretation of these soJutions 
given in Section 2.8. For the neutral scalar field the particles and anti particles are 
identical, so we did not encounter this in our calculation involving (p. 

The space-time behavior of scattering is determined by the integrals over the 
product of the exponential phase factors. Writing the net phase factor from the 
incoming and outgoing particles (that is, excluding the virtual particle) at vertex 1 
as e~' q ' X] , we can write the analogous factor for vertex 2 as c' q ' Xl if we constrain 
the momenta to a configuration which will satisfy overall 4-momentum conser- 
vation. The phase factor terms in the calculation of the amplitude, now including 
the virtual particle, are: 

Y^e- ii(/ ^ }Hx] -- vl) 0(t 2 - t { ) +£-^m*»-*2) 6)( , 1 _ /2) 
p 

Returning to the e~ ' \x~ scattering case, q — (0, q) in the center of mass. For 
this q the two time orderings contribute equal amplitudes after integration over 
momenta, since all values of p occur. In this case q is a space-like 4- vector (that 
is,g 2 < 0). 

We will have frequent situations, beginning in Chapter 3, where q is time-like 
(that is, q~ > 0). We assume that we have chosen vertex 1 to be the one for which 
qo > 0. The situation is illustrated in Figure 2.6. If q 2 = m 2 , where m — mass of 
the virtual particle, there is a pole in the momentum-space propagator reflecting 
the fact that a real intermediate particle can be produced. Looking at the two time 
ordered terms in the center of mass, with E(p) = a/| p \ 2 + m 2 always > and 
go > 0, the term 



e 



-i(c^p)-(x^-x 2 ) 0{t[ _ t2) 



is rapidly oscillating over time and contributes little to the overall amplitude when 
integrated over time. The other term, 

e -i( q - p) .(,^, 2)o(t2 _^^ 




^-i(q + p),x l 




FIGURE 2.6 Two time orderings for a process where a virtual particle can be real. In this 
case, one of the two terms dominates the final full amplitude after summing over momenta 
of the virtual particle and the space-time points for the quantum events. 
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wiJI give in phase contributions over a large space-time region if p ^ q, providing 
most of the amplitude. In fact, the contributions can exist over a macroscopic 
region where we can detect the virtual particle as a physically present object. This 
term has the characteristics with which we are familiar from a causal chain of 
events: 

1. Event 1 happens first in time at t\ followed later by event 2 at time ti. The 
final state exists after the initial state. 

2. The intermediate physical particle carries away the missing 4-momentum 
and imparts it to the second system. 

3. The charge of the intermediate state is fixed; it carries away the charge lost 
at vertex 1 and brings it to vertex 2. 



2.11 ■ MOMENTUM SPACE PROPAGATOR 

We want to calculate 

£ [e-'X'.-^et,, - , 2) + *-'><«-*■ >0(* 2 - r,)] = J f(p^ ipix ^ X]) ^. 

in order to show that 

f(p) 



T -^ 111 ^ 



m 1 + is 



The first step is to make sense of the ^ -, since there are an infinite number of 
momentum states. In addition, we have to correctly calculate the field normaliza- 
tion. We are exchanging one quantum but the field used in the calculation, e~ lp ' x , 
corresponds to 2(EV) quanta in a given volume V . 

To keep track conceptually of quantities that go to oo or 0, or products of such 
quantities, we assume that the process we are observing is constrained to occur 
inside a large volume V . The momentum states now form a very finely spaced 
denumerable set. We can approximate the sum over states by an integral, which is 
familiar from momentum states in a box: 



E 



1 -V. 



(2sr) 3 

i j 

Putting in the correct normalization for the fields will require changing, at both 
x = x\ and X2, e ±ip ' x to e ±ip ' x /s/(2E)V , which is the amplitude for one quantum 
particle in the volume V . Including this normalization correction gives an extra 
factor of \/2EV in the sum. Thus the correct space-time propagator, assuming 
one quantum to be exchanged, is: 



2.1 1 Momentum Space Propagator 

DF(x) = J[e-»>0M + e>>«8<- t) ]^L 
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We write here x = X2 — x\. The volume V has disappeared. The factor 
d^ p/2E(2tt)^ is called the Lorentz invariant momentum space factor. It is a 
Lorentz scalar, that is, under a Lorentz transformation it has the same form in any 
frame. 

The expression for Df{x) is already in the form of a 3 -dimensional Fourier 
transform. We want to show that the 4-dimensional form satisfies 



/ 



-ip-x 



m l + is 



d*p 



f [*-'>*«(*) W'-- v 0(-o] 



d* P 



2E(2ny 



Note that the time-component of p in the 4-dimensional integral, which we 
write as po, is a parameter that varies from — oo to +oo, whereas E in the 
3-dimensional integral (both in the exponential and in the denominator) is the 
number E — y/\ p \ 2 -\- m 2 for a given p. The space-time point x is an arbitrary 
point, which is the same in both integrals. 

To turn the 4-dimensional integral into a 3-dimensional one, we integrate 
over pq. We use the method of complex variables to figure out the integral, with 
po considered to be a complex number. The denominator p~ — m + is produces 
poles near po = ±^J\p[ 2 + m 2 for a given | p [, with the is telling us whether 
they are just above or below the real po axis. Defining E = VI /; | 2 + m 2 , we 
can write p 2 — m 2 as (po — E)(po + E), from which it is clear that the pole at 
po — —E lies just above the real axis and that at po = E lies just below the real 
axis. 

We now do the integral along dpo by closing the contour with a large semicircle 
and using the residue theorem. We have to close the contour with a semicircle 
over which the integrand vanishes. Looking at the dependence on po, taken to be 
Po + */ 7 o» e~ ip()t — e~ ip n f e p o' . Thus, the integrand vanishes for large positive p^ 
for / < and large negative p^ for / > 0. Depending on the sign of/, we have to 
use the upper or lower semicircle. The situation is shown in Figure 2.7. 




Contour for / < 



Contour for / > 



FIGURE 2.7 Contours for evaluating the integral appearing in the propagator. Cross 
indicates pole location. Integral is in complex po plane. 
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Including a — ] for t > 0, since the contour runs clockwise instead of counter- 
clockwise, gives the following factors after using the residue theorem: 
For / > 0, pole at po = E: 



2E (2tt) 4, 



for t < 0, pole at po 



(Ini) e e y -. 

-IE (2tt) 4 

To complete the proof, we note that E is independent of the sign of p and the 
remaining 3-dimensional integral will be over all p. We can thus make a change of 
variables, replacing p with —p in the t < result, leaving the integral unchanged. 
Putting all of this together we can write the integral as 



/[• 



\e~' p - x 6{t) + e ip - x 6(-t) 
which is the desired result. 



d 3 p 



2E(2jt) 



3' 



2.12 ■ CALCULATION OF DECAY RATES AND CROSS SECTIONS 

Having calculated a matrix element, we next want to get a number that can be 
compared to what might be seen in an experiment. So far we have an expression 
for the S matrix involving a singular quantity, S 4 (pf — pi), with S evaluated using 
fields normalized to (2E)V particles for each incoming and outgoing particle, in- 
stead of the individual single particles actually detected. To deal with these issues 
we again assume that we are calculating a process constrained to occur in a large 
volume V . The formulas we derive will in the end be independent of V\ they will 
be the foundation for the calculations of rates in various processes! 

Generally, we assume that we are calculating either a decay or a 2-body scat- 
tering process. The S matrix calculation is similar in the two cases; we just have 
to choose the appropriate |/) and (/|. We will return to the e~ pT scattering cal- 
culation after deriving the general expression for a scattering cross section. 

2.12.1 ■ Particle Decay Rates 

We start with a decay where we assume an initial particle, mass m, decays to 

particles l , n in the final state. The transition probability to a given final state 

is | S/i | 2 . However, to get a total probability we want to sum over final states, 
so that we are interested in ^ , \ Sf L | 2 . In this expression we sum over the final 
state particle types, their helicities, and momenta. To understand the physics, we 



2.12 Calculation of Decay Rales and Cross Sections 53 

normally look at terms in the sum, for example, breaking it into pieces with given 
particle types. We shall do this below. 

For an individual particle k, the sum over momentum states, for a large vol- 
ume V, is given by integrating over d? pi<V /(2n) 3 . Similarly we must put in a 
factor l/2E{ < V to normalize the field for k to one particle in V . Putting these two 
together, the sum over final states for 1 , . . . , n particles, after correctly normaliz- 
ing the outgoing fields, will be given by 

d 3 piV <Pp n V _ A d 3 p k 

2E [ V(2jr) 3 '" 2E n V {2nf 1J 2^(2tt) 3 ' 

This is the Lorentz invariant phase space for the final state. By sticking to the 
covariant fields when calculating 5//, we actually arrive at an elegant, manifestly 
Lorentz invariant result, since 5// and the phase space factor are separately in- 
variant functions! 

Since we are looking at particle decay, the quantity of interest will be the de- 
cays per second or transition rate. To get this, we have to divide the number of 
transitions by the time elapsed, 7. Finally, putting in the normalization factor 
l/2Ej V for the initial state, so that we are dealing with the transition rate for an 
individual particle, and multiplying by the true number of particles we start with, 
A//, gives: 



Number of transitions/sec (/ — » /) 



l 2Ei J ll2£*(2*) 3 ' U 



d*p k ih£ i7 \(27zr8*(p f -pi)\ 



2 



VT 

k=\ **"*v"*' 

To make sense of the rate expression, we have to understand the meaning of the 
^-function term. To do this, we return to the expression from which it originated, 
namely, 

(2tv) 4 8 4 (p f - Pi ) = f e i( »>-' Ji) ' x d 4 x. 

Thus what we really want is the limit, for T = t — to, V both large, of: 

7 f-rt- x dtd*x ~ 



\fvW' 



TV 

To do this properly, one should actually perform the integral and then take the 
limit. The following shortcut gives the correct result. Writing the square as two 
terms in which we separately take limits gives: 



(2ic) 4 8 4 (p f - Pi ) 



'f rv e i( Pf-P ihx d A x 



TV 



54 Chapter 2 How to Calculate Amplitudes 



The 8 (p/ — Pi) term tells us that in the second integral we should set p f = pi, 
in which case the integral is just TV , cancelling the denominator. 
This gives finally the crucial result: 

Number of transitions/sec (/ — > /) = /V,Tj_» f, 

where 

P, > f = ±- f I Af /f - | W ^ - „,) ft ^3 - (2.47) 

r is called the decay width. 

In defining the state f, each set of helicity choices X\, . . . , k n is a separate 
decay choice. Usually, we want to consider just the separate particle types. Thus 
what is usually used for F/_>y is 

r/-^ = I]n^/(Xi,...,Ai,). 

AHA. 

If final states f\ , /2, . . . , /„ ? are possible, then we define r to i = X17=) ^/r ^ e 
also define the branching ratio for /, as 

1 tot 

The appearance of any fj corresponds to a decay of /'; thus r (ol determines the 
actual full decay rate of /. B f. gives the fraction of the decays of / in which the 
final state is //. 

To figure out the population of / we write down the rate of change, which 
decreases /V,-: 

dNi 

- r i = -r tol A^, 

dt 



which gives 



Nj = N e~ riM '. 



Considering the particle at rest, we can write this as Nqc - ^ 1 , where r is called 
the lifetime, and defined as r = (l/r tot ), where r to t is calculated for / at rest, 
which involves setting E,- = m in Eq. 2.47. For a moving particle, Eq. 2.47 gives 
Nj = Noe~ mr ^ tiT K The apparent lifetime is now longer by a factor E\jm. This 
is exactly the time dilation factor given by special relativity. 



2.12.2 ■ Cross Sections 



The rate for two-body scattering, 1 +2 — > /, is defined in terms of a cross section. 
It keeps track of rates in a manner dependent on the basic physics, with fluxes of 
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particles divided out. We define the cross section a by 



number of final states detected 



per 



unit time 
[target particle x ll ux of projectile particles relative to the target particles]. 

Again taking the events to be restricted to a large volume V and normalizing to 
one projectile particle in V, the flux factor is v rt \ x density of projectile particles = 
D, e l/ V. u re | is the relative velocity = | il| — V2 |. The numerator is, prior to nor- 
malizing the particle numbers and summing over final states, | 5// \ /T. Putting 
in the same normalization factors for the sum over linal states as in the decay rate 
calculation, gives the cross section for transitions to a given final state: 

a = -~— / \M fl \ 2 (2jr) 4 8(p f - Pl )J] C Pk (2.48) 

The two factors of l / V coming from normalizing the particle density for each ini- 
tial state particle to one particle in V, are used to cancel the factor of V in v re \/ V 
and, when combined with the time 7\ to eliminate the extra (2n) 4 8 4 (pf — pi) 
factor, as was done in calculating the width. 

In general, for several possible final states f), we define partial cross sec- 
tions Gf r The total cross section is a [0[ = J27=\ a fr ^ e tota ^ cross section 
is related to the disappearance of beam particles as they travel through a target. 
For example, if we start with a beam of No particles passing through a medium 
of target particles with a density p of target particles per unit volume, then as a 
function of z = distance through the medium, the number of particles remaining 
in the beam, N(z), is 

N(z) = N e' pa ^. (2.49) 

The cross section has units of area. 



2.13 ■ PARTICLE EXCHANGE AND THE YUKAWA POTENTIAL 

We look next at the nonreiativistie limit of the e~ \x~ scattering cross section for 
scalar exchange. In Chapter 3 we will look at cross sections for the electromag- 
netic interactions systematically. To calculate, we choose a reference frame in 
which \i~ is at rest and the incident electron has a kinetic energy much less than 
its mass. We indicate the various masses as m e = electron mass, m lx = muon 
mass, and m = mass of the exchanged hypothetical scalar particle. In this calcu- 
lation the muon acts essentially as a static source and, to good approximation, no 
energy is transferred, so q 2 = — | q | 2 . We can calculate | q | 2 = | jjjjv — p l ou( | 2 . 
Taking the incident direction as the z-axis and the scattering angle of the electron 
as #, | q | 2 = 4| p e - | 2 sin~(6 > /2). We assume that the coupling constant # 2 is small 
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(2,) 
enough so that M f\ ** M\ i , that is, we take the lowest order term that contributes 

to this scattering process. 

From Section 2.10, we have: 

M fi = g 2 *out*to 2 Z m 2 "out< n ' 

In the nonrelativistic limit we can use Eq. 2.33 for the spinors. So in this case, 

"out w f n ^ ^m e ^ or tne out t°i n g spinor = incoming spinor and ^ for the 
outgoing spinor orthogonal to the incoming spinor. (Note that the final helicity 
state is, however, not the same as the initial). A similar result holds for the muon. 
Thus we can simplify: 

-g 2 (2m e )(2m fJL ) 

for the spinors that give a finite contribution. M f\ is now a function of the electron 
scattering angle only. 

We next have to integrate this over the phase space. Writing 

P = I Po LI t I ^ P = I Pour I 

and the solid angle elements for the outgoing e~ and \±~ as dQ and dQ', respec- 
tively, 



d*p k p 2 dp dQ p a dp* dQ' 

k=\ 



l_\ 2E k (2n) 3 " 2E(2tt) 3 2£ / (2tt) 3 



Writing a as differential in Q gives 

da 1 f 2 p 2 dp p a dp'dQ! 



f i P dp p' l dp' dQ! 4 4 

i)v r <>\ J ' 2E(2jty 2E'(2icy 



dQ {2E\)(2E- 

We can integrate over the p' variables, which eliminates the three momentum 
5-functions and fixes the relationship of the various momenta. In the nonrelativis- 
tic limit, for the frame chosen: 

E) — E — m e% E2 = E' = win, v ie \ = — . 

m e 

Making these substitutions and multiplying out the various factors of 2 and 27r 
gives 



da 1 



— -j J \M ft \ 2 pd P 6{E f -E l ). 
e (2n)- J 



dQ \6m 2 „m 

Using the nonrelativistic expression for Ef — E\ and the fact that no energy is 
transferred to the muon, 
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E f - E, 



lm e 2m e 

We next need to integrate S(E f — E;) over dp. We use the general result: 

I 



/ 



dxS(f(x)) 



<if 



I ^ l/(.v)=0 



Thus 



/ 



pdp8(E( - Ej) = jj- = m e 



dp 



for the function above for E f. This gives, finally: 



where 



da 



\ \ 2 \M fi Y 



2m J (4tt) 2 



M fi | 2 - 



-g 2 {2m e )(2m lL ) 



\q\ 2 + m 2 



Thus: 



do 

dQ~^2itJ (\q\ z + m l Y 



m 



For m 2 ^> | q | 2 the scattering is isotropic. We expect in the nonrelativistic limit 
to be able to calculate the same quantity using a potential and the Born approxi- 
mation. We can thus ask, what potential must we choose to get this result? 
Using formulas from nonrelativistic quantum mechanics, 

da 



55 = !/<*.*) I 



where 



f(0,4>) 



2n J 



V(x)d 3 x. 



The latter expression is the Born approximation. Comparing the two expressions 
for da/dQ, we have within a ± sign: 



e n,x V(l)d\x 



± 



8 



\q\ lj tm 



2' 



To get the sign correct we have to decide whether M f\ is related to +/(0, 0) or 
—f(0, 0). For this we need something related to /(#, (j>) rather than | /(0, <fi) | 2 . 
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The relation that involves f(8>4>) is the unitarity relation, also called the optical 
theorem, which relates Imf(O) to <r lot . The analogous relation for M/i will be 
discussed in Chapter 5. We conclude that M/i is related to —f(0, 0). Thus, we 
have the relation: 



f e iFl ' rx V(x)d 3 x = 



-g 2 



C] | 2 + HI 2 



Inverting this Fourier transform gives: 

— 9 2 e~ mr 
Vtf) = -*- . 

This is just the static source Yukawa potential energy derived in Eq. 2.13. Thus 
the particle exchange picture has given us the expected nonrelativistic potential, 
which includes both the coupling constants and the Fourier transform of the prop- 
agator. 



2.14 ■ QUANTUM FIELD THEORY 

We have included, when evaluating (f\ TL |/>, the field amplitudes corresponding 
to the various particles participating in the process. We have done this by analogy 
with nonrelativistic quantum mechanics and by interpreting the solutions for par- 
ticle amplitudes that arise from the various field equations. We want to put this on 
a more solid mathematical basis, where the results will follow more clearly from 
the mathematical structure. If we can write 7i in terms of operators that create 
and destroy particles at points in space-time, leaving in their place the field am- 
plitudes, then these operators will yield the same formulas we have been using. 
This is called Quantum Field Theory. It has some major advantages; it allows the 
extension of the theory to the case of many particles present in the same state (for 
example, photons in a laser), and a clear approach to the exchange question for 
bosons and fermions. 

We have specified our free particle states |/) by the various particles and their 
momentum and helicity. The number of particles were l or 0. Thus we had 
the simple situation where |/> = |0) or |/5, A.), the latter a single particle state. 
This space of states, extended to an arbitrary number of particles, is called a 
Fock space. We have taken for the matrix elements of the fields, taking A ^ as an 
example: 

[0\A IA \p,k) = e fl (k)e- i ' , - x 

(p,X\A^\Q) = e* l (X)e i ! ) -\ 

We would like to consider A^ as an operator in the Fock space. We expand it 
as follows: 
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,j'P'X 
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(2.50) 



Provided cip^ and a~ ; are independent of x and t, Ap will satisfy the free field 

equation; ap t x is called an annihilation operator, and a- x is called a creation 
operator. To get the desired results for the matrix elements of Ap, we require: 

(0k/t /; ,|p,x) = 

(p,l\a f ^\0) = 0. 

For the operators above, a* is the Hermitian conjugate of a and therefore 
A^ = A jX . This is the generalization of the classical relation A* = Ap to 
the case of an operator relation. 

To make the field an operator in the entire Fock space, we have to specify the 
behavior of the creation and annihilation operators beyond just the single particle 
matrix elements. We assume that the matrix element relations follow from the 
operator relations: 

a hX IP, ^> = |0> , a fKk |0> - 0, al x |0) = \p, X) , 
hence the name creation and annihilation operators. From these we see that 

10} = |0> . 



*M a },x~ a J.* fl M 



The a and a' operators do not commute. We assume the above commutator rela- 
tion reflects a general operator relation, namely: 



a P^ a l\v\ 



lp,p' °XJJ> 



In addition, 



[ a P^ a p'^']^[ a Vv a l'jj 



0. 



(2.51) 



(2.52) 



These relations are sufficient to define the behavior of the operators in the entire 
space of states. 

We can make a Hermitian operator using a and cfi by taking a product. We 
choose the product 



N 



M 



c %x a P^ 



(2.53) 
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With this order of the operators Nf K x\0) = 0. We can consider eigenstates of 
/V, \n), with eigenvalue n. Thus Nf ? x \ n ) = n\n). n is real and positive definite 
since (n\ Npj, \n) = n can be interpreted as the norm of the stale Up\ \n). We will 
show that n is an integer shortly. 

From the relations for a and a? applied to |0) and \p, A), Np^\p, X) = \p,X). 
Therefore |1) = 1/3, X). Generalizing the above, we will interpret the state \n) as 
a state of n photons of momentum /3 and helicity A.! 

Consider next the relation that follows from the commutator Eq. 2.51: 

NpjfiU i") = ( a U N K +a h) i"> = <« + l H.x ln) ■ 

Therefore at ; \n) is an eigenstate of /V, a state with one more photon. We can 
show similarly that Npiaj ? x \n) = {n — i)ap ^ \n) and therefore aj K \ \n) is a state 
with one less photon. We can repeat the latter, arriving at states with coefficient 
n — m in front. Since n is positive definite and m is an integer, we require n to be 
an integer or else n —m would become negative. This justifies our assertion that n 
is an integer. We can also figure out the normalization of the states above. Writing 
aX k \n) as \a^n}> gives 

la'^n | a ] 'n\ = ln\aa f \n\ = ln\ N + [a, a 1 "] \n\ = n + 1. 
Similarly (an \ an) = n. Thus, using normalized states, 

flt ; Jn) = y/n + 1 |n + 1) 

tf/U |n> = >/n |« - 1) . 

The operators ^^ and a have only matrix elements with states shifted up or 
down by one quantum. This generalizes the results we started with, which applied 
to the vacuum and the single particle state only. We note an important result: In 
the expansion 

{0\A a Ap\0) = J^(0\A a \n)(n\Ap\0), 

n 

where a complete set Yl n W ( n \ ^ as been inserted, only states with one quantum 
\n) = |/5, X) contribute. We used this result when calculating the propagator for 
spin (for which we can drop the helicity label), which involved only single 
particle exchange. 

Consider next a state with two photons of different momenta that can be ob- 
tained by applying two creation operators to the vacuum state. Since the a' com- 
mute 

t t t t 

a- , a -, ,, = a-, ,,a- , , 
p,k p ,x p ,k pX" 

so that |/3, X\ p' , X') = \p f , X'\ /3, A). The state is automatically symmetric under 
particle exchange. The theory we are writing down describes particles that are 
bosons! 
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We next want to look at the Hamiltonian. We know experimentally that a pho- 
ton carries energy E(p) — \p\\ thus we expect to arrive at the operator 

p,k p.k 

For the free field, the expression for the energy is given by the classical expres- 
sion 



H F 



/ 



E 2 + B 2 



d\. 



Using transverse vectors for the polarization, we can write 

B = V x A 



(2.54) 



and 



E = 



-dA 



and calculate Hf in terms of A. 

In calculating H/\ we again have to consider integrals over all space and mo- 
menta, and will have to get correctly the field normalization and sum over states. 
As before, we imagine the system constrained to a large volume V . We then have 
to normalize the fields correctly so that we are talking about one quantum in V 
for the single particle state. With these normalization requirements we need to 
choose 



?/ 



a f ^HX)e-<P* , al x e*(X)e<r* 



y/2E(p)V 



+ 



y/2E(p)V 



d 3 pV 



in the calculation of Hf. In doing the integrals in Eq. 2.54, we will get quadratic 
terms in the creation and annihilation operators. We get two types of terms, acfi 
or a' a, multiplying an integral of the type 

J (2tt) 3 {2ji) 3 J H ' ' (2jt) 3 (2tt) 3 "•>' 

for which p = p'\ and aa or a^a^, multiplying an integral of the type 



/■ 



,'(/>+/> )'* a p x 



j 3 d 3 p d 3 p' d?p 



(litY (2tt) 3 (2tt) 



3 "P-P 



for which p = — p' . 

We now calculate Hf given by Eq. 2.54. Using the above integrals, the terms 
of the type aa and a 1 * a' cancel between B 2 and E 2 and the terms of the type a?a 
and aa 1 add. Keeping only the latter terms: 
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H F 



17 a. a' 



E z {p) 



e(X) ■ e*&')Qp t kapr tk 



-i(p-p )-x 



2y/E(p)E(p')V 
e Hp-p')-x 



+ *™' ma * a >'*mmm> 



^ d?pVd*p'V 

d' X 7 7- . 

(2tt) 3 (2ti) 3 



Integrating over d? x gives (2tt ) 3 <5 3 (/5 — p')* which then eliminates the integral 
over drp selling p = p' . Also, we use e(X) ■ e*(k') — 8xy- Thus 



H F 



[£Cp)E 



a P* a p.k + 'Vp.a 



d 3 /?v 

(2tt) 3 



E^> 

/3.A 



P» A p»A £,A / ; " 



Using the commutation relation for a, a ' gives: 



///r = ^£(/J)N / ^ + ^-£(p). 



(2.55) 



M 



p.A 



We indeed get the expected Hamiltonian except for an added overall constant. 
The constant represents the zero-point or vacuum energy of the field. This will 
not affect commutators of operators with ///?, which determine the time-evolution 
of such quantities, or energy differences between states and the vacuum. Its pres- 
ence is, however, troubling, since it is infinite for an infinite number of possible 
states. 

Using the commutation relations for a, a s the operator A satisfies: 



dA 
It 



i[H F ,Al 



In the discussion of the interaction representation in Section 2.9, it was pointed 
out that the field operators in this representation satisfy this relation, as given 
by Eq. 2.38. This indicates that A, with the expansion chosen in terms of a, a*, 
is a consistent choice for use in the time evolution equation. Equation 2.38 is 
where quantum mechanics supplements the expressions for A and ///--, which 
look like the classical expressions. Using Eq. 2.55 for Hp results in a nonlinear 
relation between the creation and annihilation operators, which is solved by the 
commutation relations, Eqs. 2.51 and 2.52. This results in photons coming in fixed 
quanta of energy. Finally, note that Hf is a time independent operator, unlike the 
vector potential, as required by Eq. 2.38. 
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2.14.1 ■ Charged Scalar Field 

For a charged particle we have seen that the field operator is not Hermitian. We 
have interpreted the solutions for such a field in terms of particles and antipar- 
ticles, following the discussion in Section 2.8. The simplest example is the com- 
plex scalar field. We write this as: 

4 > = Y J ^e- ipx +c\e i >' : \ 



(p J contains analogous terms that involve a- and Cp. The Fock space now has 
particles of the a and c type and we can have single particle states \p a ) or \p c ). 
We assume that the a.p and cj } operators obey among themselves the same com- 
mutation relations as for cipx in the previous section. In addition, all tip and Cp 
operators commute. With this interpretation, a'- creates particles and ct creates 
antiparticles. The Hamiltonian, leaving out constants, can be shown to be 



where 



and 



A/'i =ala Bt N c - = d c B 
p p P" p p p 



E{p) 



J* 



p | 2 + m 2 . 



We have yet to show, however, the most characteristic feature of antiparticles, 
which is that \p c ) and \p a ) have opposite charge. To do this we now look at the 
scalar particle charge operator: 



e-/<W '(*'£-♦£) 



d 3 x. 



where we use T instead of 0*, since is now an operator in the Fock space. The 
calculation of the charge operator is similar to that for Hi in the previous section, 
except that one fewer power of E(p) appears in the integrand. The net result is 



Q = E 



u p a P + a P °p 



p p p p 



Using the commutation relations we rewrite this as: 

^ L-j p p p p L^i p p 
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This shows explicitly that for the scalar field the antiparticles have the opposite 
sign of the charge from the particles! 



2.14.2 ■ Fermion Field 



We now look at the fermion field, for example the electron field. We again write 
the fields in terms of creation and annihilation operators: 

if = Y J b^ x u{p^)e-' 1 ^ +dt k v(p, Xy>* (2.56) 

p,X 

^ = Y.^x ll ^P^y P ' X +<**>■ (/>, *)*-'>*. (2.57) 

p.k 

These expressions would look more symmetrical if u*(p, X) appeared instead of 
v(p, X). This actually can be done in a different representation for the y M , called 
the Majorana representation. It is the simplest representation for looking at the 
particle-antiparticle symmetry; however, all results are, in the end, independent of 
representation. 

The creation and annihilation operators must provide the correct single particle 
matrix elements. Thus, as in the photon case: 

bt tk \0) = \p,k),bfa\p,k) = \0) and b^ x |0) = 0. 

Analogous results hold for the d- x operators and the particles they create. 

For the electron we know that no two particles can be in the same state and 
that states are antisymmetric under exchange of electrons. We can arrange this by 
requiring for the field operators: 

p t \°p'X - D p\k ,0 pX 
Applying the above to the vacuum we get: 

\p' ,X'\ p, X) = — |p, A.; p ', X') . 

For p ' = p, X' = A, the state cannot exist and the operator product has to be 
chosen to vanish. This also means, applying the product of raising operators to 
the vacuum, that bX J/?, X) = 0. Thus the creation operator cannot add a second 
particle to a state already occupied. 

For a fermion field we therefore need to use anti-commutation relations 

[t^H'IV.^hO. (2.58) 

What about the anti-commutator formed from b and £> T ? The result is 

\ b P±> b \:x\=*P.?hx- (2-59) 
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We can check this by applying it to the vacuum: 

[bp. k bt x + bl x bp. x ] |0> = b- p . x \p,k) = |0> . 

Applying the operator to \p, X) and using b- ,\p,k) = 0, we get the consistent 

result: 



[b^bt > + b'i x b rKX ]\p, X) = \p,\) ■ 



Since the only states are the vacuum and |/5, A) for momentum and helicity p, A, 
the relation is true in general for the operators. We assume the analogous anti- 
commutation relations hold for the d, d' operators and that all b and d operators 
anti-commute. 

We can again define the Hermitian number operator 

which now has eigenvalue for |0) and J for the single particle state. An analo- 
gous operator can be defined for the antiparticles. 

We would like to look now at both the free field Hamiltonian and the charge 
operator: 

Hf = / \// (y • p 4- m)\j/ d 3 x = I V ' i — xj/d^x 

by the Dirac equation, 

Q = - e / ^fd % x. 

The calculations for Hf and Q are rather similar. The Hamiltonian calculation has 
an extra E(p) for the terms involving u, and — E(p) for the terms involving v. We 
follow the calculation for Hf, using again a quantization volume V and a normal- 
ization factor i/y/2E(p)V. We keep only the terms of the type e ip x e~' p ' x y which 
are the only ones that survive since the u and v spinors are orthogonal. 









E(p)u\p\ X')u(p. X)b\,. l b p<x e i ^-''^ 
~l^E(p)E(p')V 



E(p )v'(p ', X')v(p, WLp# dl tk e- a P-»' )x 
2y/E(p)E(p')V 



, cFpV^p'V 
ax 



(2tt)> (2jt)3 ' 
(2.61) 



We first integrate over d 3 x, followed by an integral over tfi p to get rid of the 
resulting (27r) 3 8^(p — p '). This gives: 
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H F = 



J2Z 



\.\.' L 



£(p) v- ,,bn x — E(p) = dr. v d- , 



Using u"{p,\')u(p,\) = 2E{p)^x'j, and v^' (p,X')v(p,X) — 2E(p)8x'.k> we 
get, finally: 

H F = Y^[E(p)b\ K ^ 
The analogous relation for Q is 

We see above in Hf, the potentially negative energy corresponding to the anti- 
particle solutions. Since we require the energy to be positive, we need df )X dl } 
to be replaceable by —d- x dpX, this is exactly the result we have by using the 
anti-commutation relations. In this sense, the spin-statistics relation is required 
by Quantum Field Theory and the positivity of energies. Anti-commuting the dS 
terms and including the resulting constant: 

H F = J2 (E(p) [bt x b F ,. x +d\ x d r ,. x ] - ECP)) 

p.X 

Q = - e J2([ b h b F^- d U d f'A + ] )- 

We see that indeed the antiparticles, the positrons, have the opposite charge of the 
electrons. Both Hf and Q have constants, which are formally infinite but don't 
have any physical significance, assuming we measure quantities relative to the 
values in the vacuum. 

If we look back at the expressions for the energy and charge carefully, then the 
sign difference between particle and antiparticle terms arises partly from the num- 
ber of time derivatives and partly from the choice of commutation relations. This 
is also true for the analogous expressions for the boson fields discussed earlier. 
For fermions, the extra minus sign from the anti-commutation relations compen- 
sates for one less time derivative in the various expressions for the energy and 
charge when compared to the boson fields. 

Finally, we can look at the commutator of Hf and \j/. The result is 

dt 
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Thus if/ is a consistent choice for the correct field operator to be used in the 
time evolution equation in the interaction representation. This equation requires 
that the number operator satisfies the same commutation relations with the cre- 
ation and annihilation operators for both bosons and fermions. This is perhaps a 
surprise, given that the fermion creation and annihilation operators satisfy anti- 
commutation relations, but can be derived from these relations. 

The expressions for Hf and Q indicate that we have to be careful about the 
signs of quantities because of the anti-commutation relations of the field opera- 
tors. A measurable we looked at earlier was the spin operator. This depended on 
the quantity f ^Y^^ d?x. The important terms in this operator, for each momen- 
tum and helicity choice, are of the form: 

ii^^S^ub^b and v^^S^vd d~ . 

For simplicity, we will look at the terms in the spin operator Y, z with the particles 
at rest. In this case the spin operator can be written in terms of the two component 
spinors, defined in Section 2.7.3. These give, for the expressions above: 

Xlo-Xu^b and xl°zXvdd*. 

The term involving d d^ can be turned into a term of the form d^ d by using 
the anti-commutation relations. Thus the relevant terms will be: 

xlozXutfb- Xv°-Xvd J d, 

which express the z-component of spin in terms of the number of particles and 
antiparticles. This implies that, using / in the 4-component notation: 






Vo/ 

/°\ 
j 



\o/ 

/°\ 





Vi/ 

/°\ 



1 

Vo/ 



represents a spin up particle, 



represents a spin down particle, 



represents a spin up antiparticle, 



represents a spin down antiparticle. 
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Boosting these then gives the generaj free particle states of given spin. As a con- 
sequence of this, if we look at highly relativistic states, the projection operator 
( I + K5)/2 discussed in Section 2.7.4 projects out right-handed particles and left- 
handed antiparticles, whereas (1 — ys)/2 projects out left-handed particles and 
right-handed antiparticles. 



CHAPTER 2 HOMEWORK 

2.1. The minimal substitution, discussed in the text for spin ^, can be used more gener- 
ally to arrive at the field equations for charged particles coupled to the electromag- 
netic field. What field equation do you expect for a spin particle coupled to the 
electromagnetic field A M ? 

2.2. Consider the three operators (£/)/£ = —/£;/£. For example, 

S 3 = -i 

in matrix notation. Show that 

(a) [S n Sj\ = iatj k S kt S 2 = S} + s\ + S] = 21. 
Therefore, the S, provide a representation for the angular momentum operators 
for spin 1. 

(b) Consider the orthonormal polarization vectors: 






1 


-1 












g(l) = _(f£_+_%l i |<°>=:£ 5 e { ~ [) 



v/2 ' ' V2 

Show that S 3 e {,n) = me {,u) . 
(c) We can choose an alternative basis to represent the polarization states in an 
abstract vector space by the correspondence: 





/'\ 




/°\ 






/° 


l<'>o 


!)■ 


««» ** 


('} 


i ( 


-■><* 


(: 



This will generate an alternative representation for the S M which we denote Sj. 
Show that: 



*-* 



1 0\ 


I 


10 1 
1 0/ 





/0 -/ \ / 1 

( i -/ \j 3 = I 

\0 i / \0 -I 



We get these matrices when considering angular momentum in a general way 
using raising and lowering operators. 

2.3. Consider a photon with spatial momentum k — k(s'\n0 cos^, sin sin </>, cosO). 
What are two transverse polarization vectors we can use to form a basis? 

2.4. For the Dirac-Pauli representation of the y matrices, calculate explicitly the matrices 
for o iLV and y$ y M . What are the values of the 16 bilinear covariants if we take for -ty 
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the four-component u(p) of a particle at rest specified by a two-component spinor 
X;, and for ^ an analogous expression given in terms of a two-component spinor //-? 

2.5. The existence of five anti-commuting matrices allows a straightforward way to cre- 
ate other representations of the four y^ matrices. The Weyl or Chiral representation 
is obtained by replacing y$ with y$ in the Dirac-Pauli representation. In this repre- 
sentation: 



tf) : 



(0 A - / a\ (10 



It leads to solutions that are particularly simple in the relativistic limit. Show that in 
this representation: 

E-p-o 



XL 
XR 



(b) If wc try a solution for the spinor 



then in the massless limit, xr and XL satisfy separate equations: 

(E + p d)xL=0< (E-p-a) X R=0. 

(c) Since the particle solutions satisfy E — \ p | in this limit, the particle solution for 
XL ls a left-handed two-component spinor; x# is a right-handed two-component 
spinor. 



2.6. The Majorana representation is given by the choices 
( ioA 



l'o -il)' y2 = (-a 2 ? 



il\ / ia-x 

n = [i! OJ' Y5 = {- l a 3 

(a) Show that this is a valid representation, that is, 

[Yh>Yv\ =2g MiV ,I t y f \ = YoYiiYo- {Y5iYti}=Qi Y5 2 = ! - 

(b) Show that y^* = —y^.. 

(c) Show that if ij/ satisfies 

then by complex conjugating, 

. * 3^ * 

— / y u = m vj . 

Based on y* = —y^, this means that in this representation 1//* is also a solution 
of the original Dirac equation. Thus any solution u(p)e~ ll)X has a correspond- 
ing solution u(p)*e ip ' x . 
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(d) Find the four solutions for p = in this representation. 

2.7. Consider an electromagnetic current density that can be described adequately as a 
classical source: 

J = J (i) cos (&>/). 

(a) In first order perturbation theory calculate the rate to emit a photon of given 
polarization into a solid angle element dQ in terms of J and the photon momen- 
tum. Write the rate as: 

dN 



dtdQ 

(b) What is the average power, dP/dQ, radiated into dQl 

(c) Compare to the classical expectation for the time-averaged power radiated. 

2.8. Consider an interaction Hamiltonian density 7i — £</>i</>203 involving three differ- 
ent, uncharged, scalar fields </>\ , fc, </->3 (g is a constant). Assume the scalar masses 
are m \ , 1112, tn-$, respectively, with 7723 ^> mi 2> m y. 

(a) What is the first order matrix element, M f ( , for the decay 3 — > 1+2? 

(b) What is the second order matrix element for the scattering process M- 2 -» 
1 +2? The initial momenta are p\ , py, the final momenta are //. , pij. (Hint: Use 
creation and annihilation operators to keep track of the alternatives contributing. 
The final result can be described in terms of the sum of two Feynman diagrams). 

(c) Calculate the cross section da/dQ. in the nonrelativistie limit for scalar 1 inci- 
dent on 2 at rest. 



2.9. Show that 

i[fi F ,A] 



dA 
~dt 



for the free field vector potential. 

2.10. For the free complex scalar field, find Hp in terms of an integral over fields and their 
derivatives. Expressing the fields in terms of creation and annihilation operators, 
rewrite Hp. 
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Scattering of Leptons 
and Photons 



3.1 ■ INTERACTION HAMILTONIAN AND LEPTON CURRENTS 

In this chapter we will look at the scattering of two initial particles to two final par- 
ticles. We restrict the particles to be charged leptons or photons with the interac- 
tion always electromagnetic. We take the particle energies to be small enough that 
the weak interactions can be ignored. The calculations presented involve Quan- 
tum Electrodynamics, the first successful particle theory. The calculations will 
be second-order in the perturbation expansion, that is, we use the approximation 
Mfj — M z . The accuracy of this choice can be checked by looking at the next 
order term; the fact that it is a good approximation is justified by the smallness 
of 

-fl- JL 
a ~ \n ~ 137' 

(2) 

This leads to corrections to M V being ~ J %. 
The interaction Hamiltonian is: 

H = jfA & + jfA a + jfA at (3.1) 

corresponding to the three charged leptons. An interaction vertex contributes 
through a nonvanishing matrix element of TL at a point in space-time, and a 
complete process requires two such vertices. Since a given vertex for this Ti 
involves three particles, one particle will be virtual. It is exchanged between the 
two vertices. 

To understand the kinds of vertices, we will look at the lepton current in more 
detail. Specifically, we take the electron current. Using the expression for \j/ from 
Section 2. 14.2 and multiplying out the terms, we get four types of terms: 

4 
p,p'.X.X' i—\ 

The four terms are: 



1. u(p\X f )y,Mp^)bi f)lf b ?iX e^^P^ 

2. KF,X)YiLv{p*Wp#d\^^fr* 
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4. u(p\ A/)y M u(j5, W\, x dl^+& x . 



The creation and annihilation operators keep track of the process to which 
each term corresponds (and go along with the correct exponential phase factors 
for incoming and outgoing particles). For term I, using the properties of the an- 
nihilation and creation operator, we get a nonzero result for an initial state with 
an electron of momentum p and hel icily A, and a final state of momentum p ', X'. 
Thus, 

(*-, /3\ A.' | J™ \e~, p, A.) = u(p\ X.') Yl Mp, Ve 11 '''-'**. 

We used this expression to set up the calculation t~p~ — » e~ \x~ in Chapter 2. 

Terms 3 and 4 correspond to an initial <? + and e~ -» vacuum and vacuum 
-» e + e~, respectively, since these terms have all annihilation or all creation 
operators. For term 2 we might try the analog of term 1, that is, for the initial 
state |e + , p, X) and the final |e + , /;', A,'). However, the creation operator satis- 
fies dl j |<? + , p, X) = 0. The stale that matches the creations and annihilations 
is \e + , p', X ; ) for the initial state and \e^ , /3, X) for the final state. To make this 
clear, we can use the anti-commutation relation to reverse the order of the oper- 
ators. Leaving out the constant, which has vanishing matrix element for p' ^ p. 
we can rewrite the second term as 

-v(p\ X') Yll v{p, X)dl x d h , xl e i{ "-P' )x . 

Thus each term gives a finite matrix element for a different specific initial and 
final state, always involving two particles. We tabulate these in Table 3.1 and 
pictorial ly show the vertices in Figure 3.1. Note the order in which the spinors 
occur: v for an incoming e + and v for an outgoing e + ; u for an outgoing e~ and u 
for an incoming e~ . The extra minus sign for term 2 corresponds to the opposite 
sign of the charge for the positron, compared to the electron. 



TABLE 3.1 Matrix elements of Jf, , excluding a factor of —e. 

Term 

number |/) | /) Matrix element 

1 |e~ s p, X) |eT , p\ X') u(p\ X')y /jL u(p, X)e i( P f ~P H 

2 |e + , p\ X') |*+, /3, X) -v(p ', X^y^vip, X)e i{ i } -»' Yx 

3 \e~, p, X\ e+, p ', X') |0) v(p ', X f )}^u(p, X)e~ ii ^+P f > 1 

4 |0) |^-,p / ,V;^ + ,/5,X) uip'A^yiMpVe^+rt'* 
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Term 3 Term 4 



FIGURE 3.1 Processes contained in Jf. 



Another important point concerns the order of the individual states in the 
two-particle (or more general multiparticle) state. Because we are dealing with 
fermions, if we exchange the order of a pair, for example, and we use 



\e , /?, A; e 



P . 



instead of 






P.A- 



then we must change the sign of the state, thereby changing the sign of the ma- 
trix element. In general we will order the particles so that the state created by 
the action of several creation operators has the first created particle furthest to the 
right. If we apply an annihilation operator to a state, we must move the particle 
annihilated all the way to the left, with minus signs for every interchange, to get 
the correct sign. The two particle states in Table 3.1 , for terms 3 and 4, have been 
ordered in this way, giving a positive sign for the matrix element shown. The mi- 
nus sign due to particle interchange in the state will show up in calculations later 
and is something to watch out for. With this warning, the basic matrix elements in 
Table 3. 1 are the ingredients needed for any electromagnetic lepton vertex, with a 
given process selecting out one term from the table. 

Before returning to real calculations, we look at a few other useful relations. 
After taking matrix elements we see that we can write 



where 7 M (0) is one of the four terms evaluated at x = 0, and q is the appropri- 
ate sum or difference of p and p' . Examining each of the four terms, q is the 
momentum carried away or brought in by the photon in each process. Current 
conservation tells us that 



which for the matrix element implies that q^J^iO) = 0. This provides a useful 
check in a calculation. This has been discussed from a different point of view in 
Section 2.6. 

We can also use the above to simplify relations involving photons. For ex- 
ample, for an incoming photon, we will end up with matrix elements involving 
(using Ap, J* ) e^(X)J^(0). To calculate rates we square this, giving 
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\e l AX)J l A0) | 2 = el(k)e v (k)J*(0)J v (0). 

If the photon state is unpolarized we must average this expression over polariza 
tions. For an outgoing, instead of incoming, photon, we have the same expressio 
except that now we sum over final polarizations to get a total rate. These will lead 
to the expression 



E 



el(k)e v (U 



[J^(0)M0)l 



In doing this calculation, we take the direction of q in 3-space to be the ^-direction. 
A basis for e^{X) will then be e x and e y , using unit vector notation. This then 
gives [e x e x + e y e v ] for J] ; e* t (X)e v (X.). We can, however, put the full expression 
into a more manifestly covariant form. The relation q^J^iO) = implies thai 
qoJoiP) — c Jz.Jz(Q) = 0> for q in the z -direction. For a real photon, this gives 
7 (0) = 7 Z (0), which then implies that we can write the above as 

[e x e x + e y e y + e z e : - e ( e { ] - [J*(0)M0)] = -g^J*(0)M0). 

This expression is now manifestly covariant, which shows explicitly that the 
use of transverse photons combined with current conservation (equivalently gauge 
invariance) gives a covariant result. The above establishes the useful relation: 

^ &j (*)gy W = -gftv, 

A. 

when dotted with conserved currents. 



3.2 ■ ELECTRON-MUON SCATTERING 

We now return to the first complete calculation of a two-body electromagnetic 
scattering process, e~ \jl~ scattering. To complete this we will work through a 
number of very important details that are used repeatedly in doing calculations 
and need to be fully mastered. These are: 

1 . evaluation and use of the propagator for a particle with spin (in this case the 
photon). 

2. formalism for dealing with spin ^ particles, 

3. phase space integral needed to complete the calculation; in this case, it will 
be the simplest example of a phase space calculation, since there are only 
two particles in the final state. 

We start where we left off in Section 2.10 with the second-order calculation 
for the electromagnetic interaction: 
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/CO pOO 
/ d 4 Xld 4 X 2 faatl jf(x { ) k in ) ( Mout | /£ <* 2 ) | Wn ) 
-oo J —cc 

■ ({0| A a UiM/K*2)0(/i - t 2 ) + ^te)4(^i)^fe - /i) 10)) . 

Both electron and muon currents are of the Term 1 type in Table 3.1. They 
contain spinor products that depend on the momenta, with the position depen- 
dence contained entirely in the exponential phase factors. We will soon see that 
the same is true of the term coming from the exchange of photons of all momenta, 
when written as a 4-dimensional Fourier transformation. This will mean that the 
calculation for S\j involves a product of spin factors that depend only on the 
momenta, and a separate space-time integral that does not depend on the spins. 
Since the space-time integral doesn't depend on spin, the result for it has already 
been calculated in Section 2.10 using spinless particle exchange. In this way, we 
can always represent the second-order calculation by a Feynman diagram — we 
just have to be careful to associate the appropriate spin factors at the vertices and 
in the propagator for the particles involved. For the e~/x~ scattering case, the 
currents are: 

for the electron, —eu(p^ u[ )yaU(pf )e' {pi ^~ p ™ ) ' V| , 
for the muon, —eu(Po n t)ypu(jp? )e /(/J(,l)1 "' '" >'* 2 . 

Thus, in the Feynman diagram, after the space-time integration, we can represent 
the process as: 




"("in) 



Note that in the diagram the — ey a is associated with the vertex itself, since 
it is determined by the interaction type (vector in this case). The spinors tell us 
which spin factors to include in the calculation and would be there for any other 
covariant interaction involving spin \ particles. The last missing ingredient is the 
photon propagator, which we turn to next. 

3.2.1 ■ The Photon Propagator 

In order to have all the terms needed to complete the scattering calculation, we 
need to figure out the space-time propagator: 

<0| A a (x ] )A^(x 2 )0(t [ - t 2 ) + Ap(x 2 )A a (jci)0(t2 - /i) |0) , 
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and then its Fourier transform. To evaluate the propagator, we expand in terms of 
virtual particles by inserting a complete set of states between the two field opera- 
tors in the propagator. However, for a particle with spin, we will have to include 
the sum over helicity choices for the virtual particle, since these interfere in the 
overall amplitude. In general, for arbitrary spins, after summing over helicities 
and taking x = x\ — xo, we are led to a space-time propagator expression of the 
type: 



/ 



[g(p)e-^ x 0(t) + g (- p )e i ^0(-t)] * \ P . (3.2) 



We will explicitly show this for a massive spin J particle. To arrive at a momentum- 
space propagator, we repeat the calculation done in Section 2.11, where g(p) = 1 
for spin zero. Provided g(p) doesn't have poles and doesn't spoil the convergence 
as po — > oo in the complex plane, the calculation from Section 2.11 can be 
generalized easily. This allows the representation of the space-time propagator in 
terms of the 4-dimensional integral: 



/ 



8(P) 2 *. e- px ^rr A 

p l — m l -f te (2jt) 4 



The term 

ig(p) 



p 2 — m 2 + is 



is called the momentum-space propagator for the exchange of the given particle 
type. It generalizes the analogous spin propagator. For bosons we will find that 
g{p) = g(—p), so we do not have to be careful of signs; for fermions we will 
have to keep track of the signs. 

Before looking at photons, we look at the case of a massive spin J boson for 
which all three polarizations contribute. Inserting a complete set of states between 
the two factors A a (x\)Ap(x2) and Ap(x2)A a (x\) in the space-time propagator, 
we can then follow the procedure in Section 2.10 to arrive at Eq. 3.2. The terms 
multiplying the exponential phase factors (the exponential factors are the same as 
for the spin zero case) are represented pictorial ly below for the two time orderings, 
where the spin vectors at each vertex are indicated. The product of these spin 
vectors, summed over helicities, yield the tensors g(p) and g(— /?). 




M u *i 



g(p)=£ e$(X)e a (X) g(~p)= £ 4 Mepft) 

X X 
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For the massive spin 1 particle there are three choices for X. In the rest frame 
of the particle, the three choices for the spin vectors are e x , <?y, £-• This gives, in 
this case, g(p) — e x e x + e v e Y + e z e z . We can write this as a covariant tensor that 
reduces in the rest frame to the above: 

8(P) = ~ [ gaP ~ P ~^f\ , (3.3) 

where m is the particle mass. Since it is covariant, it provides the expression for 
the tensor in an arbitrary frame and describes g(p) for an exchanged particle with 
a general value of momentum. The expression for g(—p) above also gives 

T PaPfi 

L /77 Z 

so g(p) — g(—p) m this case. 

Changing to Lorentz indices /x and v and using q as the 4-momentum transfer, 
we have found the momentum-space propagator for a massive spin 1 particle to 
be: 

q 2 — m 2 + is 

In this expression, all four momentum components of q^ are variables, so typ- 
ically q 2 ^ m 2 , whereas each term in the 3-dimensional time-ordered integral 
of Eq. 3.2 had p 2 = m 2 . For a massive spin 1 particle, the propagator, which 
represents the sum of contributions from intermediate particles with many mo- 
menta, will not correspond to the exchange of one unit of angular momentum in 
any given frame except when q 2 = m 2 . 

In the calculation of a Feynman diagram, the two vertices linked by the vir- 
tual spin 1 particle will each contain a vector that is dotted into one of the two 
Lorentz indices of the propagator. For vectors corresponding to conserved cur- 
rents, the term proportional to q^q v in the propagator will drop out, since it gives 
a vanishing result. In this case, the propagator is effectively: 

g/iv 



q z — m~ + is 

This has a well-defined limit as m —> 0, which we can guess is then the photon 
propagator: 



R/iv 



q 2 + is 



(3.4) 



This is correct; but it is not easy to arrive at this expression if we start with real 
photons with two transverse polarizations. We will not attempt a rigorous deriva- 
tion of this result. 
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We demand of the photon propagator: 

1 . It must be covariant to give a Lorentz invariant theory. 

2. For the propagation of real photons, that is, q 2 —> 0, the propagator mus! 
correspond to the exchange of the two transverse polarizations only. 

Because of current conservation, terms proportional to q^ give a vanishing con- 
tribution; thus the only covariant choice with a nonvanishing result is the function 
above. We will see that this choice, which satisfies (1), will imply (2). The choice 
of any other function of the type 



gfiv 



Mn l h' 



q 1 + is 



where c is a constant, also works and gives the same result as taking c = 0. This 
is an example of the freedom due to gauge invariance. We will typically choose 
c = 0. 

3.2.2 ■ Some Implications of the Photon Propagator 

After integrating over all of space-time to calculate the amplitude, as was done in 
Section 2. 10, we get for the matrix element for one photon exchange: 



-,-<> = (-/^ (0 ))[^](-/y/(0)). I 

We will drop the explicit indication that we are working to second order and just 
write M Z as M f\\ in addition, we omit the explicit indication that x — in the 
currents. J* and J$ 9 the current matrix elements at each of the vertices for x = 0. 
are momentum-space functions only. For the case of e~ \i~ scattering: 



The result for single photon exchange, 



M fi 



"•> a SapJp 
q 2 + is 



-eu(Poui)Yp u (P\n )■ 



-J A -J l 



q 2 + is 



(3.5,1 



is rather general, however, and we look at some of the implications. Choosing 
axes so that q defines the z-direction, we have q a = (qo, 0, 0, | q |), and for the 
matrix element, 



Mfi 



IVo ^0 ^z ^z \ , ^T ' ^T 



q 2 + is 



q 1 + is 



(3.61 



J j and J j are the transverse components of the current. For a real photon q 2 — 
and, therefore, current conservation q a J a = implies that j£ ~ J- A , J^ — jR 
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In this case, the first term in M f\ vanishes compared to the second term and only 
the transverse currents contribute. This is exactly what we would get from using 
only the two transverse polarizations in the photon exchange expression. 

For virtual photon exchange, q 2 ^ 0, we can use the relation q^Jo = \q\J z to 
eliminate J* J 7 B . The resulting expression is: 

j A jB jA . JB 

Note that the first term, called the Coulomb interaction term, involves only the 
3-momentum squared for the virtual photon and depends on the matrix element of 
the charge density only. For situations where q 2 < and at least one vertex con- 
tains only nonrelativistic charged particles, the current operator | J | ~ | vJq \ <£ 
| Jo I so that the Coulomb term alone gives a good approximation. A good example 
is provided by the interactions in the hydrogen atom. Here the electron is nonrel- 
ativistic and the proton is very nonrelativistic, so that the Coulomb interaction 
provides a very good approximation to the electromagnetic effects. First-order 
corrections to the fully nonrelativistic spinless approximation for hydrogen arise 
from relativistic corrections to the electron's kinetic energy and spin dependent 
corrections arising from the electron charge density. 

For e~~ \x~ scattering in the nonrelativistic limit we need only keep the 
Coulomb term. Using uyou = 2m for initial and final states with the same 
spin direction, we can write 

e 2 {2m c )(2m tl ) 

This is the same result, except for the overall sign, as for particle exchange of a 
spinless and massless particle, which was discussed in detail in Section 2.13. Fol- 
lowing that discussion we can associate a nonrelativistic potential acting between 
the electron and muon, which in this case is the repulsive Coulomb potential 

e 2 
V(x) = —. 

3.2.3 ■ Electron-Muon Scattering; Methods for Facilitating Calculations for Spin \ 

We return now to the e~ yT scattering matrix element, without the nonrelativistic 
assumption. Equation 3.5 gives: 

Mfi = r . (J./) 



Squaring gives 



Mfi\ 2 = ^LQL^. 
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where the tensor ? 2 L l a p is /J if * and L'\ is given by the analogous expression 
for the jjl~ . To complete the calculation requires evaluation of the two tensors. One 
could substitute specific spinors and do the calculation of the tensors; however, a 
rather general method has been devised to facilitate such calculations. We want 
to work out the details of this method, which allows us to avoid introducing any 
specific representation of the y matrices or spinors. 

Consider an expression in a matrix element ii(p2)O a u(p\), where O a is a 
4x4 matrix made from momenta and y matrices. Thus O a can have Lorentz 
indices that we will indicate collectively as a. Here, no indices indicates a scalar, 
one index a 4-vector, etc., for the overall expression. For each Lorentz index the 
expression is a complex number. Squaring the matrix element we get a tensor, 
which will make up a part of | M/j \ 2 . Since the complex conjugate and Hermilian 
conjugate are the same for a complex number, the tensor is: 

(u(p2)O a u(p\)) (u{p2)Opu(p\))* = (u(p2)O a u(p\)) {u\p\)Opyi)ii(p2)) 

= (u(pi)O a u(p\)) (u(p\)yoOpy u(p7)). 

We define Op = yoOlyiQ. For example, for Op = y lx , y^ys, iys, o llv , Op = 
Op. Writing the product expression in terms of indices: 

(u(p2)O a u(p\))(ii(p2)Opu(p[))* 

= u(p2)i(O a )iji((pi)ju(p\)k(Op) km u(p 2 ) m 

= \u(P2)mU(P2)i][O a ]i}[u(p\)jU(p\)k\[dp] km . 

Defining a matrix whose m, /7th component is it(p) m u(p) n , the above expression 
is just the trace of a matrix resulting from multiplying four matrices. We can write 
this, without explicitly indicating the indices, as: 

Tr[u(p2)u(p 2 )O a u(p i )u(p [ )dp}. (3.8) 

If we can find a simple expression for the 4x4 matrix u{p)u{p), then our calcula- 
tion will involve just a trace calculation. Simplifying the calculation thus involves 
figuring out the 4 x 4 matrix made of the spinors, as well as developing a table of 
results for taking traces. 

For many calculations, the states involved are initially unpolarized, or in the 
case of final states, we are often interested in a total rate summed over final po- 
larizations. Summing | M/i \ 2 over polarizations for a given spin ^ particle will 
lead in Eq. 3.8 to an additional sum over helicities for the relevant particle. Note 
the matrices O a , Op are not helicity dependent, so the helicity appears only in the 
4x4 matrix constructed from the spinors. This sum over helicities leads to the 
following simple result (which can be derived from the spinors in Eq. 2.34): 

J2 "(P* *)"(/?, A) = ^ + m (3.9) 

X=),2 
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where the helicity X is now indicated explicitly in the spinor. In our calculation 
we have considered particles only. For antiparticles we get completely analogous 
expressions in matrix elements with the resulting trace, after squaring, containing 
a 4 x 4 matrix of the form v(p)v(p). For this case, the sum over helicities is 
just 

Y^ v(p,X)v(p t X) = ff-m. (3.10) 

After summing over helicities for all spin ^ particles, Eq. 3.8 becomes Tr[/ 2 + 
m2)O a (0\ + m\)Op]. For antiparticles, each rf + m is replaced by / — m. These 
expressions occur repeatedly in calculations of processes involving incoming and 
outgoing spin ^ particles. They embody the linearity requirement of quantum 
mechanics, where M j\ must contain a single power of each spinor leading to a 
product of the form u(p)u(p) in the square of the matrix element. 

If the helicity of the spin A particle is fixed initially or determined after scat- 
tering, the expression we need to use for u(p, X)u(p, X) will be a function of X. 
One could use explicit spinors to calculate this but an alternative form has been 
derived that can be used simply in trace calculations. Consider the spin ^ par- 
ticle in its rest-frame. We define a spin vector in this frame as s — x^a/, where 
X is normalized so that x^X = 1- We can make a 4- vector from ?; the 4-vector 
is s — (0, s). This satisfies p ■ s = 0. We now boost the particle so it has 4- 
momentum p, resulting in a boosted 4-vector s. In terms of s(X) we can show (for 
example, using the spinors in Eq. 2.34) that: 

(1 +ys/(A.)) 
u(p, X)u(p, *) = (/* + m)- y 1 ^. (3. 1 1) 

Note that summing this expression over X gives us $ + m, the result in Eq. 3.9. 

Defining e(X) as a unit vector along p for positive helicity and as a unit vector 
opposite p for negative helicity 

HX)-p HX)E\ (3J2) 



provides s(X) for the two helicity choices. Note that s ■ p = 0, as in the rest frame. 
An analogous calculation for antiparticles gives the result: 

v{p, k)v(p t X) = {it-m)( ^ Y5 2 /W \ . (3.13) 

We will use these spin-dependent expressions mainly in Chapter 8, where we 
study the weak interactions. For these interactions, parity violation makes the 
dependence on the helicity a particularly interesting phenomenon. 

With the above substitutions, the trace we have to evaluate involves a num- 
ber of vectors (p, 5, spin vectors for photons in later calculations) and y matrices. 
We tabulate below the main results for various traces involving y matrices. These 
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folJow from the basic representation independent relation: 

YnYv + YvYv =2# MV /. 

The first result concerns the trace of an odd number of y matrices. We write, using 
Y5Y5 = /: 

Tr[y Ml • • ■ y M J = Tr[y Mj • • ■ y lln ysysl 

Moving one ys factor all the way to the left and using the fact that it anti- 
corn mutes with each y ll{ gives the relation: 

Tr[y Ml ■••y M J = (-1)' 1 Tr[y 5 y MI ••■y / ,„y5]. 

Using ne\tTr[AB] = Tr[£A] for any two matrices, we get that Tr[y fjL] ■ ■ ■ y M J = 
(—1)" Tr[y Ml • ■ ■ y M J, so that the trace vanishes for n an odd integer. 

We consider next the case of an even number of y matrices. Since onjy four are 
independent, if we have more than four y matrices the expression can be reduced 
to the case of at most four. In practice it will be convenient to have independent 
expressions for traces with and without a y$ factor included. For no y matrices 
we have 

Tr[/] = 4. 

For two y matrices we have 

Tr[y Ml y M2 ] = 5 Tr [y^y^ + y^y^J 



= Tr[£ /7lM2 /] = g mm Tr[/] = 4g u 



1/^2- 



Our expression for the y matrices can be turned easily into expressions involving 
tf instead. For example: 

Tr[/^ 2 ] = Pi M P2uTr[x M }/ l; ] = 4p\ ■ /? 2 . 

We give in Table 3.2 the remaining interesting traces as well as a useful formula 
that arises when summing over products of traces. 

TABLE 3.2 Useful Trace Formulas. 

Tr[/]=4 
Tr[y M] y M2 ] = 4# /M/i2 

1 r Ly/xj Km2 YwYih 1 == ^i§fjL 1^28 mf^4 — SfrxmM 1*2^4 ~^ #/*i/<4#/'2/oJ 
Tr[y M] ■■■y M J = 0for/iodd 
Tr[K5K Ml --YfiJ =0fotn < 3 

TilKsK^i^K^K^] = 4 ^MiM2#^3M4 

Tr^^ay^y^fi - ys)]Tr[y l , l y 0f y l , 2 y i g(l - y 5 )] = 64g M)V , 1 £ /i2l , 2 
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The expression for traces involving y$ could be anticipated since y$ is used to 
make pseudoscaJar or pseudovector bilinear covariants. The resulting %|^ 2 ^, 3 ^ 
from the trace makes a Lorentz invariant pseudoscalar when dotted with four in- 
dependent 4-vectors. We cannot make such a pseudoscalar with less than four 
such 4-vectors. 

Returning finally to the e~ \x~ scattering calculation, e 2 L^ = J^ J ( u *, where 
J£ = —eu(Po U [)Yau(p\ n )• Summing over final e~ spins and averaging over 
initial spins (which is achieved by summing over initial spins and dividing by 2), 
we gel: 

L lp = 5 Tr t(/Ct + m e)Ya($ n + m e )Yf>l 

This expression gives two terms with an even number of y matrices, which can 
be evaluated from the trace table: 

- 1 - m 2 

L «fi = 2 Tr[ ^ut^^in Yfi\ + ~f Tr iYaYft) 

= 2 l(Pout)a(p- n )f) + (P„ u{ )p(pf n )a ~ (Pout ' Pin ~ "^Wl- 

The tensor L ! \ is given by an analogous formula. Multiplying these we get finally 
the unpolari/ed result for | M/j | , summed over final spins: 

1 Re 4 

- J2 1 M fi i 2 = ^[( P e 0M ■ pLhpL - p& ) + (/4, • pfcXpfa ■ pO 

spins ' 

" m l(Poul ■ Pn\ ) " ^^(Poiit ■ Pin ) + 2// '?>VJ- 

The final result is a Lorentz invariant quantity symmetric under the exchange of 
e~ <-> fjL~ , The theory provides the dot products we should use in constructing 
this invariant and the various constants that appear. 

What remains is to calculate the cross section by integrating over the phase 
space. We can leave the cross section differential in the independent variables that 
describe the final state, after imposing energy and momentum conservation, or 
integrate over all variables. For two final particles, the only spatial variable that 
describes the final state is the scattering angle in the center of mass. We look at 
this phase space factor next. It will occur for both scattering and resonance decays 
to two final state particles. 

3.2.4 ■ Two-Body Phase Space Factor 

For two-body final states, the phase space factor for a decay or a scattering process 
is: 



/ 



d y p\ d 2 p2 



2£i(2;r) 3 2E 2 (2ny 



3(2tt) 4 <5V/ -Pi)- O- 14 ) 
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The integral is over four variables in order to eliminate the S functions, leaving 
two independent variables to describe the final state configuration. The labels 1 
and 2 specify the two final particles. Integrating over p 2y we get: 



(4. 



i_ [ d ^ 
Jt) 2 J E { E 2 



3 -,. 

S(E\ + E 2 - E), 



where in this integral p 2 and E 2 are constrained by p 2 = p — p\ , where p is the 
initial state momentum and E is the initial state energy. Using 

d p\ — p\dp\dQ\, 

where p\ = \p\ |, and integrating over dpy gives for Eq. 3. 14: 

1 p\d£l\ 



(4jT) 2 E { E 27 fL(E l + E 2 ) 



Taking the derivatives 
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(3.15) 



The simplest frame in which to use this expression is the center of mass, where 
p = and p\ is a constant. In this case the two-body phase space factor is 

1 p\dQ\ 
--y^V- (3.16) 

(4jt) 2 E 

As an example, the rate for the decay of a particle of mass m at rest is 

r -(s)(s) 2 */""" 1 ' D - 

Writing the integral as 4n\ M '/,- | 2 , 

r = -^|M77| 2 . (3.17) 
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For a two-body scattering process in the center of mass, the analogous expres- 
sion is: 



da 



_L(_LV_LV_LV£i |M/ , 



(3. 



We have, in this case, indicated the two initial particles as 1 and 2, and the final 
momenta as p f. In terms of the initial momenta /?/, we have 



Vycl 



El + El 

E\ Ei 



so that 




da 
~dQ^( 



8tt 



Pf\\Mfi\ 2 
E 2 ' 



3.2.5 ■ Cross Section in the Relativistic Limit 



(3.19) 



->- -^ 




FIGURE 3.2 

Scattering arrangement for 

t~fi~ -> e~ \x~ . 



We can now use the various terms calculated above to get the differential cross 
section. We will do this in the relativistic limit in the center of mass frame. 

In the center of mass each particle has an energy E cm and momentum | p cm \ — 
E cm in the relativistic limit. Ignoring the particle masses in this limit: 

\ E i M f i 2 = tt^ou, ■ /C)(k; ■ P '; n ) + ( P e m ■ p£)u& ■ P ? a )i 

spins ' 

The scattering configuration is shown in Figure 3.2. 

Squaring pf mt + p^ { = p c m + p? n and dropping mass terms gives 



y out " "out 



Pm ■ P'L = 2E l 



Squaring p*~ - /?£ = p? m - p% ui , we get 

Pm ■ P\n = Pmt ' Pin = E ln^ + cos #)- 

We can also calculate \q 2 \ = 2E 2 m (\ — cosO). Using these expressions in 
Eq. 3. 1 9 we get finally: 



da 
dQ 



1 V 1 Se 4 

to) 4E 2 m I6£^sin 4 | 

.2 

-f cos 4 



4E A 



4 
+ cos - 



8^,sin 4 | 
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The cross section peaks strongly in the forward direction and falls like l/£~„ 
with energy at a fixed angle. The latter dependence can be anticipated from di- 
mensional analysis. 



3.3 ■ e+e" ANNIHILATION TO // + /x~ 

We next look at the case of e + e~ — > fx + fx~ . This is an annihilation process 
from an initial state having no net lepton number. The final leptonic states that 
are allowed, all with no net lepton number, are e e~ , p + \x~ , r + r~. We will look 
specifically at p + p~ here and e^c later in this chapter. We introduce first a 
clearer notation to keep track of the Lorentz invariant quantities for two-body 
scattering. 

3.3.1 ■ s, t, and u Variables 

We specify the four-momenta of the initial particles as p\ and pi and the final 
particles as py and p<\. We take py to correspond to the particle closest in character 
(for example, the same lepton number) to the particle with momentum p\ . Thus 
for e~ ' fji~ scattering, if pi is the momentum of the initial electron, then py is the 
momentum of the final e~ . If there is no special relationship between the particles, 
either particle choice for py is appropriate. 

We define Lorentz invariant quantities from the momenta in the problem s =a 
(p\ + PiY \ t = (p\ — py) 1 . and u = (p\ — P4) 1 . These are called Mandelstam 
variables. Since p\ 4- pi = P3 + P4, u also is (pj — py)'. In the previous section 
we used the alternative common notation q 2 instead of/. We will often, based on 
common practice, use q 2 interchangeably with one of the s, f, or it variables. 

The variable s is the square of the total energy in the center of mass; / is called 
the momentum transfer squared; u is introduced in a symmetric way to t. The 
invariant u will appear symmetrically with / if nothing distinguishes the various 
particles, as happens, for example, in e~ e~ scattering. In the center of mass, both 
/ and u depend on the scattering angle as well as the energies. However, s, /, and 
u are not all independent. Squaring the various momenta in the expressions for s, 
t, and u, and adding, results in: 

2 2 "* 2 

s + / + u = m J + m 2 + m.3 + m 4 . 

Although we will, in the expression for cross sections, often keep the dependence 
on s\ t, and it for a symmetrical notation, one of the three could be eliminated. 

We have seen that the matrix element is a Lorentz invariant; thus it must be 
a function of invariant variables only. For specific helicities, a scattering process 
involving two initial and two final particles is therefore specified completely by 
a function of two independent invariants, for example, s and t (and the particle 
masses) and the invariants we can form using the spin directions. If we square 
and sum over final helicities and average over initial helicities, we get a function 
f(s, t) = I Mfi | 2 that describes the rate for the unpolarized scattering process. 
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For example, for e p. scattering this function can be written, in the relativistic 
limit, as 



2e« 



2 i ? 

s 4- u~ 



using the result of the previous section. 

In general, the perturbation expansion to lowest order gives simple ratios of 
polynomials involving s, /. and u for the functions describing the rates. A function 
of the type I ./ ' t 2 (as results from the e~ p~ matrix element) will lead to a large 
cross section, since t can go to zero even at high energies. A function of the 
type \/s 2 (as we will find for e + e~ annihilation to p + p~) will lead to a cross 
section that falls with increasing center of mass energy. These factors result from 
the various propagators and determine which processes are large and which small 
at high energies. Including higher-order terms in the perturbation expansion, or 
more complex interactions, will lead to more complicated functions, but still of 
the same invariants s, t, and u. Finally, we note that it is often convenient to write 
the differential cross section in terms of the invariant momentum transfer. For 
example, the e~ \jl~~ differential elastic scattering cross section at high energies 
can be written: 



do 
~dt 



2na^ 



s 2 + u 2 



This is most easily derived in the center of mass. However, since the expression 
is invariant, it can be used directly in any frame. 



3.3.2 ■ Calculation of Annihilation Cross Section 

The e + e~ — » /x + /x~ matrix element involves one pair annihilation and one pair 
creation vertex with a photon propagator between. Using the appropriate terms in 
Table 3.1: 



M fi 



-e-v(p2)Y a u(p\)u(p3)y a v(p4) 



(3.20) 



Thus, 



where now 



Mj,\ 2 = -;L'L^ 



L afi =T!l[v(p2)v(p2)YaU(Pl)u(p\)Yp] 

and L^a is the analogous expression for /x + / a~. Averaging over all initial spins 
and summing over final spins gives for the traces: 
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^Tr[(/^ 2 -m e )y a {^ + m e )y$\ and Tr[(/ 3 + m^)y a (^ 4 - m^yp]. 

We complete the calculation in the relativistic limit, in which case we can ignore 
the various particle masses. In this case we have for the traces: 

%Tr[jt 2 Ya$lYp] = (P2aP\/3 + P2fiP\a ~ Pi ' P2gap) 
^'IhVu^Yfi] = 4(p4aP3j3 + P4j3P3a ~ P3 ■ P4gafi)- 

Using these expressions, we get 

1^ ? Se 4 

- 2_^ | M fi \ Z = —[(pi ■ PS)(P2 ■ PA) + (Pi ■ P4)(P2 ■ P3)l 

spins 

In the relativistic limit: 

/ = -2(p] ■ pi) = -2(p 2 ■ P4) and u = -2(pi • p 4 ) = -2(/? 2 ■ £3)- 
Therefore, 

J2\M fi \ 2 = — (r + u 2 ), 
FIGURE 3.3 Scattering ar- 4 s ^ s s 

rangement for e^e~ ~^ 
At + M~ in tne center of mass. The scattering arrangement in the center of mass is shown in Figure 3.3. 

We can calculate the invariants s, t, and u in terms of the energy of each beam 
E cm and the scattering angle 6. These are 

s = 4E;„, 

l=-2E 1 - m (l-cos6) 
u = -2£, 2 m (l+cos6>). 




Therefore, 



{ - J2\M fi | 2 = e 4 (l+cos 2 0). 



4 

spins 

Multiplying by the phase space factor gives a differential cross section: 

da e 4 (1 +cos 2 £) _ a 2 (l +cos 2 £) 

dQ ~ (8;r) 2 4£2 H J6£ 2 m 

Unlike the <? - /x~ differential cross section, this cross section is not peaked sharply 
in the forward direction. Integrating this over all angles gives a total cross section: 

na 2 Ana 1 



3£ 2 3s 



3.4 
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We specify the initially prepared and finally measured momenta as p\ , /?2, />3, P4 
as discussed in Section 3.3.1. The labeling of which final momentum is p-$ or p4 
does not matter, since the particles are identical. We will calculate the matrix el- 
ement for the transition \p\, pi) — > |p3, /?4>. The possible leptonic transitions 
and time-orderings are listed below, including sign changes due to permutations 
in the state in order to have the annihilated particles at the extreme left in the 
state. We do not indicate the virtual photons that link the two vertices, but will 
include them when we write down the full amplitude. The calculation of all pos- 
sible transitions involves finding all choices of annihilation and creation operators 
appearing in the product of current operators acting at two space-time points that 
give transitions from the initial to the final state. The transitions and times are, 
taking t\ < ti in the space-time description of the processes (the action of the 
current operator is indicated; it can only scatter one electron at a vertex): 



1. \P\,Pl) > |/>3, PI 

2. \p\, pi) = ~\P2, P\) 

/ju('l) 

3. |/?|, Pi) — ► IP4, Pi) 



"IP2, P3) ► -|/>4,/>3> 



\P3*P4) 



— > -\P4> P\) = \P\, Pa) — > \pi, Pa) 
\p 2 . P4) — > ~\P3, Pa) 



4. \p\, pi) = \P2, P\) — ► -Iav P\) = \p\>Pi) — > \P4, Pi) = 



IP3, PA) 



(1) and (2) correspond to the time-ordered diagrams: 





We have calculated these already in the case of e /x scattering, where we had 
exactly the same diagrams. (3) and (4) correspond to the diagrams: 





except for an overall minus sign from the use of |/?3, p$) to specify the final 
state. These are again the same diagrams as for e~ \i~ scattering except for the 
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exchange of the labels for p^ <^ p<\ (which exchanges the invariants t ** u). We 
can therefore write the full matrix element immediately using the e~ p~ formula: 



3.5 



M 



fi 



u(p4)y^u(p 2 )u(p3)y)Mpi) u{pi)yfjLu{p2)u(p4)Ynu{p\) 



(P\ ~ Pi) 2 



(P\ - PA) 2 



(3.21) 



As usual, we have not explicitly indicated helicities, which have to be specified. 
For identical helicities and momenta in the final state (that is, ps = P4), the two 
terms cancel as required for identical fermions. Had the particles been bosons 
(for example, spin particles), the analogous terms in M fi would have added, 
since the minus signs obtained from exchanging the order of particles in the states 
would have instead been plus signs. The rate does not depend on which e~ we 
assign the label pi> or p^\ the behavior of the angular distribution will still tell us 
that we are dealing with fermions. 

The result for the second-order matrix element in terms of Feynman diagrams 
corresponds to terms for each topologically distinct and connected figure linking 
the initial and final state via one propagator. The vertices are given by the local 
Hamiltonian density. The relative signs between diagrams reflect the exchange 
property for fermions or bosons. All calculations in this chapter can be organized 
this way. 

We will not go through the trace calculation, but rather just state the result. For 
relativistic unpolarized initial states, summed over final spins: 



£im/, 



2e 4 



spins 



s" + ir 



+ 



s 2 + t 2 



2s l 

+ 

tu 



The first term is identical to the e~ pT result, and the second two terms result from 
the fact that we have identical particles in the e~ e~ case. This matrix element 
squared gives a differential cross section in the center of mass: 



da 

dQ 



ou cm 



(1+cos 4 ^) (1+sin 4 !) 

' + 7^^ + 



sin 



4 & 



COS 



4 



sin 



2 e 



cos 



2 6 



Note that, to calculate a total cross section, only the integral over dQ in the for- 
ward direction should be calculated (or alternatively the integral can be taken for 
both forward and backward angles and the result divided by 2) since we should 
sum only over distinguishable configurations. 



We now specify the momenta of the initial and final e~ as p\ and p?,, respectively. 
The analogous quantities for e+ are specified by p2 and p^. We again have anni- 
hilation diagrams with two time orderings, corresponding to the situation where 
the initial pair annihilation or final pair creation occur first or last. These combine 
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to give the same matrix element as in the case of e + e~ — ^ \x^ \x~ '. However, ad- 
ditional terms occur in the current operators that can be paired to give a transition 
to the correct final state. These involve scattering, rather than annihilation. At one 
vertex we can have the initial e~ — ► final e~ and at the other vertex £ + can scat- 
ter to e + . The Feynman diagrams contributing to the matrix element are shown 
below. 




and 




Using the current matrix elements from Table 3.1 and the photon propagator 
sives 



M fi 



' u(pi)YiMp4)v(p2)Y/iu(p\) v(p 2 )yL 1 v(p4)u(p3)y fl u(pi) 



(3.22) 



The minus sign in the second term comes from the minus sign for the e^ — > e + 
vertex compared to the e~ -» e~ vertex, as appropriate for the opposite sign of 
charge. 

The electron-positron system allows bound states that are analogous to those 
of the hydrogen atom. These nonrelativistic states, called positronium, have a 
finite lifetime since the e~~e + can annihilate into photons. The major binding term 
for positronium comes from the Coulomb potential, which we could calculate by 
taking the Fourier transform of the nonrelativistic limit of the scattering term (the 
[/ 1 term in Eq. 3.22) in M//, following the procedure in Section 2. 13. This would 
give the expected attractive potential. 

The ground state of positronium has zero spatial angular momentum. The 
c~e + spins, however, will couple, to give states with total angular momentum 
or 1. These will be split in energy due to small corrections from the spin-spin 
interaction as well as a contribution from the annihilation diagram (the \/s term 
in Eq. 3.22) in M fj, which contributes a repulsive term to the spin I state. We 
would like to show that, generally, the annihilation term contributes only to the 
J = I initial and final states in the center of mass. We consider the numerator of 
the photon propagator given by Eq. 3.4, which is proportional to g l(V . Because of 
gauge invariance we could equally well use in the propagator 



gfiv 



VnQv 
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instead of # /iy , where q^ is the virtual photon 4-momentum. This expression is 
just the sum over spins for a real massive spin 1 particle (of mass-squared s), 
as given by Eq. 3.3. By angular momentum conservation, a real particle at rest 
will couple only to final states of the same total angular momentum, J = 1 in 
the present case. The expected effect of the annihilation diagram is indeed seen 
through its contribution to the energies of the positronium bound states with total 
spin 1. In Chapter 4 we will look at the production of hadronic states through 
e + e~ annihilation. These states must have total angular momentum 1, based on 
the foregoing discussion. 

Returning to e + e~ scattering, the calculation of | M/j \ 2 will yield three terms; 
two come from squaring individual terms in M/v, with the third an interference 
term between the two terms in Eq. 3.22. The differential cross section in the center 
of mass, resulting from Eq. 3.22 (in the relativistic limit for unpolarized particles) 
is: 

s 2 + u 2 t 2 + u 2 2u 2 




+ ^ + 

S 2 St 



The first (scattering) term is the same as the result for e~ /i~ — > e~ jjl~ , while 
the second (annihilation) term is the same as the result for e + e~ — > (i + \x~ . The 
third term is the interference contribution. Rewriting this in terms of the electron 
scattering angle in the center of mass gives 



9 / 1 \ 2 

da a I 3 + cos" \ 



dQ ]6£2 I j -cos 



cm 



This process is called Bhabha scattering. A comparison of data with this predic- 
tion is shown in Figure 3.4. 

3.5.1 ■ Helicity Conservation in the Relativistic Limit 

In this chapter we have summed over all final helicities and averaged over initial 
helicities in rate calculations. This does not, however, imply that all helicity com- 
binations contribute equally to the various cross sections calculated. In fact we 
saw that in the nonrelativistic limit the final and initial spin states of the fermions 
were the same in the Coulomb scattering process. The relativistic current ma- 
trix element also has a simple spin structure, but now for helicity states rather 
than states with fixed spin directions. For relativistic helicity states, the scattering 
current operators uy^u and vy^v are nonzero only for the initial and final states 
having the same helicity, while the annihilation current operators vy^u and uy^v 
are nonzero only for the two fermions having opposite helicities. These relations 
can be checked by using the explicit helicity states. We can, however, demonstrate 
these helicity relations using the following method. We take ity jJL u as our example 
and show that transitions between a right-handed and left-handed state vanish. For 
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aooi 
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-cu 



QO 

cos e 



<U 



Q8 



FIGURE 3.4 Data showing the e^e — » e + e cross section and the theoretical predic- 
tion for a number of center of mass energies. [From W. Braunschweig et al., 2. Phys. C 37, 
171 (1988).] 



u a right-handed state, we have from Section 2.7.4 that 

UR = ~ U R- 



For Ui the adjoint of a left-handed state, 



u L = u L 



Therefore, 



'1 + K5 p 

ULYfiUR = "L ~ K/. 



1 + K5 



1 + Y5 



ULY/.1 



2 J " \ 2 

1 - Y5 \ /I + VS 

~7~ 



UR 



ur = 0, since yf = I . 



The helicity relations imply, for example, that the amplitudes for the two Feyn- 
man diagrams for Bhabha scattering have different mixes of helicity states con- 
tributing (as well as different orbital angular momenta). The annihilation diagram 
requires that the initial <? + and e~ have opposite helicity, while the scattering dia- 
gram has contributions from all initial helicity states. 
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In Section 3.5, it was shown that the annihilation diagram only populates final 
states of total angular momentum 1. For unpolarized relativistic initial e^ and e~ 
particles colliding in the center of mass, the helicity relations provide additional 
constraints. They imply that the angular momentum component along the colli- 
sion axis (z-axis) is an incoherent mix of J z = +1 and —1. For two-body final 
states, this well-defined initial state will often uniquely determine the final state 
angular distribution based on angular momentum conservation. This is true for 
two final spinless particles or a fermion pair, given the helicity relation between 
the pair. A general method has been devised for expressing the two-body decay 
of an initial spin state (for example, the virtual photon or a narrow resonance 
decaying at rest) in terms of contributing helicity amplitudes. This method uses 
angular momentum conservation in the decay, but allows for helicity states of the 
various particles. We will not present this method, but provide a reference in the 
bibliography where it is described. 



3.6 ■ PROCESSES WITH TWO LEPTONS AND TWO PHOTONS 

Four processes involve two leptons of a given type and two photons. Taking the 
electron as our example, these are: 

1. y + e~ — > y + e~ 

2. y + £ + — > y + e + 

3. e~ + e+ — > y + y 
4- y + y — -> e~ + e + . 

These processes all share common virtual particle types that link the two vertices. 
These virtual particles are electrons and positrons. Diagrams that contribute, for 
example, to (1) and (3) above are shown below, where both time orderings are 
shown separately. Note that the incoming and outgoing photons of given momen- 
tum attach to the same initial or final lepton in both time-ordered terms that make 
up one Feynman diagram. Attaching given photons to a different set of initial and 
final particles changes the topology and leads to a separate Feynman diagram. In 
fact, each of the four processes have two Feynman diagrams contributing to the 
matrix element. A complete calculation for process (1) will be shown in the next 
section. 





Process 3 
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As in the case of the exchange of spin or spin 1 particles, the two time- 
ordered terms can be combined into a single covariant expression in momentum 
space. Thus the sum is written as one diagram, indicated as shown in the figure 
below. 



Process 



V f 



Process 3 



We do not specify the charge of the intermediate fermion; both charges contribute. 
The space-time propagator, which results from a coherent sum over all momenta 
for the virtual particle, can be written for each process as: 



/[ 



g(p)e- i f' x O(t) + i(-p)e i ^e(-t) 



d 3 p 



2£(2tt) 3 



Here g(p) is a 4 x 4 matrix, constructed from a product of spinor terms for the 
virtual particle (with a factor in the product from each vertex) and summed over 
all helicities of the virtual particle of momentum p. The second term in the inte- 
gral is expected to contain g(—p), as discussed earlier, in order for the two terms 
to combine into a covariant expression. The signs between the two terms are de- 
termined partly by the various anti-commutation properties, which are important 
for maintaining Lorentz covariance. 

Using the matrix elements in Table 3.1, we will determine g(p) and g(—p) 
for all four processes, including the overall sign coming from particle exchanges 
in the states involved. To see how the sign works, we take as an example the two 
time-ordered terms contributing to process (1). We label 

ej~ the initial electron, 

e~c the final electron, 

e~ the virtual electron for the first time ordering, 

£j!~ the virtual positron for the second time ordering. 



Following the particles in time: 
First time ordering: \ej~) -* \e 
Second time ordering: \ef) -» 



*7.<,e 7 ) 



«i .<!".«, 



h-l-7)- 
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Thus, the second time ordering requires an extra minus sign. This occurs for 
the processes (1) and (2) that have three particles propagating in one time order- 
ing, which combine with a diagram having one particle at all times, to form the 
covariant propagator. The processes (3) and (4), with two particles propagating 
at all times, have no net extra signs, which can be checked by following the se- 
quence of creations and annihilations as we did for process (1) above. They da 
however, contain a sign from the vertex itself, in that positron scattering and elec- 
tron scattering have an opposite sign in Table 3.1. 

Including the various minus signs, the spinor expressions for g(p) and g(—p)* 
corresponding to the two time orderings, respectively, are given in Table 3.3. The 
helicity sums needed to complete the calculation were calculated earlier; for the 
electron spinors we get pi + m, for the positron spinors 



^v(p, X)v(p, X) = 



TABLE 3.3 Factors for Fermion Propagator. 



Two time-ordered 
processes 



i(p) 



8(-p) 



(D 




(2) 



(3) 



(4) 




x 



J2v(p,\)v(p,\) 
x 




X 



Y,u(p,k)u(p,),) 



Y,u(p,k)u(p,X) -J2 v (P'k)v(p,k) 

x x 



X>(p, A)«(/?, A) -Y.v(p,\)v(p,X) 

X X 



With these substitutions, we always get for the second term in each row of 
Table 3.3 an expression equal to the first term after the exchange p —> —p. We 
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FIGURE 3.5 Loop correc- 
tion to photon propagation. 



can put g(p) for all four processes into a common form by the convention: 

g(p) = ff + m, 

to within an overall sign, where p is the momentum of the electron traveling 
forward in time. The overall sign for the terms in Table 3.3 is +1 for (1), (3), and 
(4), and — I for (2). The minus sign for (2), like the minus sign for an individual 
positron scattering vertex in Table 3.1, has real consequences. An example occurs 
in a higher order (loop) correction to the photon propagator shown in Figure 3.5, 
which we will look at quantitatively in Chapter 7. In this loop correction, we 
indicate the positron and electron momenta as p e + and p e ~. The sum over spins 
for each particle will give a factor of (jjt e + — m) and (pf e - -\- m) when calculating 
the propagation of the pair. Instead of the positron term $ e + - m, we can use the 
rule that we should always calculate the propagator by taking the momentum of 
the electron traveling forward in time, but then we must include the overall minus 
sign, to get the same (correct) result. 

3.6.1 ■ Matrix Element for ^e~ Scattering 

The process y + e~ — > y + e~ is called Compton scattering. We will look at 
this in detail as an example of a process involving two leptons and two photons. 
We start with the second-order expression for the S matrix and again end up with 
Feynman diagrams in momentum space from which we can write down rather 
directly the expression for M j\. For Compton scattering: 



S 



(2) 



(-/•) 



Tf 

J — CO J — ( 



d^dxUf\4 (xOA^xfij; (x2)A v (x2)\i)0(t\ -to) 



The initial and final state momenta are given by p\ and p$ for the e , and pi 

(2) 

and p4 for the y, respectively. By working through S \- carefully, we will arrive 
at a derivation of the electron propagator discussed in Section 3.6. 
Taking product states for the initial and final states we have: 



r(2) 



/oo /»oo 
/ dx^dxUp^Jl (x\)J e v (.o)|pi) 
-OO J— OO 

x (p4\A (1 (xi)A v (.x 2 )\p2)0(t\ 



<2)- 



For notational simplicity, none of the helicities are explicitly indicated for the 
initial and final states. The term involving the photon field has two field operators 
and two photons in the matrix element and will give a tensor function of xi and 
x\, to which we return later. We focus first on the term involving the electrons, 
which will have virtual propagating particles when evaluating the matrix element. 
The two currents allow two processes. In the first process the current J* (X2) 
annihilates the initial electron and creates a virtual electron. In order to end up 
in the correct final state, J^ (x\) must annihilate the virtual electron and create 
the final state electron. In the second process, J* (X2) leaves the initial electron 
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unchanged and creates a pair. For this to give us the correct final state, the electron 
in the pair must match the final state electron while the positron is virtual, and 
can have any momentum. Finally, to arrive in the correct final state, the current 
J* (x\) must annihilate the initial electron with the virtual positron. The current 
matrix elements corresponding to these processes are listed in Table 3.1. They 
give (including the correct signs discussed in the previous section): 

(P3\Jjf(X\)jf(X2)\p { ) 

+ £e 2 i/(/?3)y tf [-v(/^)iKp^ 

We will now redefine coordinates to correspond to physical events rather than 
the time order in which events occur. We define X2 as the coordinate at which 
the initial electron in annihilated, and xy as the coordinate at which the final state 
electron is created, irrespective of which is earlier. This requires that in the second 
term we exchange x\ and*2- Including 6(t\ —ti), which becomes B(t2 — t\) for the 
second term, and using the fact that the photon-field matrix element is symmetric 
under the exchange \jl «* v and x\ +* X2, we get from the electron currents: 

e 2 u(p2)y^G f (x l - x 2 )y v u(P\)e' (pyX] - p] ' X2) 
where 

G F (x) = J2 W (P> *)«(P, k)e~ ip ' x 6(t) - v(p, X.)v(p, k)e ip ' x 0(-t). 

P X 

GfW is of the form given by Eq. 3.2 and is called the electron space-time prop- 
agator. It gives a momentum -space propagator: 

2 F 2 ' (3.23) 

p z — m L 4- is 

after taking a 4-dimensional Fourier transform. 

We now return to the photon matrix elements. In the expression A l _ i (x[)A v (x2) 
either field can annihilate the incoming photon, with the second field creating the 
outgoing photon. This gives, therefore, two terms: 

(Pa\ A M (xi)A u (x 2 ) \ P 2) = e^(X ut)eAhn)e iiP4X] ' P2X2) 

The incoming and outgoing photon helicities are indicated as X lVi and X oui , respec- 
tively. Dotting together the various tensors, we get for the S-matrix element a sum 
of two terms (arising from the sum of two Feynman diagrams): 
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/oo roo 
/ d 4 x i d 4 x 2 [T i (-x i ,x 2 ) + T 2 (xux 2 )] 
-OQ J —OO 

where 

Ty{x u x 2 ) = u(p 3 )f(X 0U[ )G F (x ] - x 2 ) S(Xi n )u( Pl )flte+*)*i-ipi+n)-*d 
T 2 (x ] ,x 2 ) = u(pi)^ m )G F (x ] -X2)^(X 0llt ) W (p 1 )^' [( «-^ ) - v '- ( ^-^ ) - V2] . 

Writing 



CfU) 






p2 _ m 2 _|_ i £ (2n) 4 ' 
we complete the calculation by integrating over 

d A p 4 4 

tcI x\d xo. 

(2tt) 4 

This is completely analogous to the calculation in Section 2.10 for the spin less 
case, or the calculation for p~€~ scattering, since the integrals to be evaluated 
merely involve integrating over phase factors. The result is: 

1. A factor of (2n) 4 8 4 (pf — p,) after integrating over x\, 

2. A value for p in the momentum-space electron propagator of p = p\ + p 2 
for T\ and p = p\ — p4 for T 2 , after integrating overjcj — x 2 , 

3. Remaining factors that come from various terms (spinors and polarization 
vectors) that are independent of the space-time coordinates. 

The resulting expression for My/ is: 



Mfi =e 2 u(p 3 ) 



f C^out); ; ^ ? A*in) 

(Pi + Pir — m 



+ AAj n )- ~j j? (X ou t) 



u(pi). (3.24) 



We can obtain this expression in momentum-space from two topologically dif- 
ferent Feynman diagrams, if we consider the different quantum events that can 
lead to absorption of the initial photon and emission of the final photon. These are 
shown in Figure 3.6 along with the factors associated with the diagrams for ar- 
riving at the scattering amplitude. The other processes involving two photons and 
two leptons have matrix elements calculable using analogous Feynman diagrams. 
To facilitate tracking the order in which the spin dependent factors appear in 
matrix elements, arrows are often attached to the fermion lines in the Feynman 
diagrams. The arrow then points from the past into the future along the elec- 
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FIGURE 3.6 Feynman diagrams for Compton scattering. Factors are those needed to 
calculate —iMfj. The value of the momentum p in the propagator is obtained by four- 
momentum conservation at the appropriate vertex. 

tron lines. This is the same sequence in which the factors appear in each term 
in Eq. 3.24. To arrive at the correct sequence of factors for positrons, the arrow 
points from the future to the past. 

3*6.2 ■ Compton Scattering Cross Section 

Using Eq. 3.24 for the Compton scattering matrix element we can calculate the 
cross section for this process. For simplicity, we will do this in the relativistic limit 
in the center of mass frame for unpolarized initial particles. The denominators for 
the two terms in M y/ are 

s — m =(/?|+ p 2 ) — m 2 =2p\ ■ p2 — s 



and 



u — m 2 = (p\ — pa) 2 — m 2 = — 2p\ • p 4 ~ u. (3.25) 



Leaving out the mass terms, we can therefore approximate My/ = e [M\ + M 2 ], 
where 

M] = e*(Xo\xt)£ti(Mn)ii(P3)yv(0[ + h)Vn u iP\)l s 
M 2 = el(k out )e f j L (k\ n )u(p3)y / j L (jf l - ft 4 )y v u(p[)/u. 

Summing over all final spins and averaging over initial spins, we calculate: 

1 e 4 

- J2 \Mf'\ 2 = J J] [|M 1 | 2 + |M 2 | 2 + M,M* + M*M 2 ] 

all spins all spins 

For the photon spin sum we can use the result from Section 3.1: 

y^ j el(X\ n )e v (X m ) = ^6>*(A ut)£y(A.out) = -g/uv> 
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With this simplification, and leaving out the electron mass everywhere: 

J2 \M\\ = -jTr[^y v (ff { + fa)Yn0\Yn(&\ + fa)Yv\- 

all spins 

The two factors of g# ]M2 from the two photon spin sums leaves us with two 
sums over y matrices inside the trace. Next, we use the fact that we can exchange 
the order of two matrices in a trace of a product of two matrices to rewrite the 
above as follows: 

J2 |M| | 2 = —Trl(y v jt } y v )(0\ + fa)(Ynlt\Yn)(lf[ +#>)]■ 

all spins 

Using the anti-commutation formula for the y matrices, we can simplify the 
two y matrix sums, which give 

YvfoYv = -2^3, YnJ\Yn = -2^| . 
Therefore, 

£ \Mi\ 2 = ^Tr[h(h + fa)i?Mi+fa)l 

all spins 

This expression is now in the form of a trace of a sum of products of four y 
matrices that can be evaluated from Table 3.2. Leaving out factors of m 2 , we get: 

J2 I Ml I 2 = p0>i ■ />2)(/>3 • Pi) = 8 t 1 ^) . 

all spins ^ ' 

The calculation of £ aI1 spins I ^2 I 2 is identical to that for Y^- d \\ sp j ns I ^i I 2 w i fn 
the exchange /?2 <-» — P4- This gives: 



y \m 2 \ 2 = &(— 



all spins 

The cross terms for M\ A/| and M* M2 summed over spins are equal and both 
vanish in the limit where we ignore the electron mass. We can see this by calcu- 
lating: 

Y2 M\M\ = Tv[foy v (lf\ + fa)Ynlt\Yv(lf\ ~ \/>*)Y\x\- 
all spins 

To evaluate this, we use two general results that follow from the y matrix anti- 
commutation relations. The first is for the sum over v: 

Y\A]f>\ + fo)Yn(lt\)Yv = -20\Yvl(0\ + ^)> 
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which is an example of the general result Yv^a^bJ^cYv = ~^$c$b$a> F° r the 
trace, we now have: 

-2 TxXhltxYnth +pti)(0[ - 0a)YiA- 
We can next sum over /x, by using the general formula 

YntatbYn =4p a ■ Pb, 
giving 
-8[(/?i + pi) ■ (py - P4)]Tr(^ 3 /]) = -32(/?j • p^)[(p\ + pi) ■ (p\ - /? 4 )]. 

The dot product (p\ + /? 2 ) ■ (p\ - Pa) = m 2 + Pi ■ P2 - P\ • P4 - Pi - P4> Using 
pi — p^ = P4 — pi, we can calculate that p2- Pa = pi ■ p3 — m 2 ; therefore the dot 
product can also be written as 2m 2 + p\ ■ (p2 — P3 — Pa) = 2m 2 — p\ ■ p\ = m 2 . 
Thus in the relativistic limit where we take m 2^ 0, this term will vanish. 
Adding the various trace terms we have finally: 

1 j: \M fi ? = 2e 4 (^ + ^ 
4 .f-^f \ s u 

all spins x 

Including the phase space-factor, in the center of mass, 

da 1 1 a ( — u —s 

= 2e 1 

dQ 64jt 2 E 2 \ s u 

Using E = 2E cm , where E cm is the center of mass energy of e or y; the invariant 
5 = 4£ 2 , r and u = — 2E 2 m (l -\- cosO), where is the electron (or photon) 
scattering angle, the expression for the differential cross section is: 

da a 2 ( 1 + cos (9 7 



"an 



clQ 8£ 2 \ 2 1 +cos( 



At high energies we can ignore the first term in da/d.Q, with the cross section 
large only for cos near — 1 , that is, for backward scattering, where u c^ 0. The 
infinite value for cos = — 1 comes about only in the limit m = 0. If we keep the 
lowest order correction due to the finite mass we should use 



u-m 2 ^ -2E 2 m (i -\-cosO) -m 2 . 



Thus at high energies the correct expression is: 

1 



da a 2 ( 



dQ 4E 2 m 



I 1 + COS#+rf^ 
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Integrating this over all angles gives finally the total cross section in the high 
energy limit: 



cm 



a = —\og\-^-). (3.26) 



The total cross section, despite the logarithm, falls with increasing energy in 
the relativistic limit. 



3.7 ■ HIGHER-ORDER TERMS IN THE PERTURBATION EXPANSION, 
THE FEYNMAN RULES 

The calculation of higher-order terms in the S matrix expansion involves a larger 
number of quantum events linking the initial and final states. In the space-time de- 
scription of a term in the S matrix, we can specify the absolute space-time location 
of one quantum event and then use relative space-time coordinates to describe the 
rest of the processes that occur. Integrating over the one absolute coordinate gives 
a four-momentum conserving delta function (2tt) 4 8 4 (p f — pi). Integration over 
all the relative coordinates gives the dynamically determined contribution of the 
higher order process to —iMfj. 

Each term in the iteration expansion for the S matrix, derived in Section 2.9, 
involves a time-ordered sequence of events. We state without proof that we can 
recast each term in the expansion in terms of Feynman diagrams, each of which is 
topologically distinct and connected, and contains the same number of quantum 
events as the time-ordered form. The Feynman diagrams express the contribution 
to Mfj in terms of well-defined physical events. Each such event is given by a 
vertex that contributes, to the overall amplitude, a factor given by a local matrix 
element of the interaction Hamiltonian density. The vertices are linked by vir- 
tual particles that propagate between the local events. All such virtual particles 
are created and then absorbed internally to the process. By writing the space- 
time propagator in terms of its Fourier transform, we can express the formula 
for each Feynman diagram completely in momentum-space. For the second-order 
diagrams we have been calculating in this chapter, the four-momentum of the vir- 
tual particle is completely determined from the initial state by four-momentum 
conservation. For higher-order diagrams this is not the case; some of the virtual 
momenta are free to range over all values, and these need to be summed over in 
order to evaluate the diagram. This will involve an integral of the type 



/ 



d 4 P 

(2rc) 4 



for each undetermined four-momentum. An example of a diagram requiring such 
an integral is the loop diagram of Figure 3.5. After adding all diagrams up to a 
given order, we then have our perturbation approximation for Mfj, which has to 
be squared and integrated over phase space to calculate rates. 
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The perturbation expansion gives an amazingly simple physical picture, where 
the physics is given by the local quantum events and propagation between events 
via the free field amplitude of Eq. 2.1 (or its complex conjugate) for incoming, 
outgoing, and virtual particles. The addition of amplitudes for all alternatives then 
gives the full amplitude. 





(a) 



(b) 



FIGURE 3.7 Higher-order corrections in Quantum Electrodynamics, (a) To electron 
propagation, (b) To the electron vertex. 



The higher-order diagrams include terms that affect only one individual par- 
ticle. These diagrams show a virtual particle being emitted and absorbed by the 
same particle. These will occur in any process involving the individual particle. 
An example is the loop correction to the photon propagator in Figure 3.5, which 
will be present wherever the photon propagator occurs. These events, described 
by the higher-order diagrams, correct or renormalize the propagator. Figure 3.7 
shows analogous corrections to electron propagation and the electron vertex. The 
vertex corrections change the magnetic moment of the particle, which can be mea- 
sured very accurately in an external static magnetic field where the higher-order 
corrections occur only in the electron vertex. In the nonrelativistic limit the elec- 
tron interaction with the magnetic field is given by a Hamiltonian of the form 
—/I • Z?, where 



M 



- ge -s 



2m 



and S is the expectation value of the spin operator equal to a/2. For the nonrel- 
ativistic limit of the Dirac equation, g = 2. Including the vertex corrections into 
an effective or renormalized g, its value is changed slightly from the value 2. The 
lowest-order vertex correction of Figure 3.7(b) gives for both the electron and 
muon: 



g 



K'+a 



2(1.00116). 



The magnetic moments have been evaluated to order a , which involves cal- 
culating many diagrams. Comparing the calculations to the measured values pro- 
vides the most exacting low-energy test of the quantum field theoretical approach. 
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The measured values are: 

2 



= 1159.652188 ± 0.000004 x 10" 



1165.9203 ±0.0008 x 10" 



The difference between the electron and muon come from higher-order diagrams 
involving particles other than the photon (for example, loops in the photon prop- 
agator) where the muon mass, being larger than the electron mass, results in a 
larger value. The measured values for both electrons and positrons are in ex- 
cellent agreement with each other. The measured electron value is in excellent 
agreement with the theoretical prediction, but the comparison cannot be made at 
the full precision of the measurement because a is not independently measured 
with sufficient precision. The experimentally determined value for the muon and 
the theoretical expectation differ at about one standard deviation. The theoretical 
prediction includes measureable contributions from virtual hadrons and the weak 
interactions. 

In addition to the higher-order diagrams, which modify the properties of the 
individual particles, we have diagrams that link different particles in a process. 
Examples are shown in Figure 3.8 for the case of e~ \i~ scattering. 





FIGURE 3.8 Higher-order diagrams where two photons are exchanged between e 
and /jl~ . 



The number of diagrams of a given order grows rapidly for higher orders. 
The expansion is therefore believed to be an asymptotic expansion rather than a 
convergent series. For a small coupling constant this does not preclude extremely 
accurate calculations, as we have seen in the case of the magnetic moments. 

For completeness we list again the various factors required in electrodynamics 
to calculate —IMfi for any Feynman diagram. 

1. For an incoming electron, positron, or photon, respectively, we associate a 
factor u, v, e^. 

2. For an outgoing electron, positron, or photon, respectively, we associate 
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3. The vertex factor is iey^ for the electron, and —iey^ for positrons. Some 
caution is needed regarding the overall sign for fermions, as discussed ear- 
lier in the chapter. 

4. The propagators for electrons and photons are, respectively: 

]/> + m 



and 



p 2 — m 2 + ie 



-IgfJLV 



q 2 + ie 



Again, be careful of the overall sign for fermions. 

The perturbation expansion for more complicated interactions will be similar 
to that for electrodynamics, with additional particles involved and factors at ver- 
tices given by the interaction Hamiltonian density for the new interaction type. 
Unfortunately, for the case where perturbation theory is inadequate, particularly 
for the scattering of relativistic bound states of the strong interactions, there is no 
simple physical space-time picture or simple calculation analogous to the pertur- 
bation expansion. 



3.8 ■ LORENTZ COVARIANCE AND FIELD THEORY 

We want to examine several constraints that arise from combining relativity with 
quantum field theory. The results apply to a general relativistic field theory, not 
just to quantum electrodynamics. In the classical case, relativity requires that no 
information can be transferred faster than the speed of light; in particular, regions 
of space-time that are space-like separated are not actively exchanging informa- 
tion and, in fact, the time ordering of events in the two regions changes from 
reference frame to reference frame (unlike events for time-like separated regions 
of space-time where past and future are uniquely defined). 

The simplest way in which the constraints of relativity can work is if all the 
quantum interactions linking events at points x\ and xi vanish for space-like sep- 
arations. These interactions are determined by the space-time propagator, which, 
in fact, does not vanish anywhere. However, the combination of particles and 
antiparticles propagating with the various time-orderings did in fact give a final 
covariant result for all the examples we considered, as was evident in the covariant 
momentum-space representation. Thus an observer who attributes the interaction 
for space-like separated points x\ — X2 to particle exchange using the expression 



E 



-l><*l-*2)0(,, _, 2 ) 
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(assuming t\ > ti and a scalar interaction) will get the same result as a Lorentz- 
transformed observer, who attributes the interaction to antiparticle exchange using 
the expression 



(where, after the Lorentz transformation, t' 2 > /J). The coordinates x\ , x' 2 are the 
result of Lorentz tra nsform i ng x\ and X2, respectively, to the new frame. The exis- 
tence of anti particles is thus a requirement for Lorentz invariance as emphasized 
by Feynman. Note that the couplings must also be the same for the two versions 
of the calculation. 

Therefore, the field operators that describe a quantum process must contain 
an outgoing antiparticle of momentum p for every incoming particle of momen- 
tum p. Since the Hamiltonian is Hermitian, every field that appears in the Hamil- 
tonian must also have a corresponding Hermitian conjugate, which then contains 
incoming antiparticles of momentum p and outgoing particles of momentum /?. 
The coupling constant that appears in a Hamiltonian density involving a field must 
multiply the whole field operator, that is, both the creation and annihilation part. 

The operations discussed above, that is. changing incoming particles into out- 
going antiparticles of the same momentum, is due to the following operations: 

1 . Charge conjugation, C, which exchanges particles and antiparticles; 

2. Parity P, which changes the sign of the momentum /5; 

3. Time reversal, 7\ which exchanges incoming and outgoing states and the 
direction of motion. 

The combination of PT leaves the momentum unchanged after exchange of in- 
coming particles and outgoing particles. 

If we include spin, the CPT operation will also change the sign of the helic- 
ity A. It thus relates incoming particles of momentum p, helicity A, to outgoing 
antiparticles of momentum /?, helicity —A. In Chapter 8 we will discuss the weak 
interactions where the consequences of the CPT symmetry are most relevant. We 
will see that the sign change of the helicity is indeed necessary in identifying weak 
processes that have equal amplitudes. 

The previous discussion involved interactions for space-like separated sys- 
tems. Next, we want to look at constraints on local measurements made on such 
systems. Each measurement corresponds to a local Hermitian operator. We de- 
note these operators as 0\ and Oi, for measurements at x\ and xi* The state on 
which the measurement is performed is specified for simplicity as a product state: 
|1) |2) = |1, 2). For /i < to the result of our measurement is 02^1 1 1 , 2) . 

We now look at the same measurements in another reference frame. The 
change of frames is specified by a Lorentz transformation, to which we can asso- 
ciate a unitary operator, U , generating the transformation. In the new frame, the 
result of the measurement is: 
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U0 2 0i\l,2) = U0 2 U- l UO ] U- l U(\\,2)) 
Denoting the operators and locations in the new frame by primes, we have 
UO2O1 |L,2> = 2 0\ |1\2'). 

However, for a space-like separation of x\ and x 2 , we can choose a new frame for 
which we have t' 2 < t[. Therefore, in this frame the measurement is given by the 
opposite time order: 

0[0' 2 \\',2'). 

Equating the two expressions for the measurement gives 

U0 2 { |l f 2) = 0' 2 0\ |l',2') = 0[0 2 |l',2'). 

Hence we conclude that local Hermitian operators corresponding to measurable 
quantities must commute for space-like separations for a relativistically covariant 
theory. Examples of such operators are the Hamiltonian density, the current oper- 
ators, and Hermitian fields (like A /t ) that have a classical measurable limit. Note 
that the spin j field \j/ does not satisfy this commutation rule, but the bilinear 
operators like \(ry fi \j/ do. We will not prove these commutation relations; they can 
be shown to hold for the field operators we have defined. 



3.9 ■ SPECIAL SYMMETRIES OF THE S MATRIX 

In the previous section we saw that the fields making up the Hermitian Hamilto- 
nian density must contain certain specific combinations of particle and antiparticle 
operators. These are: 

Particle Annihilation(Creation) < — > Antiparticle Creation(Annihilation) 
with p and X with p and —X 

The discussion focused on particles and antiparticles propagating internally, gen- 
erating an interaction. These particles and antiparticles can, however, also be real, 
making up part of some initial or final state. In this case, the CPT symmetry can 
be used to relate matrix elements for corresponding measurable processes. 

We specify the relevant states in these processes as follows, starting from a 
general initial state \n). If we exchange particles and antiparticles, leaving p and 
X unchanged, we specify the resulting state \Cn). We can further change the sign 
of the helicity and momentum with a parity operation that changes the sign of 
vectors and leaves axial vectors unchanged. We specify this state as \CPn). The 
final time-reversal operation reverses p as well as the sense of rotation. With both 
J and /; reversed, the projection of J on p is unchanged, leaving the helicity 
unchanged. These states are specified as \CPTn). Finally, we have to exchange 
incoming and outgoing states. We can now state our symmetry relation, called 



Chapter 3 Homework 109 

the CPT theorem: (m\ S \n) = (CPTn\ S \CPTm) for all states. We will use this 
theorem later; it implies, for example, that masses and lifetimes are equal for 
particles and antiparticles. 

The CPT theorem follows from relativistic invariance and how we construct 
the S matrix in terms of given quantum events. It may turn out that some of the 
other operations discussed above also provide S matrix (and Hamiltonian density) 
symmetries, that is, the symmetry may extend beyond the minimum required. 
These are 

1. If (Cm\ S \Cn) = (m\ S |n), the system is charge conjugation invariant. 

2. If (CPm\ S \CPn) — (m\S\n), the system is CP invariant. 

3. If (Pm\ S \Pn) = (m\S\n), the system conserves parity. 

4. If (77/ 1 S \Tm) = (m\ S \n), the system obeys time-reversal symmetry. 

The electromagnetic and strong interactions satisfy all of these symmetries, 
leading historically to the expectation that all interactions would. However, it was 
subsequently found that the weak interactions only satisfy the CPT symmetry. As 
a consequence, for example, left- and right-handed particles do not have the same 
interactions (resulting in parity violation). 



CHAPTER 3 HOMEWORK 

3.1. Consider the decay of an initial particle of mass m ir] into two final particles of mass 
m\ and mi. In the center of mass the final particles are produced with energies E\ 
and £"2- Show that 

2 , 2 2 2.22 

m~ + mi — mx m~ + m% — my 

E = mZ 1 2 ( g 2 = mZ 2 L 

2m in 1m in 

(Hint: Don't do any complicated calculations). 

The two particles recoil with the same magnitude of momentum P = \ p\ \ = 
| po |. Show that 



I 

P = 

2m; 



yCmin) 4 + (m] - m\) 2 - 2mljm]+m 2 2 ). 



3.2. (a) A particle of mass m- in decays into n particles with energy and momenta Ej , jij , 
respectively, / = 1, . . . , /?. The initial particle is moving with velocity D, which 
is called the velocity of the center of mass. Show that 



and that 



T!Up, 
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(b) A particle of mass m\, four-momentum (E\, p\), is incident on a particle of 
mass ni2 at rest. What is the totat center of mass energy? What is the velocity of 
the center of mass? 

3.3. Show that q^J^ifi) = for the four terms in Table 3.1, where q^ is the appropriate 
sum or difference of momenta. 

3.4. Consider the Majorana representation for the y^ matrices. These satisfy the usual 
relations for the y lx matrices, and in addition are purely imaginary, that is, y* — 

-Yi-l- 

(a) Use the relation /J/q = KoK/t an d the imaginary condition to show that 
(YqY[jJ T = Y0Y/j.> where T indicates the transposed matrix. 

(b) In the Majorana representation the positron scattering operator is 

v(Pm)Yi.iV(Pou\) = u(p' ]n ) T yoYnU*(p out ). 
Using (a) above, show that this can be rewritten as 

u(Pout)YiiU(p\n)' 

This establishes the basic symmetry between the particle scattering and antipar- 
ticle scattering matrix element. 

(c) Show that 

v(p e +>k')Ytiu(jpg- t k) = v(p e -,X)y jX u(p e +.X / ) 

in the Majorana representation. This relation is important for the charge conju- 
gation symmetry of the theory. 

(d) We can change representations from the Majorana representation to another via a 
unitary transformation: K" ew = My^M' . In this case, we should use v = Mu* 
for positrons to maintain the symmetry. The u spinors in the new representation 
are transformed into Mu. Show that ve lp ' x satisfies the transformed Dirac equa- 
tion if the initial ue~ ip ' x does. (Note: It can be shown that all representations 
for the y fl can be related by some unitary transformation). 

3.5. Consider a beam of high energy muons passing through a material. Because of scat- 
tering, low energy electrons can be knocked out of the material (these are called 
5 -rays). Calculate the cross section for this process per electron for final electron 
energies 

m^ m e 

but E e is much greater than the binding energy of the material. Show that for each 
electron the cross section to knock out an electron of kinetic energy > £ m j n is 
approximately 

250 millibarns 

° = £~ ' 

'-rnin 

for f'min measured in MeV. Note 1 millibarn = 10 -27 cm 2 . 
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3.6. For p along the ^-direction show, using the explicit spinor solutions, that: 

I+Ks/W - - l + /.s/(A) 
//(/;, k)u(p, k) = (ft + m) , v(p, k)v(p, k) = (/ - w) . 

z 2 

3.7. Calculate the unpolarized differential cross section, summed over final spins, for 
e^ e~ — > e^e - . Assume the particles are relativistic in the center of mass. 

3.8. The matrix element for Compton scattering has two terms, that come from adding 
two Feynman diagrams. Show that both terms are needed to gel a gauge invariant 
result. 

3.9. Calculate the differential and total Compton scattering cross section in the nonrela- 
tivistic limit. Use a frame where the electron is initially at rest and the y energy is 
« m e . 

3.10. What is the Compton total cross section for a photon of energy 10 GeV incident 
on an electron at rest? For a material with 10 24 electrons/cm 3 , what is the average 
distance the photon would travel before one Compton scatter, if we assume that this 
is the only scattering process that occurs? 

3.11. Draw the Feynman diagrams for the process y + y — > e + + e~ . Write down the 
expression for M f\ in terms of the spinors and polarization vectors for the photons. 

3.12. Write clown the matrix element for the process y + e + -» ■ y + e + . 
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4.1 ■ THE CHARGE STRUCTURE OF THE STRONG INTERACTIONS 

In the introduction, we discussed that hadrons are made of quarks. We will see 
later that they are made of a quark-antiquark, three quarks, or three anti-quarks. 
We will, for the time being, borrow this observation. We will use it to see that 
the charge structure of the strong interactions must differ in a fundamental way 
from electromagnetism or the neutral scalar theory, with which we did most of 
our calculations in previous chapters. 

To discuss the charge structure, we look first at some consequences of the 
charge conjugation operation that exchanges particles and anti particles. For elec- 
tromagnetism, this operation changes the sign of A^, If we take a configuration 
of charge that is negative, and change it to positive, the corresponding expec- 
tation value for A /L changes sign. Consider now a single photon state |Jy); if 
we perform a charge conjugation operation, what do we have to do to |ly)? 
The answer is C \\y) = — |ly), and C for n photons gives a factor (— l)'\ 
since we can construct the n photon state as a product state from single pho- 
ton states. The photon is said to have negative charge conjugation. The single 
photon result follows from the relation C* A^C = — A M , which implies that 
(\y,p,X\C" } 'A /( C\0) = -(ly,p,MA JX |0>. Since C|0> = |0) for the electrically 
neutral vacuum, we get C |1 y) = — | \y). 

A consequence of this is that particles repel each other and particle-antiparticle 
attract, based on the nonrelativistic potential calculated from the single photon 
exchange amplitude. This follows because the amplitudes 

e~ — > e~ + I y an( J <? + ~* e ^ + I Y 

have an opposite sign, given the negative photon charge conjugation value. 

The neutral scalar field we looked at in Chapter 2 is an eigenstate of C as 
well, but now with positive charge conjugation. The Yukawa potential resulting 
from such a field was discussed in Section 2. 13. The calculation done there can be 
extended to particle-antiparticle interactions. The interaction resulting from such 
a field (like gravity as well, which is spin 2) results in particles and antiparticles 
that all attract each other. 

The question we ask is: "Could the strong interactions be due to a field anal- 
ogous to our neutral photon or scalar field?" The pattern of bound states tells us 
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that the answer is no. The strong interactions cannot be due to the exchange of a 
single particle of given positive or negative charge conjugation. The reason is that 
the pattern of states: qq bound, qqq bound, qq and qqqq not bound (q is a quark 
of some flavor and q the antiquark) doesn't fit with a fixed charge conjugation 
exchange. For a photon we would expect qq bound, qq and qqq all repulsive and 
unbound. For the neutral scalar particle qq, qq, and qqq, and in fact many quarks, 
would all be bound, with qq and qq having similar binding. 

We thus conclude that the strong interaction is not due to the exchange of a 
single particle that is its own antiparticle. This interaction requires generalizing 
the electromagnetic interaction to the case where several types of particles can be 
exchanged, each type carrying a "charge." The interaction will have a more com- 
plicated symmetry than just the charge conjugation symmetry of a single neutral 
particle exchange. To introduce such a generalization of the charge and related 
issues, we first look at symmetry and conservation issues more generally. 



4.2 ■ QUANTUM NUMBERS 

The rules that limit the initial and final states that can transform from one to 
another are called the quantum conservation rules, expressed in terms of quantum 
numbers of the given states. Thus, for example, the Feynman diagrams we drew 
previously all conserved electric charge. The simplest state is one particle; the 
quantum numbers of this state that don't change under Lorentz transformations 
are called the quantum numbers of the particle. The quantum numbers for a multi- 
particle state are given by certain combination rules from those of the individual 
particles. 

Thus, for example, we can define three types of lepton numbers, L e> L M , and 
L T , where L e counts the number of electrons and electron neutrinos, with analo- 
gous quantities for the \x and r leptons. These are called additive quantum num- 
bers, that is, 

L e (multi particle state) ~ Yj L' e . 

particle i 

(Note that antiparticles count as — l here). The Feynman diagrams we have drawn 
conserve each lepton number individually. 

Which of the quantum numbers are conserved is of course an experimental 
question. Some conservation rules are based on strongly held symmetry principles 
and others, like the conservation of the three individual lepton numbers, could fail 
to be true without changing our conceptual framework greatly. In fact, as men- 
tioned in Chapter l , the analogous conservation rule does not hold for quarks, and 
the most recent studies of neutrinos indicate that the conservation of individual 
lepton numbers is violated as well. Not all the interactions have the same invari- 
ance properties and consequently do not follow the same conservation rules. We 
can define quantum numbers that are partially conserved — that is, conserved by a 
dominant interaction and violated only by a weaker interaction. 
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The conservation rules are of three types: additive, like the lepton numbers, 
vectorial ly additive, and multiplicative. They can stem from space-time sym- 
metries or internal symmetries. We illustrate the three types using space-time 
symmetries that should be familiar from nonrelativistic quantum mechanics. We 
discussed earlier the existence of conserved currents as a consequence of con- 
tinuous symmetry transformations of the Lagrangian. In this chapter we look at 
conserved quantities from the point of view of symmetries of the Hamiltonian. 

4.2.1 ■ Additive Quantum Numbers 

Examples of additive quantum numbers are energy and momentum. These arise 
as a consequence of time and space translational invariance. The symmetry trans- 
formations are continuous (that is, the translation is a function of a real num- 
ber) and yield additive quantum numbers. As an example, let us look at a spatial 
translation of all states by a distance xq. Associated with the transformation is an 
operator p x , called the generator of the transformation. The translation is accom- 
plished by applying the operator T XQ — e~' p * x ° to all states. For xq infinitesimal 
the translation operator is 7^ = 1 — ip x M) t0 the first order. We can imagine 
building up a full translation by repeated infinitesimal transformations. The oper- 
ator p x is Hermitian, which implies that T Xo is unitary. Thus T Xo — T~ l .A unitary 
operator preserves the normalization of the states. The statement of the symme- 
try is [/3.v, H] = 0, where H is the Hamiltonian for the system. An eigcnstate of 
momentum satisfies T Xo \ij/) = e"' PxX ° |^), where p x is the eigenvalue. 

Consider two widely separated particles, each of them momentum eigenstates. 
We assume that initially the complete system is specified by a product eigen- 
state \\j/) — \\l/))\\l/2). In terms of the individual momentum operators, T X[) — 
e -Hp xx +Px 2 )xQ and Txq |^) = e -i(Ps^P, 2 )^ |^) = g-tooiA-o |^). The momentum 
for the system is p toi = p X] + p X2 , which is an additive quantum number. 

We can now prove that momentum is conserved in a collision of the particles. 
We describe the final state as a product of momentum eigenstates, corresponding 
to noninteracting particles whose momenta we measure far away from the col- 
lision region. Consider Hj t = (^tinai I # ^initial)- We shall prove that H j, = 0, 
unless /jfinai = pimiai, where these are the x components of momentum. The 
same would work for the other components. Note that this relation is not true for 
the local density Tifi, as seen in Chapter 2, but is true only for the full Hamil- 
tonian. 

Since [p x , H] = 0, [7^, H] = 0, which gives H = T~ ] HT XQ = T^HT^ 
Thus H fi = Wf\HWj) = (i/ff^HT^i) = e i ^^'P^Uo Hf . for all x . 
Thus either p^ nil \ = p initial or H f} = 0. 

The key ideas leading to the conserved momentum are: 

a. The existence of a symmetry operation specified by a unitary operator that 
commutes with //. 

b. Infinitesimal transformations are specified in terms of a Hermitian operator. 
This is called the generator of the transformations. 
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c. Using ei gen states of the Hermitian operator, additivity of phases corre- 
sponds to the additivity of the quantum numbers given by the operator 
eigenvalues. Note that a key element is that the generator for a compos- 
ite system is a linear combination of individual generators that mutually 
commute. 

d. The total quantum number is then conserved by the time evolution, which 
is determined by H . 

Note that p x , /5 V , p z mutually commute, so the above apply to the total p. 
Energy conservation arises similarly by considering translations in time. Finally, 
to take an example of an internal symmetry, the charge for electrodynamics is an 
additive quantum number. 

4.2.2 ■ Vectorially Additive Quantum Numbers 

In quantum mechanics we also have more complicated symmetries such as an- 
gular momentum, with associated operators J x , J v , Jz that are the generators 
for rotations about the x, _y, z axes, respectively. The generators each com- 
mute with //, [7|, H] = 0. This is a consequence of rotational invariance; 
however, [/,, Jj] do not all equal 0. For angular momentum, the generators 
satisfy [J^, J„] — ie^ nnt J m . The constants Sic nm are called the structure constants 
for the transformation group. In general, we can only find simultaneous eigen- 
states for operators that commute. Thus, states are not simultaneously eigenstates 
of J Xi J y , J z . What we can choose are eigenstates of J z and J 2 = J 2 + J 2 + J 2 . 
The operators like J 2 , constructed from the generators and commuting with all 
of them, are called Casimir operators. For rotations there is only one Casimir 
operator. 

For a pair of particles with spin and no orbital angular momentum: J = J\ +Jj, 
and J 2 = J 2 + J ^ + 2J\ • J2 7^ Jf + J 2 - The Casimir operators are not linearly 
additive. Thus, the J 2 quantum number for a pair of particles is not just given 
by the individual quantum numbers, but rather by the rule for adding angular 
momentum: 7 tot can be J\ — J2, J\ — Ji + 1, - ■ ■ , i] + Ji for J\ > Ji- 

When two particles with spin and no orbital angular momentum interact, the 
final state can be found in one of a number of total angular momentum final states. 
Each distinct value for 7 tot for the initial two-body system of specified J\ and 
J2 is called a channel, in which interactions can occur. In general the strength of 
interaction can be different in each channel. The symmetry condition [J 2 , H] = 
implies that only the allowed values for 7 tot can occur for the final states produced 
in the interaction. 

We call the conservation rule for the Casimir operator vectorially additive, 
since the rule for the addition of angular momentum is called vector addition in 
nonrelativistic quantum mechanics. Note that J z is, however, an additive quantum 
number. 

The allowable states of angular momentum can all be obtained by considering 
composite systems of spin ^ particles. The two basic states (up and down) of 
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spin A transform among each other under rotations of the system. They are the 
simplest example of a multiples the other important consequence of symmetries 
besides the conservation idea. We will define a multiplet shortly, when we discuss 
internal symmetries. 

4.2.3 ■ Multiplicative Quantum Numbers 

The transformations discussed so far are characterized by unitary operations that 
form a group. This means that successive transformations are also operations 
of the same type, and inverse operations exist. In general, successive operations 
might not commute. An extremely simple group is one with only two elements, 
an example of a discrete or finite group. In this case the elements are /, P, with 
P~ = /, where / = identity and P is the interesting nontrivial group opera- 
tion. An example of such a group element is the charge conjugation operation. 
Eigenstates of this operation (for example, the photon, but not e~ or e^ ) must 
satisfy: 

P |V0 = ± W) , that is, c ijr or e 2l7T \^) . 

Rather than specify the phase, which is additive for composite systems, it is easier 
just to keep track of the sign that is multiplicative. Thus this type of quantum 
number is called multiplicative. 

The most familiar example of a multiplicative quantum number is parity. The 
corresponding operator changes momenta and positions to p — > — p,x — > —x. 
Thus J = x x p — » J . Momentum states (except for particles at rest) are not 
eigenstates of parity since [P i p] ^ 0, but bound states at rest typically are, since 
these are usually specified as eigenstates of H and 7 2 , J z . 

One surprising discovery is that parity is not a good symmetry of all the in- 
teractions. That is, [P, H] ^ for some interactions; in particular the weak 
interactions do not conserve parity. The most striking phenomenon of parity 
nonconservation occurs in the weak interactions of the neutrino. In the limit 
of a massless neutrino, its spin vector always points opposite to its momen- 
tum vector, if produced in a weak decay. The neutrino is produced in a left- 
handed helicity state. If we make a parity transformation on this state p — > — /?, 
J — > J => helicity changes sign — that is, we get a right-handed neutrino. If 
parity is conserved, for every process (for instance, unpolarized neutron decay) 
producing left-handed neutrinos, we should have an analogous process of equal 
rate, producing right-handed neutrinos. In fact, weak interactions never produce 
the right-handed neutrino state. 

It is useful to know how fields transform under parity. Since the single par- 
ticle states are obtained by applying the field operator to the vacuum, this tells 
us the parity transformation properties of the state. For integral spin, if the trans- 
formation of the field is the same as that of a spatial tensor of the same rank 
(for example, scalar or vector), the field is said to have natural spin-parity. If the 
field transforms with an extra minus sign (for example, a pseudoscalar or pseu- 
dovector), the field (and state) is said to have unnatural spin-parity. The photon 
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has natural spin parity since the polarization vectors are ordinary 4-vectors. For 
spin ^ particles there is no analogy to space tensors. We can, however, figure out 
how parity works by looking at the current, which is a 4-vector: 

We assume that under parity, 

POA) -^ Matrix ■ ^ = M^r 
Thus we need M to satisfy 

**W""* ={-**;* for/, = 1,2,3. 

Taking M = yo works, since for \jl — the product yoyoyo = yo, while for 
fx / 0, yoyyo = — K by the anti-commutation property of the y matrices. It is 
useful to check the other bilinear-covariants of Table 2.1 for their transformation 
properties under parity. 

One surprise, however, comes out of the above spin A transformation. Con- 
sider making a parity transformation on a state at rest. We expect this to be a 
parity eigenstate with the spinor corresponding to the state obtained from the 
transformed field via yoiA operating on the vacuum. For particles, applying yo 
to the spinor, we get 



you = u, for p = 0. 



For antiparticles: 



y§v = —v, for p = 0. 

Thus we must assign opposite intrinsic parity to the particle and antiparticle 
states for spin i. This has 
positronium states of e~e~ 



states for spin i. This has measurable consequences, for example, as seen for the 



4.3 ■ INTERNAL SYMMETRIES 

Consider a set of particle types that interact in a "similar ' manner, which generates 
a symmetry, and which we define as follows. Suppose that exchanging the labels 
for these particles: 

type/ < — > type; 

exchange 

leaves the Lagrangian C unchanged; then we have an internal symmetry. Rather 
than just an exchange, we can look at a more general transformation that mixes 
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the particle states together, preserving the normalization. Such a general complex 
rotation is a unitary transformation. For n particle types, the group of transforma- 
tions is called SU(n), and C is said to have an SU{n) symmetry. Such a symmetry 
should be familiar for rotations for a spin \ particle in its rest frame, where the 
rotational symmetry translates into an 51/ (2) symmetry. The most important sym- 
metry groups in particle physics are SU{2) and 5/7(3), which occur for the three 
colored quarks. 

The unitary transformations can be written in terms of Hermitian operators 
called generators, which generate infinitesimal transformations in the space of 
states. The transformations typically involve a finite number of base states, unlike 
the momentum operator, for which an infinite number of momentum states are 
possible. Thus the generators can be represented by finite dimensional matrices. 
The symmetry implies that we can associate quantum numbers to the particle 
types based on their eigenvalues for the set of mutually commuting operators. 
The quantum number conservation rules for composite systems will be additive 
for the linearly additive diagonal operators that mutually commute and vectorially 
additive for the Casimir operators (with the rule for addition depending on the 
group and operator). 

We write a symmetry transformation (taking three quark types as our example 
below): 



\ti) 



X>vh), (4.D 



with Uij a general unitary matrix with unit determinant. Here \q- ; ) are the particle 
states or types. The corresponding field operators will now have an extra particle 
type label and we can write the field equations for all the related particles in one 
matrix equation. For example, for the free field equation for the spin ^ particles: 

iy ti mi]/ — becomes iy fX mi// a =0, 

dx jL dx lt 

where a = 1 , 2, or 3 for three objects. The mass must be independent of a for 
a symmetry. To maintain the symmetry, the anticommutation relations among the 
creation and annihilation operators must be extended to apply to all the particle 
types. 

The single particle and antiparticle states can be obtained by using the creation 
operators \q a ) = b' { a |0) and \q a ) = d\ |0), where the antiparticle state is indicated 
by \q a ). However, since b a and d\ appear together in the field i/^, they must 
transform the same way, implying that the particle and antiparticle states do not. 
The antiparticle states must transform via complex conjugate matrices: 

3 

Vu) = Y, u h^i)- (4-2) 

7=1 
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In terms of generators T, a unitary transformation can be written as 



U = e i0T . 

T are the analogues of J and are just J for 5(7(2). Choosing the T to be Hermi- 
tian, the are real. For n x n matrices there are exactly n 2 — 1 Hermitian trace- 
less matrices, 7, which, plus the identity, make up a complete set for expanding 
general n x n Hermitian matrices. The relation, determinant U = I, which dis- 
tinguishes "special" unitary from generic unitary matrices, requires Tr(0 • T) = 
for a finite dimensional matrix. With arbitrary, Tr(7/) = 0. 

The diagonal operators among the 7] correspond to additive quantum numbers 
and are real. Since the antiparticle states transform via matrices: 

{e io.f f = e -ilf = e m-f*) 

(note that the matrices —T* obey the same commutation relations as the T and are 
the generators for the antiparticles), each diagonal operator for the antiparticles = 
— particle operator. Thus, taking a corresponding element of the matrix, particles 
and antiparticles have opposite sign eigenvalues. So the opposite charge of spin \ 
particles and antiparticles generalizes to any other linearly additive internal quan- 
tum number. 

We next define the idea of a multiplet. A multiplet is a set of orthonormal 
states, which are eigenstates of the mutually commuting generators, and 

1 . share the same eigenvalues for the Casimir operators of the group, 

2. are generally specified (that is, differentiated) by the eigenvalues they have 
for the set of generators that can be simultaneously diagonalized. Thus they 
typically have different additive quantum numbers. 

3. provide a basis for expanding states that are related by the unitary trans- 
formations. If there are m states in the multiplet, specified by |/) with 
i = 1, . . . , m, then any state of the form Yl'lLi a i I') w ^ transform into 
another state of this form under the unitary rotations. 

If under a rotation, the quarks transform as 

3 



k') = £"<; 



then the states of a multiplet with m states will transform via 

m 

Ujj is again a unitary matrix, but now m x m instead of 3 x 3. 



V 
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As an example, for mesons, which are quark-antiquark bound states, a state in 
a multiplet will have the form \k) = YLi , a r,\^i)\^j)- Uij can b e calculated in 
terms of U-,j and a*., if known. Actually, we often want to figure out «|.. Note 
that in the above product state notation, we have suppressed the dependence of 
the states on position (or momentum) and spin and focused only on the behavior 
in terms of the internal quantum numbers. All states \qi)\qj) in such a product 
(for a perfect symmetry) have identical space-time properties; only the indices i 
and j change. 

Why is the multiplet important? The reason is that the physical properties of all 
particles in a multiplet are identical for an exact symmetry! Thus particles come 
in well-defined families, with the family pattern indicative of the symmetry group. 
For example, the doublets of the weak interactions indicate an underlying 5/7(2) 
symmetry. The colored quarks, however, are found only in colorless multi-quark 
states, requiring other evidence to deduce the underlying symmetry group. 

We now look at the important result stated above for a multiplet. Let O be some 
operator describing a physical property (spin, energy, etc.). Let U be an arbitrary 
unitary operator of the symmetry group. The symmetry means that O = U^ OU. 
Let's take the expectation value of O for a state \n) belonging to a multiplet: 

(n\ O \n) = (n\ U* OU \n) = (Un\ O \Un) . 

The state \Un) is in general a linear combination of states within the multiplet, 
and has the same expectation value as \n). This result is quite general and it can 
be shown that all states of the form Y%L\ a i I') share the same expectation value 
for O, and in particular each \i) does. Taking, for example, O = H, each particle 
of the multiplet has the same mass. 

An interesting case of a composite system is one made of particles contained 
in the same multiplet, for example, multi-quark states (with no antiquarks). We 
can write this state as 

|/c) = J2 a ij-m\4i) \qj)--\qm). 
Suppose a given state has a permutation symmetry: 
a- ■ =+/- a k 

Because all of the \q,-) rotate with the same U- l} , this symmetry is preserved under 
the rotations. Stated more formally, the generators T = T[ H- * ■ • + T m com- 
mute with the permutation operator for any pair. Thus, all the states in a multiplet 
for such a composite system share the same permutation symmetry among the 
constituent states. The multiplets are in fact characterized by their permutation 
symmetries. 

We have not yet discussed the constraints stemming from particles that are 
fermions or bosons. These constraints occur when two particles in the composite 
state are identical and the other attributes of the state, such as the spatial and 
spin state, have a well-defined symmetry. After imposing the fermion or boson 
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constraints, the multiplets allowed will have a given permutation symmetry for 
the identical particles. However, since this permutation symmetry is shared by 
all the particles (not just the identical particles, that is, it is a characteristic of the 
entire multiplet) it is formally equivalent to extending the exchange characteristics 
to the full set of constituent states. 

To see how this works we will take a concrete example — a system made of one 
neutron and one proton. Because of the way the nuclear forces work, the exchange 
p <h> n generates a rather good SU{2) symmetry called isospin. The proton and 
neutron form a doublet in the abstract isospin space, where the additive quantum 
number 1^ is + 5 for the proton and —5 for the neutron. For a composite system 
of p and n we have two possible multiplets. We can figure them out quickly using 
the rule that states in a multiplet share the same permutation symmetries. Thus 
the states are: 



and 



\p) \P) 

\p)\n) + \n)\p) 

\n) \n) 
\p)\n)~\n)\p) 



Symmetric, isospin 1 state 



Anti-symmetric, isospin state. 



V2 
This notation is a shorthand for, taking isospin as the example, the state 

or a sum over such states with different particle spins if we want a state of given 
total spin. We note several features of these multiplets that are also true for more 
complicated multiplets: 

1. The additive quantum numbers for the composite states can be directly cal- 
culated from those of the constituents. 

2. When only one state with given additive quantum numbers (for example, 
\p) \p)) appears among the composite systems, that state lies in one multi- 
plet. 

3. When several states appear among the composite systems with the same ad- 
ditive quantum numbers, linear combinations of these are the distinct mul- 
tiplet states. 

Let us consider the nucleon-nucleon bound state of lowest energy, where we 
expect the two particles to be in a symmetric state of zero spatial angular mo- 
mentum. Including spins, the possible states can have J = (anti-symmetric 
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FIGURE 4.1 Pion ex- 
change diagrams for proton 
and neutron states. 



spin state) or J = 1 (symmetric spin state). To arrive at an overall state that is 
anti-symmetric under exchange, J = goes with isospin 1 and J = 1 goes 
with isospin 0. Only the J = 1 state is bound, and therefore we find only one 
deuteron made of \p) and \ri). Had the J = state also been bound, we would 
have had three bound states of this type, since there are three states with isospin 1. 
The symmetry tells us that those three would be degenerate, although different in 
mass from the deuteron. Since interactions exist that allow transitions between p 
and /z, for example via exchange of 7T + and n ~ as shown in Figure 4.1 , we should 
not be surprised that the multiplets have different energies. 

All combinations of spin allowed by the usual rules for adding angular mo- 
mentum appear for \n) and \p) y as expected for nonidentical particles; they are 
just partitioned among the isospin states. For \ri) \ri) and \p) \p), only the spin 
states allowed for identical fermions occur. 



4.4 ■ GENERATORS FOR SU(2) AND SUQ) 

Because of the importance of SU(2) and SU(3), we list below the generators that 
provide infinitesimal transformations for the constituents. For SU(2), the 2x2 
matrices are 

O'i 

Ti = 4, 



which are familiar from the case of spin ^. These satisfy the commutation rela- 
tions: 



[?•?] 



IS 



ijk ■ 



&k 



(4.3) 



For a multiplet of n identical particles, the generators are: 

^multiple* _ j{\) j(2) , _ , jin) 

Taking matrix elements between the states of the multiplet (assumed to contain 
m states), {k\ T- Ipe |/) gives us m x m matrices, also called generators, which 
satisfy the same commutation relations as the initial 2x2 matrix generators. These 
are called m x m irreducible matrix representations of the group. This allows us to 
start with the generators for the simplest multiplet and derive higher dimensional 
matrix representations, if the composite states forming the multiplet are known. 

For SU(3X the 7) for the quark states are defined to be A.//2 by analogy with 
SU(2). There are eight generators in this case. A standard form for the A./, intro- 
duced by Gell-Mann, is: 
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/0 -/v 
X 5 = [ ] , A. 6 = 

The 7/ satisfy commutation relations 

[Tj,Tj] = if ijk T k , (4.4) 

where the /^ can be calculated explicitly using the generators. Since the 7/ are 
Hermitian, the ///£ are real. They are also fully antisymmetric. 

You can check that Tr[A.,] = 0, and that they are linearly independent. The 
normalization is chosen so that Tv(XJ) = 2. Thus they contribute ''equally" to the 
Casimir operator 

8 1 8 

Note that only two of these generators can be simultaneously diagonalized. The 
number of mutually commuting generators is called the rank of the group. In 
general, SU(n) has n 2 — 1 generators and has rank n — J . it can be shown that 
the number of Casimir operators equals the rank of the group, so there are two for 
SU(3), although we will only use the operator given by the sum of the squares 
of the generators (quadratic Casimir operator) in subsequent discussions. Thus a 
multiplet is specified by two numbers, for example, the values of the two Casimir 
operators, analogous to specifying J for an SU(2) multiplet. We will be working 
only with the few simplest multiplets that typically occur. 

The behavior of the A matrices can be understood simply as follows (they im- 
plement the particle exchange idea from which we began the internal symmetry 
discussion): 

X\ exchanges quarks 1 and 2, 
X4 exchanges quarks 1 and 3, 
\b exchanges quarks 2 and 3. 

X% A5, and A7 do the same but with a complex factor; the remaining matrices are 
diagonal. This pattern works in general for the case of SU(n). For example, the 
n 2 — 1 generators for SU(n) can be divided into n(n — i) pairwise exchange opera- 
tors as above, leaving n — 1 diagonal operators. It is then also clear that the Tr{T 2 ) 
for the exchange operators is independent of n, allowing the same normalization 
condition for any n by suitable normalization of the diagonal matrices. 

The particle exchange property for the generators can be used to calculate ad- 
ditional states in a multiplet, if one state is known. Consider again the two-particle 
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states formed from \p) and \n). There must be four such states. Consider the state 
\p) \p). Only one state has the additive quantum number of this state, so it lies in 
a distinct multiplet. If we apply the generator 7, + 7f to this state, each single 
particle operator will exchange \p) and \n) in one location; the net result will, 
however, be a state in the same multiplet. Applying it once to \p) \p) generates 
the state (after normalization): 

ip> i") + 1") \p) 

Applying the same generator again, we get \n) \n) + \p) \p) y to within a constant, 
allowing us to isolate the new state \n) \n). Applying it again gives us back the 
previous state, so we are finished. The fourth state lies in a different multiplet and 
can't be reached by application of this operator; it can be found by looking for an 
orthogonal state to the others. 

The application of a pairwise exchange operator to a state in a multiplet has 
the disadvantage that it needn't generate a completely new state, but only a linear 
combination of multiplet states. This occurs because the nondiagonal generators 
do not, in general, take eigenstates of the diagonal generators into other eigen- 
states. We can be more systematic and define raising and lowering operators, for 
example, 7 + = ^(cr[ + ioi) and T~ = ^(c[ — ioi) for 5/7(2), which shift be- 
tween states in a multiplet with unique eigenvalues. The analogous combinations 
will work for SU(n), where the n{n — 1) pairwise exchange operators can be 
combined into n(n — 1) shift operators. For 5/7(3) the operators, and the shifts 
they create among the three colored quarks, are 

\(X\ zb 1X2) shift between \q\) and \q2) 
^(^4 zb iX$) shift between \q\) and \q^) 
^(A6 zb ik-j) shift between |#2> and \qi). 



Each operator can create one unique nonvanishing transition among the quarks 

1 

2 



For example, the only nonvanishing transition that l(X\ + 1X2) can create is 



l<72 > -» \q\ >, while ^(X\ — 1X2) will shift \q\) — ^ \q2). For a general multiplet, 
the shift properties of these operators can be calculated from the commutation 
relations of the shift operators and the generators. Like the generators, the shift 
operators commute with the Casimir operators and the Hamiltonian and link states 
of the same mass within a multiplet. 

For an SU(n) group, we can consider a subgroup that involves rotations among 
a subset of the particles. The first three X; matrices operate in an 5/7(2) subgroup 
of 5/7(3). If we specify the three quark states as 
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then T[ , Tj, T3 generate rotations among the first two states only. The various shift 
operators move us between states of each of the SU{2) subgroups of SU(3). 

Since there are two diagonal operators for SU(3), we can characterize a given 
state within a multiplet by its eigenvalue for each of the two operators. Thus each 
state can be placed in a 2-dimensional diagram whose axes are the eigenvalues of 
the operators. Making such a diagram for a complete multiplet will be our way of 
displaying the multiplet, rather than specifying the eigenvalues of the two Casimir 
operators. Thus, for example, for the three quark and antiquark states, we have the 
diagrams shown in Figure 4.2. These two multiplets are denoted 3 for the quarks 
and 3 for the antiquarks. Here the notation keeps track of the total number of 
states in the multiplet. 




Quarks Antiquarks 

FIGURE 4.2 Quark and antiquark multiplets, 3 and 3, respectively. 

We next look at the simplest multiplets for composite states. States composed 
of a colored quark and a colored antiquark can come in varieties that fall into two 
multiplets, one with one state (singlet) and one with eight states (octet). We write 
this in group theory notation for combining multiplets into composite states: 



1 



(4.5) 



This is the SU(3) vector addition, analogous to the result for composite states of 
particles of given angular momentum. The T3 and T% quantum numbers of the 
nine states of the form |gv, cjj) can be calculated simply, since these are additive 
quantum numbers. Thus, we can easily figure out how the plot in the T3, T% space 
looks for the multiplets all overlaid on top of each other. To then separate the 
states into individual multiplets requires finding those with different values for 
the Casimir operators. 

For a state made of two quarks the multiplets are: 



3(g)3 = 3 ©6. 



(4.6) 



Since these multiplets are made of identical objects, they have a given permu- 
tation symmetry. The 3 is antisymmetric, the 6 symmetric. Note that the three 
antisymmetric states look like the antiquark multiplet when plotted in the 73, T% 
space. 
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A state made of three quarks can lie in the following multiplets: 

3 ® 3 ® 3 = 3 <g> [3 e 6] = i e 8 fl e 8 ? e 10. 

The 1 is fully antisymmetric, the 10 is fully symmetric, and the two 8's are sym- 
metric or antisymmetric for some of the exchanges but not all — this is called a 
state of mixed symmetry. Note that both octets have the same 73, Tg plot and the 
same values for the Casimir operators, but differ by a different property, in this 
case the internal permutation symmetry. Under the SU(3) rotations, the states in 
each 8 transform among themselves only. 

4.5 ■ THE COLOR INTERACTION 



We have already said that the hadron pattern tells us that the strong force is not 
due to the exchange of only one boson of fixed charge conjugation. We now look 
at what we would expect for the exchange of a multiplet of bosons. What we will 
define is an interaction with a symmetry that is called color. The symmetry is non- 
Abelian, defined as having generators of the symmetry transformations that do not 
commute. We will look at the interactions of the quarks here and the full theory in 
Chapter 7. The theory is called quantum chromodynamics, or QCD. To maintain 
the symmetry, all the particles involved must fall into well-defined multiplets with 
the interaction term transforming as a singlet (that is, as an invariant under the 
color transformations). 

For an SU(3) symmetric triplet of quarks, the next simplest choice of an inter- 
action after a neutral (that is, singlet) exchange, is the exchange of eight colored 
gluons. This is shown in Figure 4.3. We label the gluons by an index a. The am- 
plitude for a quark to emit such a gluon is a vertex factor depending on spins and 
momenta, as in electrodynamics, times a factor depending on the colors involved. 
This factor for a quark of color type m — » type n and a gluon of type a is given 
by 

FIGURE 4.3 Quark of g (<jn\T a \tj fll ) , 
color type m makes a transi- 
tion to gluon of type a and a where g is an overall coupling constant. An interaction Lagrangian leading to a 
quark of type /?. space-time dependence like electrodynamics and the correct color dependence is 




-gAl^nYnT a \jf u 



(4.7) 



where n, m can be chosen from the three colors, and a comes in eight choices. 
This interaction, if we add all the terms together into an interaction Lagrangian, 
is invariant under global SU(3) transformations, provided the A^ transform as 
a color octet. We will look at the transformation properties in Chapter 7, where 
we extend the symmetry to be a local gauge symmetry. Note that the number of 
gluons is determined by the number of generators. The Lorentz structure of each 
A a is the same as for electrodynamics. 
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FIGURE 4.4 Quark-quark scattering via gluon exchange. 

The second -order Fey n man diagram for quark-quark scattering is shown in 
Figure 4.4. The eight exchanged gluons are summed over (interfere). The ampli- 
tude, by analogy with QED, is 

The space-time part corresponds to Coulombic and spin-dependent forces just as 
in QED. 

We expect that this interaction might be able to generate a bound state of a 
number of quarks and/or antiquarks, and what we want to look at first is the depen- 
dence of the interaction energy on the color multiplets involved. We will ignore 
the spin dependence of the energy for the time being, as would be a good approx- 
imation for a nonrelativistic system, and assume a pairwise exchange interaction. 
Since some of the quark types are quite heavy we expect that a nonrelativistic 
description should work for these. We focus on the ground state, for which we 
assume each constituent particle has the same s-wave wave function. Except for 
the color dependence, each pair of constituents, / and 7", will contribute to the in- 
teraction energy by an amount vij = V. Absorbing the overall coupling factor g 2 
into V, the total interaction energy is 

U = V(f\ J2 TW . t^ \i) . (4.8) 

pairs I J 

The states |/) and \f) are the multiparticle states in the initial and final state and 
T a J are the generators for either a quark triplet or antiquark triplet depending 
on the constituent, with a summed over. From our analogy with QED, we might 
expect that V is the expectation value for the bound state of 

8 2 1 



4tt I Xj — xi 



For a bound state, the initial and final states are identical. We will take the particle 
types to be the same in the initial and final state. We will see that the choice of 
interaction results in the color states also being the same. 

We want to calculate the color factor for the various multiplets |/) that we 
can make out of the quarks and antiquarks we are considering; then we can see 
how the gluon exchange interaction energy depends on the multiplet choice. Note 
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TABLE 4.1 Value of 

T a - T a for Several 
Multiplets. 

Multiplet T a ■ T a 



I 

3 
3 

6 

8 

10 





4 
3 
4 
3 

HI 

3 

3 



that, by the 5/7(3) symmetry, we expect that the color state for |/) will be the 
same as that of |/), for \i) an SU(3) eigenstate. We will see that the interaction 
operator guarantees this property, which represents the generalization of charge 
conservation for the non-Abelian group symmetry. 

We evaluate the SU(3) operator appearing in Eq. 4.8 by first rewriting 



£ 



y-(/) _ j- 



(./) 



pairs i j 

Defining 7** = 
write U as: 



EE^-^'-E 7 ."'^. 



(0 



Y^i T a , the generator for the multiparticle state, we can then 



u = ^ [(/| rr ■ C r 10 - >^ quark) ■ ^ quark) (/!/>] 



v 

2 

(quark) 



Here T^ ■ 7 a V4UUI ^ is the common value of the quadratic Casimir operator for a 

quark or antiquark. It is equal to ^. We assume a total of n quarks plus antiquarks 
in the state. Since 7^ ot ■ 7^ ot is the Casimir operator for the whole multiplet in 
which |/) resides, we conclude that \f) = |/), for |/) a color eigenstate, and oiu* 
interaction is indeed 5(7(3) symmetric. 

The energy and stability (for example, if attractive or repulsive) will depend 
on the multiplet. We see immediately that if a singlet is possible, it will have the 
lowest energy for a given number of constituents, since the expectation value of 
T^ m • 7j 0t is positive definite and vanishes only for the singlet. 

We tabulate the quadratic Casimir operator for a few SU(3) multiplets in 
Table 4.1. 

The lowest energy states will be, using the formula for U: 

4, 



qq in a singlet: U 
qq in a 3: U = — 
qqq in a singlet: U 



■V 



$ x ] -V 
3 2 



3 X 2 v ■ 



For SU(3) (and SU(n) in general), singlets have the lowest energy. If we had 
a bunch of quarks, we would expect them to aggregate into singlets, like electrons 
and protons aggregate into atoms. Finally, we note that the interaction energy per 
pair in the baryon (three-quark singJet) is ^ of that in the meson (quark-antiquark 
singlet), and that for the meson a factor of — ^ multiplies the expected Coulomb- 
like interaction energy V. 

We can calculate the interaction energy between well-separated singlets in low- 
est order, as shown in Figure 4.5. Ignoring the size of each state relative to the 
overall separation R, the interaction operator between state 1 and an individual 
constituent m of 2 is 



V(R) 



E ^ 



.consliluenls of I 



-(;») 
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Particle l Particle 2 



< > 



FIGURE 4.5 Two well separated states of no net color. 



For a singlet, 

constituents of I 

so the interaction vanishes. The particles act as "neutral" objects. 

The singlet is the lowest energy state and we can ask, based on Table 4.1, what 
the ionization energy would be to remove a quark from a singlet made of three 
quarks. We take for qq its lowest-energy color state, which is the 3 rather than 
the 6. We want the energy required for 



(<W?)singlet -» 0?<?>3 + G?)fs 



ir away ■ 



If the potential energy — ► for q far away, our table tells us that the ionization 
energy is the difference in kinetic energies plus 

C^3 — Uqqq singlet — 3 * - 

However, this doesn't happen; no experiment has managed to knock a free quark 
out of a singlet like an individual proton! This is called confinement. We cannot 
ionize our quark systems; apparently the assumption that V(| x; — Xj \) — > as 
I x; — Xj I grows, as expected from the analogy to QED, is wrong. The singlet 
is not only the lowest energy state, it also seems to be the only state! We might 
wonder why the analogy to QED has failed. It must depend on how the gluons 
differ from the photon, that is, that they carry the 5/7(3) charge, while a photon 
is electrically neutral. We will look at this feature of the color interaction as the 
source of the confinement in Chapter 7. 

We want to return to one point. How do we know that the quark color symmetry 
is 5/7(3)? We can figure this out based on the fact that three quarks (for instance, 
the three making up a proton or neutron) make a singlet. Consider a possible state 
made of ra quarks. For an SU(n) symmetry, what value of ra allows a singlet? 



The answer is, for the smallest ra, ra = n. Thus the fact that baryons are made of 
three quarks tells us that there are three colors for each quark. The singlet state is 
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obtained by: 



HJ..JL 



\qi) \cij)...\q k ) 



(4.9) 



for SU(n). This is a singlet, just like the analogous quantity v\ ■ V2 x 83 is 
a scalar for spatial vectors. It follows from the relation of £,;/..,£, the fully 
antisymmetric symbol, to the calculation of the determinant, which for an 
SU(n) transformation = 1. Note that each colored quark appears once in each 
term of this fully antisymmetric state. For mesons in SU(n), n®h = l©(n 2 — 1); 
we always get a quark-antiquark singlet, so that the existence of mesons cannot 
tell us how many colors there are. The meson state is analogous to the scalar v\ - V2 
among vectors. In this singlet, each quark appears paired with its anfiquark: 



n> = E 



\qi)\qi) 



(4.10) 



4.6 ■ THE COLOR POTENTIAL 

We said previously that the existence of only singlets implies that V(\xj — xj |) 
does not go to zero at large distances. It would be nice to have more direct ev- 
idence for this. When looking at this issue, we are limited by the fact that in- 
teractions cannot be described by a potential except in the nonrelativistic limit. 
Fortunately, nature has provided us with six quarks of varying mass, allowing a 
variety of systems. The top quark is very heavy and decays quickly, and the w, d, s 
quarks are light and are relativistic within hadrons. The c (charm) and b (bottom) 
quarks have masses of about 1.5 GeV and 5.0 GeV, respectively, and provide sys- 
tems for which potential models can be used. We can gauge which systems are 
nonrelativistic experimentally by the dependence of the binding energy on the 
quark spin correlations. Since this is a relativistic correction, a small value indi- 
cates a nonrelativistic system. 

Since the heavy-quark bound states are unstable, they must be produced in 
interactions. The easiest reactions to study are e + e~ annihilation to the states 
of interest, as shown in Figure 4.6. If the e^ e~ energy is just right, the cross 




Y and 



b^ b . 




FIGURE 4.6 e^e production of cc and bb resonances. 
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section shoots up because resonant bound states are produced, as determined by 
the gluon interactions in the figure. These states can make transitions to other 
lower mass states in the spectrum (analogous to transitions in hydrogen), allowing 
a measurement of a number of states of the full spectrum of bound states. Based 
on the quark masses, these experiments are done at e + e~ energies ~ 3 GeV (for 
cc states) and ^ JO GeV (for bb states). Given a spectrum, we can then infer a 
potential needed to reproduce the measurements. 

The quantum numbers of the states produced can be predicted on general 
grounds. They are the same as those of the positronium bound states of e + e~ . 
The cc and bb systems are called charmonium and bottomonium. The spectrum 
consists of states of given energy, parity, charge conjugation (these are now C 
eigenstates since they contain a colorless mixture with an equal number of par- 
ticles and antiparticles) and total angular momentum. To construct these states we 
add the two spins together to get a state of total spin = or 1. The ground state is 
an .v-wave, so we expect the lowest energy states to come in two varieties: 

7 =0, 
7 = 1. 

What are the panties of these? For an s-wave we expect a parity +1. However, 
a spin ^ particle and antiparticle have opposite intrinsic parity; thus in fact the 
parity is — 1 . The two types of ground states are written as: 

0" Pseudoscalar state 
I ~ Vector state. 

Including a spin-spin interaction, analogous to that arising from electromag- 
netism, we can show on general grounds that the 0~ state has a lower energy. 
This energy difference is expected to be small, since it is a relativistic correction 
due to the spin of one particle interacting with the magnetic field of the other in 
the case of positronium, or the color magnetic field in the case of the quarks. 

What is the charge conjugation of such a state? To figure this out, we will write 
how such a state is defined using creation operators, in a frame where the center 
of mass is at rest. We take positronium as an example: 



, +) . 



J \ w 



k,k')- 



<2*> 3 . 



10) 



where ir{p, A, X') is called the momentum space wave function and is normalized 
so that 



/ 
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Applying C: 

C\e-e + ) 



//3 n 



a, a' 



ttnY 



/ 



A,V 



(2tt)3 



10) 



Note that the minus sign results from the exchange of the creation operators, since 
we are dealing with fermions. If 

^(p i A. l X') = +/-^(-p l O), 

we have a C eigenstate. 

For a spatial parity eigenstate, the exchange p — > —p gives back the same 
state within a sign. The exchange X — > A/, A/ — > A. is a spin exchange. For total 
spin = or 1, this also works, that is, we get back the same state with a -f or 
— sign. Putting together the various factors and indicating the source of these 
factors: 



C\e~e^ 



(-1) (-1) L (-1)* +1 \e'e+) 

fermions /?—»■—/? spin exchange 



(-\) L+s \e-e + ) 



(4.J1) 



The 1 ~~ ground state has C = — I . It has the quantum numbers of the photon — thus 
this is the state produced by a single photon. The 0~ ground state has C = -KL 
It wilt decay, for example, into yy, which has C = +1, but is not produced by a 
single virtual photon. For the nonrelativistic color singlet quark-antiquark states, 
each quark-antiquark pair of a given color appearing in Eq. 4.10 transforms into 
itself under C, so the J pc of the state is given by the same formulas (in terms of 
L and S) as for positronium. 

An interesting consequence of these quantum numbers is that positronium, 
which comes in two very nearly degenerate states, decays via two very different 
lifetimes. The primary decays are: 

0~ state — > 2y 
1~ state — > 3y. 

Thus the 0~ state has a much shorter lifetime! 



^singlet 



1.25 x JO" 10 sec. 



triplet 



= 1115. 



The Feynman diagrams for these decays are shown in Figure 4.7. 

We also expect to have excited states for these bound state systems made of a 
particle and an antiparticle. For example, the analog of the 2s state in hydrogen is 
called a radial excitation — it has the same L and S as the ground state but has an 
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state e~ e I state e 

FIGURE 4.7 Positronium decays; diagrams need to be evaluated using the bound state 
e^~e~ wave functions. Diagrams differing in exchange of photons must also be included to 
get a full matrix element. 



extra node in the radial wave function. The analog of the 2p states in hydrogen 
will produce four types of states by adding spin and angular momentum: 



(5 = 0) + (L= 1) — ► J = 1, 

(S = J) + (L = 1) — > J = 0, 1,2. 



These states will have: 

Parity = (-L) L+ \ C = (-1) L+5 . 

Thus the two states with J = 1 differ in C and also are expected to have somewhat 
different masses. 

We list in Table 4.2 a few of the states seen experimentally and the notation 
used for the cc and bb systems. For the bb system, states up to the As (that is, 
with three nodes in the wave function) have been measured. Note the smaller 
spin-dependent splittings for the more nonrelativistic bb states. 

We can now try to fit the mass spectrum of these states with a potential. A 
number of choices for the potential give good fits — they have in common that 
they are nearly equal over distances where the wave functions are significant. We 
therefore believe that we have a good understanding of the potential for distances 
from 0.1 to 1 fermi (1CT 14 to 1CT 13 cm). 



TABLE 4.2 Some of the Lightest Onium States. 



State 


cc(mass in MeV) 


J PC 


^ft(mass in MeV) 


J FC 


Is 


>7c(2980) 


o-+ 


still to be found 




is 


7/V/(3097) 


1~ 


T(9460) 


\ — 


lp 


Xc-o(34l5) 


0++ 


Xio(9860) 


0++ 


l/> 


Xel(3511) 


1++ 


Xb i(9892) 


I++ 


ip 


Xc-2(3556) 


2++ 


X/>2(9913) 


2++ 


2s 


tA(3686) 


1 


T( 10023) 
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FIGURE 4.8 Form of the potential V(R) for four models, each chosen to give a best fit to 
the spectrum of re and bb bound states. Also indicated are the mean-square qcj separations 
for the states of the various systems. [From E. Eichten, SLAC Report #267 (1983).] 



The potentials are shown in Figure 4.8. Also shown are the mean-square qq 
spacing for the various cc, bb states. For the analogous light quark ground state, 
the /?, made of uu and dd quarks (and assumed to have the same size as the n, 
which is the 0~ state) the spacing is about 1 .3 fermi. 

The potentials are: 



1. Cornell: 



4 a s g 2 

V(r) = h kr, where a s = — . 

3 r An 



the strong interaction analog of 



4rc 

This is a Coulomb-like plus confining term. The Coulomb term is what you expect 
for diagrams involving single gluon exchange with the singlet color factor of — Sj. 
In the nonrelativistic limit, we expect this analogy to electromagnetism also to 
be true for the correction terms to the potential, for example, the spin dependent 
corrections, since the color factors and Lorentz structure factorize in the matrix 
elements for single gluon exchange. 
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2. Richardson: This potential is defined via its 3-dimensional Fourier trans- 
form. From the analogy to QED we expect 

but this does not have a confinement term. The Richardson potential involves 
choosing a | q 2 \ dependent function for a s (\ q 2 |), which we will have to motivate 
later from first principles. The choice is: 



<*s{\q I) 



2 .. i^TT 



33 - In 



/log(l + V) 



a s (\ q 2 |) is called a running coupling constant; for the function above, it grows 
as | q 2 | gets small and falls as \q 2 \ gets large. The growth at small \q 2 \ is the 
source of the confinement, and in fact the corresponding potential for large r is a 
linear potential. In the formula, nj is the number of flavors significantly lighter 
than the one in question. For the states in Table 4.2, nj = 3 is chosen, that is, 
u,d, s are the quarks taken to be the "light" quarks in the formula. Note that this 
potential is determined by only one free parameter. 

Potentials (3) and (4) arc an empirical best fitting-power law plus constant 
and a logarithmic potential, respectively. By comparing several forms we can see 
that the data very clearly constrain the potential over the distance range of the 
states. 

The cc and bb states are typically split by several hundred MeV and all four 
potentials give mass splittings that are accurate to a few percent, that is, to a few 
MeV. To make the match to data correctly, we must take out the energy splitting 
due to spin interactions, for example, by taking the proper average over states 
with the same spatial wave function and different spin correlations, such that the 
spin-splitting cancels after averaging. 

For an intuitive understanding, the Cornell potential is perhaps preferable, 
since the terms have a clear interpretation. Note that the potential has a dimen- 
sional parameter, unlike a pure Coulomb potential. We can, for example, take the 
parameter to be the radius where V(r) = (that is, where the Coulombic term = 
the confinement term in the Cornell potential), which is about .5 ferrru. Thus for 
much shorter distances V(r) ~ Coulombic; for much larger distances it is mostly 
confining. We will typically choose the related mass scale, which is the reciprocal 
of the distance scale. This scale is 400 MeV for r = .5 fermi. We will call this 
^qcd, analogous to the X in the Richardson potential, for which a best fit also 
gives 400 MeV. A definition motivated by the running coupling constant will be 
possible when we look at the behavior of a s . The size of Xqcd, however, allows 
us to decide which systems are nonrelativistic, that is, those where the quark mass 
is » Xqcd< 
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SIZE OF BOUND STATES 




FIGURE 4.9 Vector meson 
decay diagram to <?"*> final 
state. 



The potential allows a calculation of energies for the bound states. Since the quark 
masses are not known a priori, they must be determined as part of the calcula- 
tion. The resulting masses are m c =1491 MeV, mi ? = 4883 MeV, for example, 
for the Richardson potential. Note that the sign of the potential and size of the 
states in Figure 4.8 indicate that for T, the energy should be less than 2m/ ? , for 
J /xj/ cr 2m c , while for the light quarks, the hadron masses will be substantially 
larger than the sum of the "free" quark masses. Also predicted from the potential 
are the sizes of the bound states. It would be interesting to check these predictions 
experimentally. For stable (or nearly stable) states, the size of the state can be 
measured through elastic electron scattering. Here the deviation from point-like 
behavior allows a determination of y (r 2 ) for the charged constituents inside the 
object. This experiment has been done for pions and nucleons. The pion size is in 
fact about 5 times that of T. 

For the charmonium and bottomonium states the lifetime is too short to allow 
a direct size measurement. We can, however, measure the wave function at the 
origin i/(0) because it enters into the production rate for e + e~ — » V , where V 
is the vector meson made of bb or cc. What we will calculate is the decay width 
r(T ->- e + e~), that is, the rate for the reverse of the production process. The 
calculation proceeds in two steps: First, we calculate the rate in terms of a pa- 
rameter describing the vector particle T; second, we calculate this parameter in 
terms of the bound state characteristics. The first part of the calculation illustrates 
how we can use general arguments of Lorentz and gauge invariance to parame- 
terize matrix elements. We choose T because it is more nonrelativistic than J /if/, 
since the second half of the calculation will be in the nonrelativistic limit. In ad- 
dition, the potential model solution indicates that the T state is more confined to 
the Coulombic region of the potential, allowing a connection of | if/(0) \ 2 to the 
mean-square size of the meson using a hydrogen-like wave function. 

The Feynman diagram for the process is shown in Figure 4.9. The vertex fac- 
tors involve electromagnetic current matrix elements: (e + e~\J IJi |0), which we 
know, and (0| J u | Y), which we don't know. We can, however, from general con- 
siderations, write the T current matrix element in terms of an unknown parame- 
ter. We use V to denote the vector meson (in this case T). This first part of the 
calculation works for any other vector meson bound state where the analogous 
parameters of the given meson must be used. Since the current matrix element 
must transform as a vector and only two vectors characterize the state, namely the 
T momentum and spin 



and 






(0| J M |T) must be some linear combination of these. However, it must also be 
linear in e v by the linearity of quantum mechanics. Finally, a term proportional 
to P] 7 , which also is the momentum carried by the photon, P% t cannot exist by 
current conservation. Thus we are left with a matrix element proportional to e y , 
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(0\J tA \T)=e b g v eV. (4.12) 

Our expression is gauge invariant since p^et = p^e^ = 0. Note that we have 
factored out the b quark charge ey in our definition of gy . 
We can now write our Fey n man diagram amplitude: 

-iMfi = ie(u e -y fl v e +) — -y^(-i^) (gi/6^J , 



where 



resulting in 



9 2 = 4, and ^ = j(-^); 




— 1 £ i?y _ 
Mfj = — ^Ue-ffyV^. 

To calculate the width, we need to calculate | /W// | 2 summed over the spins of 
e~ and e + , for a given spin of the vector particle. Since the decay rate is indepen- 
dent of the vector particle spin direction, we can also sum over the three choices 
for the vector particle spin and divide by 3. Calculating and integrating over the 
final phase space, ignoring the electron mass, gives: 

r v = e —^rzi = 1-11 -na 1 ^- I . (4.13) 

For an onium state made of quarks having charge |, the | above would be re- 
placed by Z)- 

Our next job is to relate gy to the properties of the state. The annihilation 
occurs because of the basic process b -f b — » y. In the T rest frame the full 
amplitude is given by the following: amplitude to find b and b with given momenta 
and helicities, multiplied by the amplitude to annihilate with these momenta and 
helicities, summed over all choices for p and the helicities. This follows from out- 
general quantum rules. 

We thus can write: 

(OI^IT) e h g v el f (0|y M |/7,/3,X;^-y3,X / ) d 3 p 

V2wy «J2my J f^l ^/2mi ? 2m^ (^ny 

The latter expression is just the matrix element of J^ between the vacuum and 
the bb analog of the positronium state \e~e + ), which we wrote earlier in terms 
of creation and annihilation operators acting on the vacuum, and the momentum 
space wave function. 

Note the insertion of the normalization factors 1/V2m for each field that oc- 
curs. We want to do this calculation for one T made of one b and one £>, while the 
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calculation using covariant fields is normalized to 2E particles instead, necessitat- 
ing the extra factors everywhere a covariant current matrix element appears. We 
have here approximated E = m in the normalization factors, since the calculation 
assumes a nonrelativistic state. 

The nonrelativistic momentum space wave function factorizes into a func- 
tion of momentum and a spin correlation function: i//(p, X, X') = if(p)x(X, X% 
where the spin correlation function depends on the T spin direction. To simplify 
the notation, we write (0| J^\b, p, X; b, —p, X') = (0| J ( Abb)\ 



<0| - / - |T> = V2^/^g <0|y ' l| ^^ )X(X ' X,) - 

We next look at (0| J^\bb), in particular at the nonrelativistic limit of this in the 
T rest frame. It will have terms ~- m/ ? and terms proportional to p. In the nonrela- 
tivistic limit, we need keep only the terms — m-f,. Thus (0| J fl \bb) is approximately 
a constant, its p -» limit, and can be factored out of the integral Thus, using 

ray 
m b = m~ b ^ — 



in the nonrelativistic limit 
(01/ 



m IT) = J^ J2 ( <°l J * \ bB )x&< *') / +(P) 



^ d'p 



(2ir) 3 



However, the spatial wave function 



I 



if(x) = / +(p)e- 



&Jt) 3 
in general. Thus: 



/ 



- d 3 p 
(2tt) j 



the wave function at the origin. The annihilation in the nonrelativistic limit de- 
pends on the probability of finding the b and b on top of each other. 

Before continuing we have to worry about one effect we left out. We have been 
calculating b + b -» y, ignoring color entirely. The calculation is correct for each 
color individually, but T is the color singlet state 



V3 



2>&/. 



/=l 



where / = color index. We have been calculating the current for each b\b\. Since 
the answer is independent of /, we can just add the three terms together, getting a 
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total amplitude for the color singlet larger by %/3. Note that the inclusion of color 
can have clear numerical effects! So including color, the correct result is 

<0| J M IT) = ] — f(0) Txfr, *■') (0| h \bb). (4.I4) 

To further evaluate Eq. 4 .1 4, we use for the annihilation amplitude, for fixed 
momentum and helicity states: 

<0| y M \bb) = e h v h y^u h . (4. 15) 

We could calculate the current matrix element by doing the helicity sum in 
Eq. 4.14, which would imply averaging Eq. 4.15 over the helicity choice for a 
given J = I state. We will actually complete the calculation in a simple covariant 
way that gives us the relation we want for gv without having to look at the three 
specific T spin states. An easy way to relate gv to ^(0) is just to square and sum 
over all spins the expressions in Eq. 4.12 and Eq. 4.14. To calculate the required 
square of the current matrix element in Eq. 4.14, it is simplest to sum over the 
four possible spin states using Eq. 4. 15, which corresponds to summing over one 
0~ and the three J ~ states, ignoring x (^> ^')- The 0~ state gives no contribution, 
since we know \y couples only to J ~ 1 states, so the sum over all spins gives 
the same result as summing over the three J = 1 states that we would get from 
including x(^> ^')- 

Looking first at the expression resulting from Eq. 4. 12: 



T T 
Pi Pv 
SfJiv 9 



y £ i {0\J li \r){0\J v \r)*=e 2 h g 2 v £ e„el = -elgl 

spins T spins 

The expression for (0| 7 M |T) from Eq. 4. 14 gives: 

e\\ i/(0) | 2 VTr [vf y Vf 7 y jJL u b u b y v ] . 

spin 

We focus on the trace term below. Summing over spins: 

J2 v i>h = {H - m b)' J2 Uhllh = ^ + mb ' 

spins 

Thus, the resulting trace is: Tr(pif ) —m0y ll (^ h -\-miy)y v . Keeping only terms with 
an even number of y matrices gives 

^[faYntbYv] ~ Tr [Yny v ]ml = 4 ^ L p b v + /?£/?* - g n v(Pb ■ Pi,)] - S;^,. 

These expressions are in an arbitrary frame and we can take (where the internal 
relative b momentum is ignored for a nonrelativistic bound state): 
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b Pl m b 
Pjji - 



my 



which gives for the trace term: 



-%mi 



&H i< 



T T 
Pi Pv 



p> 



-2mi 



T 



my 



gill 



X „T ' 



Pi P 



Note that we get the same Lorentz structure for both versions of the current 
squared, as we must, if we do things correctly. 

Equating the two versions for the matrix element squared, we finally get the 
general expression for the vector meson decay constant: 



H = 12my,|V(0)| 2 . 



Substituting this into the expression for fV gives 



r v = 



[67ta z 



\ir(0) 



(4. 16) 



(4.17) 



where the factor due to the quark charge squared has been separated out. We can 
do the same calculation for charm; then (^) 2 -> (|) 2 due to the larger quark 
charge, and we use the wave function and mass for the charmonium state. 

The measured r r ^ e + e - = 1 .32 keV, and the measured vector meson mass is 
mx = 9460 MeV. Does this tell us how big the state is? To calculate this approx- 
imately, we assume that the state is reasonably well-described by a hydrogen- like 
ground state for which 



))| 2 = ' 



n \a 



where ciq is the Bohr radius. This gives 



9r 



-m x 



16a 2 \ a 0, 

Inserting the experimentally determined values gives 



(=) 



1.08 GeV, 



or «o = ■ '8 fermi. The RMS radius for a hydrogenic ground state is %/3«o — -3 
fermi for the T. 

Note that the Coulombic assumption for the size is pretty good, as can be seen 
by comparing it to the more accurate potential model calculation, whose result 
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was shown in Figure 4.8. The confinement term actually pushes the state in a 
little, compared to the purely Coulombic approximation. 
For the hydrogen atom 



— = am e . 

The colored version of the potential, keeping only the Coulombic term, has an 
analogous relation after the substitutions 

4 m b 

a — > -a, and m e — » — , 
3 2 

which is the reduced mass for a bb system. Thus we can estimate ot s from 

4 mu 

-a s — = l.08GeV, 

3 2 

which gives a s — .3. Note that a s is indeed ^> a, that is, the color interaction 
is much stronger than electromagnetism! Calculating the binding energy in the 
Coulombic approximation gives ^binding = — ^a 2 nib, which is about —200 MeV. 
We want to point out one assumption we have made when discussing a poten- 
tial that works for both cc and bb, that is, that the coupling due to color, the g 2 at 
a vertex, is independent of the quark flavor. When written in momentum space, as 
for the Richardson potential, this becomes more precisely the flavor independence 
of the coupling at given q 2 . When we discuss color as a full gauge theory, we will 
see that this is a consequence of using an SU(3) non-Abelian gauge theory. This 
uniformity of coupling (also for the weak doublets in the weak interactions) is 
thus an important consequence of the full theory. 



4.8 ■ BARYONS 



For baryons made of identical heavy quarks, we expect to have bound states of 
the type ccc and bbb, the second type of color singlet, besides the cc and bb 
states. There is no easy way to make these experimentally and they have not been 
seen. We can, however, look briefly at what we would expect. We can write a 
nonrelativistic Hamiltonian, including the rest masses and color factors, for the 
two types of color singlet states. For the meson: 

P\ Pi 4 
Im Im 3 

For the baryon: 

E B = ^ L + ^ 1 + ^ 1 - \ ( V(\ n - h I) + V(\ n - h I) + V(| n - h l))+3/n. 

lm Im Im 3 
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The ground states have all particles in an s-wave, thus we define 



q < >■ ■< >■ q 




FIGURE 4.10 Arrange- 
ment of quarks and antiquarks 
in the meson and the baryon. 



K.E. = (^-j,V = (V(\ n -; 2 |)> 

E M =2(K.E. m -^Vm+™) E b =?>(K.E. b -%V B +m) % 

where M indicates the meson and B the baryon. The choice of a color singlet 
gives an interaction term proportional to the number of constituents, rather than 
the number of pairs. 

We can expect that the energies are minimized for approximately the same 
mean square spacing between particles, because of the analogous structure of 
the Hamiltonians. In this approximation, we can deline an effective (called con- 
stituent) quark mass in the ground state, m c {U by dividing the energy by the num- 
ber of constituents: m e if = K.E. — ^ V + m. The color factor for the baryon 
equaling A that for the meson results in the expectation that the constituent quark 
mass is approximately the same in a meson and baryon. Without the factor of 
A, we would expect the baryon to be more tightly bound than the meson for the 
heavy quark systems. 

Rather remarkably, these considerations work approximately even for the 
states made of light quarks, to which we turn in the next chapter. For example, we 
can compare the sizes of the light mesons and baryons. The distances measured 
are shown in Figure 4.10. The mean square quantities determined in electron 
scattering for the pion and proton are: 

r n = .66 x 10~ 13 cm 
r p = .81 x 10" I3 cm. 

Note the qq separation in the tt, 2r n , and the qq separation in the proton, V3r p , 
are nearly equal and are both ^ 1.3 fermi. 
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4.13. Consider a unitary transformation that transforms states 

U\i)^\Ui). 

Suppose U is a symmetry of the Hamiltonian density, which for the interaction 
Hamiltonian means that 



(a) Show that for the S matrix, (Uf\ S \Ui) = (f\ S \i). 
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(b) Charge conjugation C is such a symmetry for the electromagnetic interactions. 
Show that the cross sections (at the same center of mass energy) satisfy 

o (fjL~*~e~ — > M + £~) = & (}jL~ > + ~> \x~ e + ) . 

(c) The photon state satisfies C \ \y) = — | Jy). Show that the vertices <? + — > e + -\-y 
and e~ -^ e~ -\- y have opposite sign amplitudes: 



[y\-H\e-) = -te++ \y\H 



„+\ 



Taking two vertices and the propagator, this line of reasoning allows us to de- 
termine the sign of the corresponding nonrelativislic potential for exchange of a 
particle that is a C eigenstate, without looking at the detailed field theory. 

(d) Show, using the charge conjugation symmetry 

(\y\n\e\p-.X- e Jt ,p+,\ f ) = -(\y\H\e+ >P -,\\ <?",/?+, X'), 

where the momenta and helicities are explicitly indicated. Using the explicit ma- 
trix elements in the Majorana representation and the operator 7i, show that this 
requires that we use anti-commutation relations for the particle and ant i particle 
annihilation operators. This was assumed, but not discussed, in the text. 

(e) For bosons, for example pions, we have the same kind of relation: 

<jy|ft|7r+ />+; *-,/>_) = - drift |7r-,/>+; tt + ,p_). 

The boson creation and annihilation operators satisfy commutation relations 
rather than anti -commutation relations. What is different about the matrix el- 
ement compared to (d) so that this is not a contradiction? (Hint: The matrix ele- 
ment of the current operator for the spinless pions depends on the four-momenta 
in a gauge invariant way). 

4.14. By using the explicit formulas for the spinors in the text, show that 

y Q u (p) = u (-p) , yqv (p) = -v (~p) 

as expected for a parity transformation, where the particle and anti panicle have op- 
posite intrinsic parity. 

4.15. For SU(3>) the T a matrices are k a /2 as given in the text. By explicit calculation 
show that T a T a is diagonal with eigenvalue ^. 

4.16. Consider the generators for unitary transformations for a composite system made of 
two particles: 

^(loi) _ T (\) T (2) 

Here T. acts on particle 1,7" on particle 2 of the composite system. 

(a) Show that 7". ° satisfies the same commutation rules as T and T where 
we assume [7. (l) ,r C2) ] =0. 
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(b) By looking at infinitesimal transformations, show that for a product state: 

+ 7 (2) ) |l) |2) = (r/ I} | I)) |2) + |j) (r/ 2) |2>) . 



T> 



(c) Consider an interaction of an external particle with the composite system. By 
choosing the interaction to behave like 7. ext • (7 + 7. ) in the group space, 
show that the interaction is then the sum of pairwise interactions. For nonrela- 
tivistic systems this would correspond to the total potential energy being the sum 
over all pairs, which generalizes this property of electromagnetic interactions. 

4.17. Suppose the color interaction involved an SU(2) symmetry, instead of SU(3), lead- 
ing to color singlet mesons (quark-antiquark states) and baryons (all quark states). 
Denote the two colored quark states in this model as \q\) and \cj2)- 

(a) Write down the color singlet meson and baryon states in terms of \q\ ), |#2>» and 
their antiparticles. 

(b) Are these states fermions or bosons? 

(c) Show that we expect the meson and baryon to be degenerate for the same spatial 
state in the nonrelativistic limit. 

(d) How then do the ground state meson and baryon differ; that is, what quantum 
numbers would you expect for them? 

4.18. Consider the isospin multipiets made of \p) and \n). 
Tnp,et: \o)=\p)\p).(°) = Wn) ^ P) ,(o\=\n)\n) t 



Singlet: 



0/ \0/ vz \1 

!/>> I»> - l«> Ip> 

V2 



For the triplet, calculate the 3 x 3 matrix representations for the SU(2) generators 

T\ , 72, 73 by explicitly calculating the matrix elements of T- + 7- , where 7 

(2) 
and 7. are the 2x2 operators acting separately on each of the nucleon states. 

Show that 7/ = for the singlet. 

4.19. For states made of two colored quarks the possible multipiets would be 3 or 6 based 
on3<8>3 = 3©6forS£/(3). 

(a) Denoting the three colored quarks as \q\), 1^2) » an ^ l<73), write down the 6 states 
in the 6. 

(b) Taking the state \q\ )\q\) and calculating explicitly 

rr.(') + r (2nr r (.) + r (2)i |gi)|?i) 



show that the value of the Casimir Operator for the 6 (given in Table 4.1 in the 
text) is ip 

(c) Consider the 3. Denoting the states: 

q\ = k/2) \gs) - l?3) \i2) (° ] \ = \i3)\qi)-\i\)\g3) 

0/ ^ \0/~ ^ 
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' Q \ Vi\) Vn) - Vn) \q\) 



V2 

we expect the generators to be —T*, where 7) are the generators for the 3. 

Using r. + Tj and the states above, show that the generators are — T* for 
/ = 1,2, 3. 
(d) For the 3 and 6, indicate where the states are in the 73, 7g space, based on the 
addition of these quantum numbers for the two constituents. 

4.20. Consider muonium, a bound state of jjl^jjl~. For the J p = I ~ ground state, calcu- 
late the decay width into e^~e~ . For the J ° = 0~ ground state, what is theFeynman 
diagram for decay into e + e~~l Is this expected to be the most likely decay for this 
state? 

4.21. The decay widths of J/ij/ and (j) ~» e + e~ are 5.3 keV and 1.3 keV, respectively. 
These are the J p = \~ ground states of \cc) and \ss). Their masses are 3.1 GeV 
and 1.02 GeV, respectively. Assuming the nonrelativistic decay formula is adequate 
and that the Coulombic approximation is an adequate description of the potential, 
find the Bohr radii for these two systems. The assumptions above are rough approx- 
imations and give a qualitatively correct picture. 
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Isospin and Flavor 5(7(3), 
Accidental Symmetries 



5.1 ■ THE LIGHT QUARKS 

We turn now to the hadrons made of the light quark flavors. These flavors are u, 
d, and s. The hadrons made of these light quarks are the most common particles 
found in high-energy jets and also provide the longest lived hadrons, including 
the stable proton. We will focus mostly on the lightest (ground state) hadrons 
made of these flavors. These hadrons, including their decay patterns, illustrate 
a large number of phenomena: symmetry and symmetry breaking, the exclusion 
principle, spin independent and dependent forces, and mixing of states due to 
various types of interactions. We will also find decays coming from the weak, 
electromagnetic, and strong interactions. 

The light quark flavors each have a mass m q <<C \qcd\ thus the states are 
expected to be highly relativistic, since we expect momenta — ^qcd for the 
quarks within the hadron by the uncertainty principle. As a consequence, the 
spin-dependent interactions are quite large. By analogy with electromagnetism, 
we expect these spin interactions to be magnetic, and magnetic and electric fields 
and forces are comparable for charged systems where the velocity v ~ 1 for all 
of the particles. This is unlike the hydrogen atom, where states that differ in spin 
orientation are nearly degenerate. Since the energies differ so much for different 
total spins, the particles are given different names, for example the spin-zero n 
with mass 140 MeV and the spin-one p with mass of 770 MeV. 

The second consequence of a small mass relative to Xqcd is that replacing 
one light flavor with another is expected to result in a state with nearly the same 
properties, since the energy is weakly dependent on mass for a relativistic particle. 
This result requires that the color force be the same for all pairs of quark flavors, 
as seen to be true for the cc and bb systems. This property is a consequence 
of QCD but is violated by the other, weaker, interactions. Therefore, the strong 
interactions have an approximate 5/7(3) flavor symmetry — that is, a symmetry 
under unitary transformations among «, d,s. This was actually the first 5/7(3) 
symmetry found, but it is accidental in the sense that it results from small ratios 
of quark mass to Xqcd, where the ratios are not a consequence of any fundamental 
principles. 
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The flavor symmetry is not equally good for all SU(3) rotations. The strange 
quark mass is only a few times smaller than Xqcd, while the u and d masses are 
much smaller. Hence the u o d SU(2) symmetry, called isospin, is a very good 
symmetry, while the full SU(3) symmetry is more approximate. We will use / 
and 73 to denote the isospin quantum numbers of states. We represent our states 
by 

for the purpose of discussing SU(3) rotations. Rotations involving only T\,Ti, T3 
(defined analogously to the first three generators for color) generate the very good 
isospin subgroup symmetry. 

We look first at SU(3) flavor multiplets — physical states with similar proper- 
ties. We will display the SU(3) multiplets using 2-dimensional plots analogous 
to those introduced earlier in the discussion of color, but where the states are now 
related by flavor rather than color rotations. We will not discuss color, unless it 
provides an extra constraint on the available states, with an understanding that all 
allowed states are color singlets. Thus, for example, a quark-antiquark state such 
as 

\u)\d), 

is really 



£ 



\uj) \dj) 



where i specifies the color. One more convention is typically used for writing 
antiparticle states. We represented the antiparticle states by the column vectors: 

i«) = fo], !<*)=[ i), \s) = 



with antiparticle generators —T*. It turns out that for —T* t — T 9 *, — T^ there ex- 
ists a unitary transformation that changes —T* — > 7/. This is a special property of 
SU(2). We call the transformation matrix /?/, since it acts only on the two isospin 
states. To accomplish the change, Rj must satisfy 

R/(-T?)R] = T i% for/ = 1,2,3. 

Note that 
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already satisfies — T 2 * = Ti- Thus Rj must commute with T2. It turns out that 

Ri -- 






-1 





1 














1 



(that is, basically — i.02 for the /-spin part of R/) works, because of the anti- 
commutation relations of the a matrices and the fact that o\ and (73 are real. 
Thus, provided we use Rj\q) for the antiquark states, we can use T\, T2, T3 as 
the generators for isospin rotations on both \q) and \q). R/\q) gives the following 
column vectors representing the antiquaries: 



i*> 



Applying T3 now (instead of —T*) to these column vectors, we see that \u) has 
I3 = —5, and \d) has ^3 = +^, as expected. 

The antiquark correspondence above quickly allows us to change known 
isospin states involving particles only into states involving particles and antipar- 
ticles. Thus, for example, by analogy with the composite isospin states made of 
\p) and [«), we can consider composite states made of the isospin doublet \u) 
and \d). From these, we can get corresponding states made of a quark and an 
antiquark by substituting, for the second particle of the composite system, 

\u)^-\d), \d)^ \u). 

Using the notation \q- { , qj) for a composite state made of q\ and q } , where we 
suppress in the notation the spatial and spin degrees of freedom for the state, 
the analogous quark-antiquark states are given in Table 5.1. The 1=0 quark- 
antiquark singlet is exactly what we expect the 5/7(2) singlet to look like, based 
on our earlier color singlet discussion for SU(n). Notice the extra minus sign 
for the / = 1, 73 = J state. The three tt mesons, n + , tt°, n~, are an example 
of the / = 1 quark-antiquark triplet. Since the isospin symmetry is rather good, 
the three tc mesons have very nearly the same mass. 



TABLE 5.1 Analog Isospin States. 

7=1 1=1 1=0 1=0 



\u, u) 


— \u, d) 


\u,d) + \d,u) 


\u, u) — \d, el) 


V2 


■Ji 


\d,d) 


\d, u) 



\u, d) — |flf, u) \u, u) + d,d 



V2 72 
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The similarity transformation Rj leaves — T£ unchanged, so the matrix repre- 
sentation for this linearly additive quantum number is not altered. 

5.2 ■ LIGHT MESONS 



The mesons are made of a quark-antiquark in a color singlet state. With three light 
flavors, there are nine such states to consider for a given spatial and spin state. 
We can exhibit the states in a 2-dimensional space where the eigenvalues of T3 
(which we call [3) and T% are displayed. To make this simpler what is often used 
is -t-7~8 = Y, called the hypercharge. We will use a number related to Y. Since 
the total number of quarks is conserved we can offset the Y axis by a constant 
proportional to the number of quarks, which will leave our number an additive 
conserved quantum number still. The conservation of the number of quarks is 
called baryon number conservation. Here a proton is assigned one unit of baryon 
number. Thus a quark has ^ unit of baryon number. We take Y — B, called S 
or strangeness, as our second axis. The u and d quarks in this scheme have zero 
strangeness, and the s quark —I unit of strangeness. Thus S is —I times what 
might have been the most logical definition, which would have strangeness count 
the number of strange quarks in a state. Strangeness is easy to calculate by just 
looking at the state and counting the number of strange antiquarks minus quarks. 
The quark and antiquark states now look as follows: 



-I/2 


s, 


V 


I/2 




'\ 
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/ 
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/' 


h 




The nine meson states can be displayed in the h, S plane by adding the two 
additive quantum numbers of the constituents, as illustrated here. 




The nine states, collectively, are called a meson nonet. 
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We still have to figure out what multiplets the nine states form. The states on 
the periphery of the picture above are seen to be in the same multiplet by iden- 
tifying a very simple operator, which leaves us within a multiplet and takes one 
state to another. Consider \u,s), and the generator, made of a linear combination 
of quark and antiquark generators, which takes u — > d and leaves s fixed. This 
takes \u. f s) — » \d, s); thus these are in the same multiplet. Continuing in this way, 
we can find transformations that link all the states on the periphery. Thus, they are 
in the same multiplet. 

For the states with particle content uu, dd, and ss, the remaining states in the 
multiplet can be worked out similarly using the generators. The state 

\u, u) + \d, a) + \s, s) 



V3 

is a singlet, based on our knowledge of the analogous color singlet state. As an 
alternative approach, we will deduce below the multiplet assignments by using the 
main property of states in a multiplet — namely, that they have the same physical 
properties, in particular the same mass. The result will be that the states break into 
an octet of eight states and a singlet. 

To see which states have the same properties, we make a reasonably general 
model for the meson masses in terms of several parameters that are physically mo- 
tivated. The model provides some insight into the effects determining the masses, 
and we can also use it to look at the effects of the SUO) breaking. We define 
H m as the meson Hamiitonian for a bound state of qu cjj of a given spin, parity, 
and spatial state at rest in the center of mass. Note that / and j are flavor indices. 
There are several contributions to H m . The first is the binding due to the exchange 
of colored gluons. This is the same for all q x , cjj color singlet pairs in the symme- 
try limit, where the q t masses are equally small. A simple diagram of this type is 
as follows. 




Here, q\ , qj are in a color singlet state and all eight gluons contribute coherently. 
The indices / and j correspond to u, d, or s. We define the mass of the bound state 
to be m for the six states where / ^ 7, in the symmetry limit. 

In addition to the exchange diagrams, we can also have annihilation diagrams, 
but these occur only for i — j\ that is, a particle can only annihilate an antiparticle 
of the same flavor, since the strong interactions do not change flavor. We show 
an annihilation diagram, starting from uu as an example and taking the simplest 
diagram. 
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Once the uu annihilate, the final state can emerge as any other q;,q; pair. 
This process produces a coupling between different pairs. In the symmetry limit, 
the contribution of these diagrams is the same for all three flavors. Note that the 
amplitude for a single gluon intermediate state vanishes for a colorless initial 
state. In fact, whether the simplest diagram involves two gluons or three gluons 
depends on whether the initial state has even or odd charge conjugation. 

In the above model, the three states where / = j require studying the effects 
of mixing in order to find the eigenstates that emerge. To diagonal ize H m for the 
c/i , qi states, we define a basis of states as follows: 




\u,u) = I J , \d,d)= 1 I, \sj) = 

In this basis, and assuming a perfect SU(3) flavor symmetry: 

/ in + e s s \ 

H m = f e. m + e s . (5.1) 




Here in is due to the gluon exchange diagrams and is the same as for / ^ j, and £ 
is the contribution from annihilation. Diagonalizing this matrix gives eigenstates 
and masses: 

1 / [ \ \u,u) - \d,d) 

—= — I = — , mass = in , 

y/2 \ n / V2 



\u t u) + \d, d )-2\ss) 



V 6 V _9 / v6 



mass = m, 



I / \ | M ,«)+ rf.J +|«> 

—71 1 = — , mass = m + 3e. 

73 \J V3 

Since we have two states that are degenerate with the other six, we expect that 
these eight states lie in the same multiplet — the octet. The remaining state has a 
different mass and hence lies in a different multiplet, the singlet. The states above 
are called pure octet and singlet states. 

What happens in the more realistic case where the mass of the s quark is differ- 
ent from that of the u and d, that is, where we keep a good SU (2) symmetry only? 
In this case, we expect different mass parameters for q t , cjj when / or j = 3, than 
for /, j — J or 2. This breaks the degeneracy among the six states where / 7^ j . 
In addition, the annihilation diagrams could vary with quark type. For i =7, we 
then have to diagonal ize a more general matrix of the form 




H m = \ £ m + £ £' . (5.2) 
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For this matrix, 

|w, u) — \d, dj 

remains an eigenstate with mass m, while the other two states mix together with 
details now dependent on the detailed numbers in the matrix. The mass of 

\u> u) — \d t a) 



V2 

is unchanged because our matrix retains the SU(2) subsymmetry. Our theorem 
about equal masses applies now to members of each isospin multiplet and 

\u, u) — \d, d) 

is a member of an / = 1 multiplet, for which the other particles (— |w, d) and 
\d, a) in Table 5.1) have mass m. 

Using this general discussion as guidance, we turn now to the real ground state 
mesons. These have quantum numbers similar to the bb and cc systems we looked 
at previously, but with annihilation and spin dependent splitting much larger since 
the systems are now relativistic. The quantum numbers of the onium ground states 
were J PC = h (lowest energy) and 1 . Now only the mesons made of the 
same quark- an tiqu ark types are C eigenstates. We will use the generic symbol P 
for the pseudoscaJar 0~ mesons, and V for the vector 1~ mesons. 

The octet of pseudoscalar mesons is shown, in Figure 5. 1 . 



# K°\d,s} *K + \u,$ ) 

* \u, u) ~\d,d) n + 



K 



\d,u) ^ -\u,d} 



K 



«> m K°-\s, d) 



FIGURE 5.1 Pseudoscalar octet. Note that the eighth state, /?g, is a mix of the physical 
states t) and ?/. It has the same 1$ and S as the n . 



The octet contains two isospin doublets, with a charged and neutral kaon in 
each doublet, an isospin triplet of pions, and an isospin singlet state. SU(3) break- 
ing, in the limit where isospin is a perfect symmetry, will cause mixing of the 
isospin singlet in the octet with the isospin and SU(3) singlet state. The two states 
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of the nonet with / =0, which are mixtures of the octet and singlet states, can 
be conveniently written as 



\u, 


u) + \d. 


*) 




V2 




~\u. 


u) + \d 


*) 




V2 




the 


coefiici 


ent 



+ y n u, s) 



+ Y, r \s. s) 



(5.3) 



(5.4) 



We get the best estimates of the coefficients by studying decays of the type 
P — > 2y, V — > P -f- y, which are electromagnetic and therefore sensitive to both 
the quark charges and the amplitudes to lind various quarks in the mesons. These 
uive 



X n 



Y n ' — .8, X n < 



.6, 



TABLE 5.2 

Pseudoscalar Meson 
Masses (MeV). 

m % + = m k- = 494 

m K o = m^a = 498 
m T - — m n - = 1 40 
w_o = 1 35 



m 



n ■ 



= 547 

:958 



with uncertainties -^ 5%. An alternative parameterization is in terms of the pure 
octet and singlet states: 

r{ = cos#p \r\\) -\-sm0p \m) ■ 

Op is called the pseudoscalar mixing angle and is — —18°, with an uncertainty of 
a few degrees. The particle masses are given in Table 5.2. We see from the table 
that 

• Particle and antiparticle masses are equal. 

• The SU(2) breaking is — 5 MeV, based on the mass differences for charged 
and neutral kaons or pions. 

• The 517(3) breaking is large, based on the mass difference for kaons and 
pions. 

• The mixing-annihilation terms are also large, based on the large r\ and r\' 
masses. 

The vector meson multiplet is given below in Figure 5.2. The two 1=0 states 
are now: 



|w, u) -h \d, d) n 

'■ and 0° 



V2 



s,s) 



This mixing pattern is called ideal mixing. It follows from significant SU{3) 
breaking due to the heavier strange quark mass but very little mixing from an- 
nihilation diagrams. A matrix that yields this pattern, where for simplicity we 
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TABLE 5.3 Vector 
Meson Masses (MeV). 



m^o = 783 
rn.o = 1019 



•P" 1 



FIGURE 5.2 Vector meson octet. The eighth stale, o>g, is a mix of co and 0. 

take SU(3) symmetry for the small annihilation terms, is: 

(m + £ £ £ \ 

£ m + £ £ , £ <tCm — m. (5.5) 

£ £ m' + £ / 

Using the physical masses to calculate the parameters in the matrix, m^—mp — 2£ 
implies £ = 6 MeV. The amplitude to find 

|w, w) + Id, a) 



V2 
in the 0° (the deviation from perfect ideal mixing) is 

V2£ 



m K *+ = m^*- = 892 m0 _ m ^ ' 

m K*° ~~ m /c*° ~~ or about 0.036. The vector meson masses are given in Table 5.3. 



— 771 Why the annihilation terms are so much smaller for the V nonet compared to 

the P nonet is unclear. The kinds of diagrams are different because of the opposite 
charge conjugation of the states. The simplest examples are shown in Figure 5.3. 




2 Gluons, colorless, \ / 3 Gluons, colorless, 

C = +\ J J J C = -i 



FIGURE 5.3 Simple annihilation diagrams leading to mixing in and 1 systems. 



The mixing patterns we have discussed above imply a significantly larger 
strange quark mass than the u and d masses. In addition, we expect some mixing 
from terms that violate the SU(2) isospin symmetry, for example, electromag- 
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netism and the difference in it and d masses. These mix states that differ in 
isospin but are similar otherwise. This is the analog of the SU(3) mixing, which 
mixes the / = states in the singlet and octet. Isospin breaking therefore mixes 
7T°, 7], j]' and /9°, o>, 4>. The real states do not have precisely equal mixtures of 
\u, u) and \d t d). 

Perhaps surprisingly, there is also mixing due to the weak interactions, which 
we will look at in detail in Chapter 9. It involves mixing between K° and K°. 
We expect weak effects to be very small, but since K and K° are degenerate and 
decay only through the weak interaction, even very tiny mixing terms can lead to 
very large effects. 

Finally, we mention some of the limitations of the above approach to mixing. 
We have assumed that the states in a first-order approximation all have similar 
masses, which is a poor approximation for the 0~ mesons, where the masses differ 
greatly. In the mixing, we have ignored all states other than those in the given 
nonet. However, the vector mesons have large widths, so they have significant 
transitions to other states. In the next section we discuss a more general approach, 
which will better handle some of these issues. Otherwise, we actually have an 
inconsistency that was glossed over. For the vector mesons, the value e — 6 MeV 
is comparable to the mass difference of the |//, u) and \d, d) systems (that is, to 
the isospin breaking). Including such an isospin mass difference in H m leads to 
much more mixing than is seen between 

o \u,u)-\d,d) \u t u) + \d % d) 
1 = 1 p = -^ - and / = to = ^ -. 

The reader should think about how this problem can be resolved. We discuss it in 
Section 6.4.3. 



5.3 ■ BREIT-WIGNER PROPAGATORS AND MESON LIFE HISTORIES 

We turn next to a systematic discussion of the life history of the various meson 
states. We know that none of them are fully stable, so they all decay by one in- 
teraction or another. In this chapter we look at strong decays only; in subsequent 
chapters we will look at decays due to the other interactions. The latter do not 
respect the approximate 5/7(3) flavor symmetry of the strong decays. Because 
of the inability to deal quantitatively with the nonperturbative strong interactions, 
we typically cannot calculate the value of the decay width for strong decays. The 
discussion will thus focus on relations between rates that follow from SU(3) sym- 
metry or the constraints coming from conservation rules such as angular momen- 
tum or parity. The decays of the mesons conserve the various quantum numbers 
appropriate to the symmetries of the interaction responsible for the decay. For 
the strong decays these will include the internal symmetries arising from SU(3) 
(isospin and strangeness conservation), charge conjugation symmetry, and par- 
ity conservation. We will find that we can introduce one last symmetry called 
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G-parity (or generalized parity), which is related to isospin symmetry. We wilt 
look at this symmetry later in the chapter. 

The simplest systems that decay predominantly via the strong interactions are 
the vector mesons, which decay into pseudoscalar mesons. We list the primary 
(strong) decays and particle widths in Table 5.4 (we can get antiparticle decays 
by changing particles to antiparticles everywhere in the table). Note that all the de- 
cays conserve the additive strong quantum numbers I3 and 5. The perfect SU(3) 
symmetry expectation, that all members of the vector meson octet have the same 
width, is badly broken because of the large SU(3) violation in the mass values 
for the vector mesons and the pseudoscalars. The pseudoscalar mesons produced 
in the vector meson decay are constrained by energy conservation to decay sub- 
sequently via the weak or electromagnetic interactions. The vector mesons also 
have small, but interesting, branching ratios due to electromagnetic decays, and 
in principle (but much too small to measure) weak decays. We will look at the 
electromagnetic decays in the next chapter. 

TABLE 5.4 Vector Meson Decay Properties. 



State 



Final states for 
strong decays 



K*+ 


51 MeV 


K* n 


51 MeV 


P + 


150 MeV 


P° 


150 MeV 


CO° 


8.4 MeV 


<t>° 


4.3 MeV 



§(7r + K°) + l(7r /t-+) 
i(7r°K°) + §(7r-K + ) 

r0 



71 ' 7X 







A9(K ' K~) + 34(K {) K V ) + .15(7r+7r-;r u ) 



Decay Stale 



Resonance 



Production 
Process 



The various widths in Table 5.4 correspond to very short lifetimes and the 
1~ mesons are therefore not observed as distinct objects, but rather as resonances 
in multiparticle distributions. Examples are shown in Figure 5.4. These data were 
taken using 7r + p reactions, yielding various multibody final states. The mass dis- 
tributions in Figure 5.4 can be understood in terms of contributions of decaying 
resonances and an incoherent particle mix with a mass distribution given primar- 
ily by the available phase space. 

Before continuing to look specifically at the decays in Table 5.4, we must 
understand a little better how an unstable particle appears in a given invariant 
mass distribution. It is an intermediate state between a production process and a 
final decay state. Thus, taking the simplest situation, it must arise using the pro- 
cess illustrated at the left. 

This looks no different from a propagator in a Fey n man diagram, and in fact 
it isn't. For example, the virtual photon in e~*~e~ -> hadrons also behaves as 
a resonance. What we would like to calculate is the correct propagator to use 
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FIGURE 5.4 Production of vector meson resonances, (a) Mass distribution of jt^jt® 
pairs produced in reaction n^ p —> n^n p. Peak corresponds to p~*~. (b) Mass distribu- 
tion of 7T + 7T _ pairs produced in reaction ;r + p — > 7r + 7r + ;r~ p. Peak corresponds to p°. 
(c) Mass distribution of 7r + 7T°7r _ triplets produced in reaction tc + p — > tt+tt~tt® p. Large 
peak corresponds to or, tiny peak to 77. The various smooth curves correspond to phase 
space. [From C. Alff et al., Phys. Rev. Letters 9, 322 (1962).] 

given that there are dynamics leading to the decay. For simplicity we take a spin 
resonance (or, imagine doing the calculation for a given helicity intermediate 
state, and then summing over helicities). The resonance is assumed to )ive long 
enough that it Jeaves the production region. Subsequently, during propagation, 
it interacts only via processes it can participate in as an isolated particle. This 
gives, however, corrections to the propagator, which we can picture as shown in 
Figure 5.5. If we write the amplitude for one interaction as a function 7t(q 2 ), 




No extra One Two 

Interactions Interaction Interactions 

FIGURE 5.5 Particle propagation including interactions shown as a bubble. The ampli- 
tude to interact, denoted as the function n, is a function of q . 
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then in terms of this function we get a series of contributing diagrams. Using the 
perturbation series, the full amplitude is: 



+ ~2 Vt - (~in(q 2 )) ~i '-TV— + 

q L — m L + ie V ' Q m> + i£ 



cp- — m 2 + ie q 2 — m 2 + ie V / q 2 

We can sum this series, which gives for the corrected propagator 



q 2 — m 2 — n(q 2 ) 

We will see that the function rc(q 2 ) typically has an imaginary part, so we can 
drop the ie in those cases where it does. 

The corrections due to interactions while propagating are called loop correc- 
tions. They have both a real part, which shifts (or renormalizes) the apparent mass 
of the resonance, and an imaginary part, which is related to the decay width. We 
can calculate the imaginary part in a general way, using unitarity. Note that n is 
just Ma — the amplitude for the state to go into itself due to the interactions, rather 
than into a new final state. 

We write the S matrix for the resonance to go into a specific final state as 

Sfi=& fi -H27r)*8\p f -p i )M fh 
S is a unitary matrix, which means that 

SS 1 = / or ^T s nf s m = &/< ■ 

n 

(Here ^ /7 is the integral over the multiparticle invariant phase space for state n 
summed over all choices for n). 

Substituting for S fj in terms of Mj\ and multiplying terms gives the general 
unitarity relation: 

i(M* f - M fi ) = -J2 M;, f M„ i (27z) 4 S 4 (p n - Pi ), 

n 

or taking /' = /, the imaginary part satisfies 

-ImTr^ 2 ) 1 v-. a, ..2,^4*4, „ „., 2 



m. r 2m 1 



J2 I Mm \ 2 (2jt) 4 8\p n - Pi ), m\ = q 2 . (5.6) 



The expression on the right is just the usual formula for the width for q 2 = m 2 R in 
the sum. It is a width calculation with the particle virtual, that is, with a variable 
mass of rriR instead of m. In particular, if q 2 is small enough (or negative) so that 
no decay channels exist, the width vanishes. As an example, the Z° is produced in 
e+e~ annihilation at Mz with a width of about 2.5 GeV. The Z° can also mediate 
low-energy neutrino scattering. Here q 2 < and the width of the Z° is zero. 

For a narrow resonance, V <£ m, we can absorb the real part of it, Re7T. 
into a new definition of the resonance mass squared, m 2 R (which is approximately 
constant in the vicinity of the resonance), and approximate V(q 2 ) as T(m 2 R ) = Vr 
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for q 2 ^ m\. Then the propagator is 

(5.7) 



q 2 ~ m 2 R +im R r R 

This is called a relativistic Breit-Wigner and its square describes the shapes in 
Figure 5.4, provided that the resolution of the measuring apparatus doesn't distort 
the shape, and T/? <3C w,r. In fact, Vr is extracted by fitting the shape. Note that 
for higher precision, or wide states, we must keep the q 2 dependence of Im7r(>/ 2 ), 
which requires knowing the behavior of | M m \ 2 with q 2 , as well as the change in 
phase space for the decays that enter into Vr. 

We can also look at the Fourier transform of the Breit-Wigner propagator in 
terms of the exchange of particles, as was done in Section 2.1 1. We assume a 
n arrow resona nce (T/? <$: m#) and a fixed-width approximation. Defining E = 

J | q | 2 + m 2 R , the propagator 



q 2 - m\ + im R VR 
has poles at locations 

~ im-R ^R ( ^ imR T R 

qo = E — — - and q 



E 2 V E 2 

to first order in Vr. Thus, integrating over qo we get the expression 



/ 



q 2 — m 2 R + im K T K (2n) 



I 



d* P 



2E(2tt) 3 



4 



in o I /> . in a I /> 



Here we have kept Fr only in the exponential. The Fourier transform of the Breit- 
Wigner corresponds to the exchange of particles, which, however, decay exponen- 
tially from the production point. The decay rate in space-time, as opposed to the 
amplitude, has the expected form e~ ?Rt in the rest frame, and for a moving par- 
ticle includes the relativistic time dilation. 

5.3.1 ■ Narrow Resonances and Independent Events 

An amplitude dominated by a narrow resonance can be thought of as two sepa- 
rated independent events, for example, production of the resonance in an interac- 
tion and then later, outside the initial interaction volume, decay of the resonance. 
This is necessary since a very small T r corresponds to a long lifetime, in which 
case we can in fact measure the intermediate state, which can fly a long distance. 
For example, a it meson produced in a reaction eventually decays, but it lives 
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m in J Initial 
State 

FIGURE 5.6 Decay of ini- 
tial state to n | + R with sub- 
sequent decay of R to n 2- 



long enough that we can make jt beams. The Breit-Wigner has exactly this prop- 
erty, as we now demonstrate for a spinless state. We look at the process shown in 
Figure 5.6. 

We consider a decay of an initial single particle state; however, the calculation 
works the same way for a two particle scattering initial state. We assume below 
that n\ and n-i stand for the final states at the vertices shown in Figure 5.6. The 
reader can calculate analogous results when there are a number of possible final 
states. We want to show that T(in —> n\ + R) = V(in — > n\ + n-i) through 
the resonance, that is, we can equally well calculate the decay as happening to 
n ] + R or into n\ + nj. Stated another way, we can think of the decay R — * ft 2 as 
happening much later, which then can't affect the decay width of the initial state. 

We write the decay formula for the diagram in Figure 5.6: 






M(R ^ n2)l 2 lM{in ^ ni + R)l 2 

— (271) 8 (p f -/?in). 



,2 



\q* - m\ + im R T R \ 2 
This formula consists of amplitudes at the two vertices and one propagator, where 

' 3 - d 3 p n 



v= /n — — n dpn 



The Breit-Wigner propagator squared is 

1 



Ui 2 



2 \? i 2r2 ' 

•m R y + m R r R 



For Vr very narrow (Tr <£C m/?), we get contributions only for q 2 near m 2 R . We 
can therefore approximate the propagator as a 8 function, which is the key factor 
in relating the rate formulas. By integrating, we can check that the correspondence 
is 



1 



2n8(q 2 



9 s 

m- R ) 



{q 2 - m 2 R ) 2 + m 2 R r 2 R 
We also make one more change, which is 



ImRTR 



[ ]<5 4 (p/ - P\n) = / [ ]5 4 (p„, + PR- p\n)8 4 (p, n ~ PR)d 4 p R , 

where [ ] is any function of the momenta. Here p 2 R = q 2 . 
With these changes we have 

r in = ^— I J2J2\ M ( R -+ n2) l 2 l M ^ in ~+ ni + 

in J n . n ~ 



x (In) S (/>„, + p R -p in ) 



Ri) 



2n8(q 2 - m\) (2jr) 4 <5 4 (p„, - p R ) 4 



2m R T R 



(2n) 4 



d" PR . 
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Next, we use 

d 3 pR 



/ 8(q 2 -m 2 R )d 4 p R 



2E R 
after integrating over the energy component of p R . Thus we can write 



r in = ^— [ Y ^^rl M(in -+ n\+R) | 2 (2tt) 4 <$ 4 (,;>„, + p R - p m ) 
2m in J ^f 2E R (2ny 



independent of /?o variables 



x -i- ( -!- V [ M(R -»■ n 2 ) | 2 (2tt) 4 5 4 (p„ 2 - p«) ] 



Note that the J2,n term ' s invariant, so we can calculate it in the mj rest frame 
giving the normal expression for F/?. Thus: 

J2 I M(«n ->/i|+/?) \ 2 (2n) 4 S 4 ( Plll +p R - Wn ). 



in ^ 

2m in 

11 \ , K 

This is just the standard calculation of the decay of the initial particle to n\ + /?, 
with /? treated the same way as the other stable particles. 

The reader should look at the case where R has, for example, spin L This 
case is interesting, since in calculating V\ n with R a real final state we use 
J2x R I M(n\ , /?, X R ) I 2 (that is, the helicity X R is a measurable); while treating R 
as an intermediate state, we use 



J2 M ( R ^R "► ri 2 )M{n u R,X R ) 



(that is, Xr is summed over in the amplitude). For the two approaches to give 
the same width for the initial state requires a linear dependence of M on the 
particle spins, the orthogonality of the spin states, and that the decay rate of R is 
independent of X R (rotational invariance). Thus, the equality depends on some of 
our very basic assumptions for how quantum mechanics works. 

5.3.2 ■ Propagators and Mass Eigenstates 

For Re7r and lmn <£. m 2 , we can approximate 

q 2 _ m 2 _ n{q 2 ) ^ q 2_ ( _ rfj\ ? (5 8) 
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where 

= Am tor q — m», and m.R = m + Am. 

2m r 2 

The operator //,„, which we diagonal ized in Section 5.2 to arrive at the meson 
masses and eigenstates, is m + Am, considered as a matrix in the SU(3) space of 
states for a given spin and parity. This should work if we ignore V r and assume 
that Am is small for all the states. This is clearly very approximate; for example, 
Vr is not small for the vector mesons and the pseudoscalar mass variation is large. 
From the propagator point of view, mixing is caused by diagrams shown in 
Figure 5.7. The gluon annihilation diagrams of Figure 5.3 would, for example, 
provide a contribution to tvjj. Assuming a negligible width, as for the pseu- 
doscalar mesons, these diagrams generate a matrix (the mass-squared matrix) 
m?. + 7Tij(q 2 ), in the space of states that can turn into each other via the inter- 
actions. If we diagonalize the matrix for a given q 2 , we get eigenvalues m 2 R (q 2 ). 
An eigenvalue will represent a physical resonance when q 2 = one of the m 2 R {q 2 ). 
These states propagate without mixing and are the mass eigenstates we find in an 
experiment. 
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FIGURE 5.7 


Mixing in particle propagation 



The mass-squared matrix is often used to calculate mass relations for the 
SU (3) pseudoscalar mesons, rather than the more approximate mass matrix H m . 
Given the measured mass eigenvalues and the makeup of the eigenstates in terms 
of quark and antiquark types, we can try to construct tz\j. Since the states in the 
propagator are virtual and all have the same q 2 , we have to make an assumption 
for the q 2 dependence of 7t,j(q 2 ), for example, that it is approximately con- 
stant over the mass range of the mesons. The general conclusions using such a 
mass-squared matrix are similar to those reached earlier in Section 5.2 using H m . 

The real part of n(q~) has, however, additional far-reaching effects. The renor- 
malization from the real part arises for all interactions, because our previous 
discussion for resonances of the strong interactions would apply equally well to 
higher-order diagrams for any particle that has an interaction vertex. This topic 
is very interesting and is related to some very important ideas we look at later — 
renormalization, including which theories make sense in perturbation theory, 
and running coupling constants, that is, the interaction strength for gauge theo- 
ries. The resulting renormalization is often infinite if just calculated in a direct 
way. The methods for dealing with these infinities, combined with our earlier 
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ideas of vertices and propagators, are the major ideas needed to understand the 
interactions in the perturbation expansion. It is interesting that the higher-order 
corrections, which are expected to be small in a perturbation approach, will 
actually provide important new concepts. 



5.4 ■ VECTOR MESON DECAYS 




Vector decay 
alars. 



We return now to the strong decays of the ground-state vector mesons. The widths 
and final states were listed in Table 5.4. Notice first that states in the same SU(2) 
multiplet (/£* + and K* {) or p + and p°) have the same width. This follows from 
the SU(2) symmetry being nearly unbroken for the case where the decay is due 
to the strong interactions. We expect also that all analogous decays are related at 
least approximately by the full SU(3) symmetry. In general, symmetry breaking 
can occur in the decay dynamics and certainly occurs when the phase space is 
different due to the various mass differences. We return to this question after we 
look at the decays from the point of view of J p conservation. 

The vector mesons decay to two or three pseudoscalar mesons; we look at the 
decays to two first, as shown in Figure 5.8. The two mesons in the final state must 
be in a relative state of one unit of angular momentum (a /?-wave decay), since 
a l~ — » 0~ + 0~ requires I = I to conserve angular momentum and parity. 
The neutral nonstrange vector mesons are C eigenstates of negative charge con- 
jugation, which must lead to a negative C final state. For the case where the final 
mesons are jr + 7r~, a charge conjugation transformation exchanges the particles 
so that C equals (— l/, which is negative for the p-wave state. This matches the 
C of the initial state. Since C|7T°) = |7T°), the final state |7r°7r°) is not produced 
(as seen in Table 5.4) since it would violate C invariance (in fact, I = 1 is not 
allowed for two identical final state bosons). 

The matrix element for the decay is: 



Mfi = gvp x p 2 Cv(p* 



Pi)> 



This is the only nonvanishing invariant linear in the spin, since e^(p^ + p%) = 
e ! yPy = 0. Thus the dynamics are reflected entirely in the one complex number 
gvp } p-y . If we calculate the width from M/j, the result is 



>P\Pi 



\gyp ] p 2 I 2 I P\ 
6n m}> 



(5.9) 



where p\ is the final-state momentum in the V rest frame. Note that for e w a given 
state of \t = 1 , m) in the rest frame of V, we get the expected angular distribution: 



dVv 



dQ 



' 2 oc|>W£,</>)| 2 . 
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FIGURE 5.9 Momentum- 
space configuration in three- 
particle decay. 



The decay to three pions, for example from the &>°, yields a more complicated 
final state. To just write the matrix element in momentum space is easiest, al- 
though we first make a few comments from the angular momentum point of view. 
We can make up a 7T^7t~7T° final state by taking a 7i + 7i~ state with an angular 
momentum I in the 7i + 7r~ relative center of mass and then adding a 7T° with an- 
gular momentum L between the n° and the overall n + 7T~ system. The spatial 
contribution to the parity is (— \) t+L and J is obtained through vector addition 
of £ and L. The negative intrinsic parity for each pion will contribute an addi- 
tional factor of —1 to the overall parity. For the co° decay we want a final state 
of C = — 1 to match the charge conjugation of the initial state. This means that 
37i° is not allowed as a final state; n + 7i~n does occur. Since C|7r°) = +\tc {) ) 
and C\n Jr TC~) — (— l) f |7r + 7r~) for a state of given £, we see that £ must be odd. 
For overall parity conservation, (— \) t+L — +1 .; thus L is also odd. The simplest 
choice is t = L = 1, in order to get J PC — 1 . For I, L both odd, the state 
changes sign under exchange of any pair of pions. This property must also hold 
for M/i written in terms of momentum space variables. 

In momentum space, M f\ will be a function of the independent variables 
needed to describe the final phase space distribution. For example, for V -* 
P\ + Pi discussed earlier, the final momenta of Pi and Pi are uniquely deter- 
mined in the center of mass and the only degree of freedom is the angular dis- 
tribution, which is determined by angular momentum conservation. Looking at a 
three-body decay in the initial-state center of mass, a main constraint from mo- 
mentum conservation is that the final particles must lie in a plane. The decay plane 
configuration is shown in Figure 5.9. 

To describe a three-body decay requires 



1 . Specifying the orientation of the decay plane. There are several ways to do 
this, for example by specifying (0, (p) of the plane normal n, which we can define 
via the direction of pi x pi in a given coordinate system. 

2. For fixed energies and relative angles of the three final particles in the decay 
plane, the configuration can be rigidly rotated around the axis n, providing another 
valid decay configuration. Specifying the rotation of all the vectors around the 
axis h requires another azimuthal angle. This third angle is needed to describe 
the decay configuration for a given external frame. The distribution of the three 
angles is determined by the particle spins; for example, if nothing has spin or we 
sum over all spins, then | Mfj \ 2 does not depend on the three angles, since the 
orientation of the plane in space must be equally likely for all choices. 

3. The configuration within the plane is specified by two variables — for ex- 
ample, E[ and E^. £3 and cos 0,-j are then determined by 4-momentum conserva- 
tion. 



A three-body decay is therefore described by five variables, of which two de- 
termine the configuration in the decay plane and reflect the dynamics, and three 
depend on helicities. We can see another way that five variables determine the 
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final state, since the phase space integral involves 

d 3 p\d 3 p 2 d 3 p 3 4 . 

~^~E~^~^T^ 8 (P [ + P2 + Pi- Pin) 

2Ey 2Ei 2Ei 
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9 4=5 variables. 

Often the variables chosen are invariant masses that are related to the center of 
mass energies; for example: 

m h = (P2 + Pi) 2 = (Pin ~ P\f = m\n + m l ~ 2m \nE\. 

Thus E\ and mL are linearly related; the same is true for £2 and m^, and £3 
and m 2 l2 ■ A plot of the density of events versus E\ , £2? shown schematically in 
Figure 5.10, gives information on the matrix element squared and is called a Dalitz 
plot. 




FIGURE 5.10 Plot of event density versus E\ and E 2 . Line is a curve of constant £3. 
Shaded area is the kinematically allowed region for E\ and Ei. This is called a Dalitz plot. 



We will calculate the density to see what the relationship is to the square of the 
matrix element. Integrating over d 3 pi leaves us with the expression: 



dr = 



M fi \ 2 d 3 p { d 3 p 2 &(E [ + E2 + E 3 ~E {n ) 



I6mj n (27r) 5 



E^ 



E 2 



where 



d 3 p\ d 3 pi 



— (p\dE\p2dE2)dQ\d&2- 



Q 1 , ^2 are defined with respect to an external axis. We change variables to 0\ , (p\ , 
relative to an external coordinate system (the same as before), and for the other 
variable we use the angles of 2 relative to 1 with the direction of p\ chosen as a 
z-axis. This defines 
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Pi ■ P2 



^,_ 2 = 0i — 02 and cos(9i_2 



\P\ \\Pi\ 
The relation between the solid angle elements is 

dQ[dQ 2 =dQ\dQ[- 2 . 

In the absence of polarization of the initial state, the matrix element squared 
cannot depend on an arbitrary direction in space, so we can integrate over dQ \ and 
dcj)\-2, which have nothing to do with the relative configuration of the particles. 
Defining (where an average over initial spins has been performed): 



/ 



J2 I Mfi 



| 2 d^id0i 2 = 4jt x In x F(E\ , £ 2 ), 



spins 



1 d COS <9|2 

8Min(2jr) J £3 



d^ ~ T^Z 3 ^(^i» E 2 )p\dE\p2dE2 8(E\ 4- E2 + £3 — £)• 



Finally, we have: 



dEidE 2 ~ 8m in (27r) 3 '' 2 J £ 3( _^i_) 



^-d cos0\2 J 

after integrating the 5 function against d (cos #12). Writing £j = p^ + m^ s 



[(/?i + P2) 2 + ^3] * n m e mj n rest frame gives 



£3 = Pi + Pi + m 3 + 2 Pi • P2 = 2| pi || /5 2 I cos6> 12 + pf + P2 + m 3- 
Thus 

£3^3 rfr 1 

— p x p 2 and = =F{E\ % E2). 

dcos0\2 dE\dE2 8mj n (27r) J 

The Dalitz plot density is directly proportional to the spin averaged matrix ele- 
ment squared and provides a nice [ink between data and the dynamics. 

The co° Dalitz plot (using somewhat different coordinates, here 7/ = kinetic 
energy = E\ — //?/) is shown in Figure 5.11. Dashed contour lines indicate re- 
gions of equal area, which would contain equal numbers of events if | M f, \ 2 — 
constant. The plot is relatively smooth (although depleted near the outer bound- 
ary), since there are no resonances with mass below ra w — 3/77^, which would 
enhance the amplitude for a given tt, tz combination. It is interesting to compare 
this to the decay of the J /\j/ to 7r + 7r~7r°, whose Dalitz plot is shown in Fig- 
ure 5.12. The J/ijj is the analogous 1~ meson made of cc. Note the strong dom- 
inance by J /-if/ — > pix — > 37r, which can be seen directly from the bands in the 
Dalitz plot. A similar result occurs for J/ij/ — > KKn, also shown in Figure 5.12. 
The three bands in J /\jr — > 3tt correspond to p + n~ , /) 7r , and p~n^ , while 
J/i/ -+ K + K~Tt {) has only two bands for K*+K~, K*~K + . The third band. 




FIGURE 5.11 Dalitz plot for the decay to -+ tc + ti'tt . Dashed bands contain equal 
areas. Axes shown are the kinetic energies or' each pion in the co rest frame; all points 
satisfy the constraint that the sum of the three kinetic energies is a constant. [From C. Alff 
et ah, Phys. Rev. Letters 9, 325 (1962).] 
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which would correspond to J /\j/ — > 0°7r°, is not allowed by isospin conservation 
since I(J/f) = 1 (</>) = 0, and / (tt°) = l . 

5.4.1 ■ Form of Meson Decay Amplitudes 

We return now to the aP —> 3n matrix element, it must be linear in the co° spin, 
change sign under exchange of any of the n pairs, and be a scalar under Lorentz 
transformations. The unique momentum space amplitude of this form can be writ- 
ten in terms of one arbitrary function g(E\ , E2): 

M fi = g(E { , E 2 )s l , V{7p efpfpfpf. 

Note that g(E\ , £2) is a fairly smooth function based on the smooth Dalitz plot. It 
is a symmetric function under interchange of any pair of pions, that is, a symmet- 
ric function of £$#+, £#-> an d ^^o, and we can choose any pair as E\ , £2. Afjfij 
vanishes if two pion momenta are collinear; this corresponds to the Dalitz plot 
boundary and accounts for the depletion at the edges. The fully anti-symmetric 
symbol, s^ap, generalizes the cross product to the case of a4-dimensional space. 
We can calculate Mfi in the op rest frame. To get a simple expression, we 
make the substitution p 71 = p w — (p n 4- p n ), which implies that we can also 
write M f[ = g(E\ , Ei)e [n)a 9 e°^ p* p n G p™ . In the co° rest frame, this is 



M/i = m a pg(E 7r+t £^-)[^o • (p n + x p n -)] t 

which is a spatial pseudoscalar. We will call the 4-dimensional expression a 
momentum-space Lorentz pseudoscalar. Note that the expression e 0) o ■ (p n + x 
Px-) — (€ m Q ■ h)\ p n A II p n - I sin^j2- We see that the polarization affects only 
the angular distribution of the normal, h, to the decay plane. It is distributed as 
I y\jn(Q- 4>) \ 2 for an initial co° polarization state 1 1, m). For an un polarized 






t©°. 



|2| = |2, - |2„- 2. 



I Mfi | z = -*-\g{E n+ , £„-) | z | p n+ | z | p n - | z sin^, 2 , 

which now depends only on the variables within the decay plane. 

We can generalize the idea of a Lorentz pseudoscalar, so that it is not necessary 
to look at individual two-body angular momenta to derive the properties of the 
matrix element for several particles in the final state, but instead can directly find 
general forms of a matrix element in momentum space. We consider a decay 
that conserves parity and involves mesons only. This means, for the S matrix, 
(Pf\ S \Pi) = {f\ S |i>, where \Pi) and \Pf) are the parity reflected states of |/) 
and |/), respectively. For the corresponding matrix elements this gives 

M fi (-V m )(-[) n = M fi (V m ), 

where V m is the set of all space vectors appearing in Mj; (the time components 
of these are unchanged under the parity transformation) and n = number of un- 
natural spin parity particles in the initial plus final state. For n odd, Mfi, with 
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regard to the various 4-momenta, is a momentum space Lorentz pseudoscalar. It 
must be a Lorentz scalar under proper Lorentz transformations, but must involve 
a product of an odd number of spatial momenta. Dot products of 4-vectors are 
Lorentz scalars, but involve an even number of spatial momenta. Therefore we 
cannot make a suitable Mji out of such dot products for n odd. We can, however, 
accomplish what we want by having a matrix element that is a function of the 
Lorentz scalars multiplied by 

,(l)i/ (2) ,,(3) w(4) 



llivvp Vfji % V G 



p 



rU) 



The V^ can be spin or 4-momentum vectors. AH four must be different or the 
sum will vanish, since e /LVGp is antisymmetric. This forbids a number of reactions, 
since no valid matrix element can be constructed. For example, the following 
processes are forbidden if parity is conserved (where J p for the initial and the 
final particles are indicated), since n is odd and the process does not have four 
independent 4-vectors: 



0~ 



0+ + 0+, 0~ -* 0"+0", + -> 0~+0~+0~, 1" -> CT+0 + . 



For n even, M/j is a momentum space Lorentz scalar, which can be constructed 
from constants or dot products of 4-momenta; such processes therefore are al- 
lowed by J p conservation. 



5.5 ■ PHYSICAL PICTURE OF DECAY PROCESS 

We turn next to the 0, which is predominantly an |.s", s) state. It is the only vector 
meson with significant decays into both two and three pseudoscalars. Using the 
relative rates and a comparison to the up allows some insight into possible decay 
mechanisms. The largest branching ratio is to final states that contain the two 
initial strange quarks. These decays must happen mainly through the creation of 
new qq pairs, which combine with those already there to form new mesons, rather 
than through annihilation into gluons that would, in the subsequent creation of 
particles, not favor strange particles. If the latter were responsible for co° and 
</>° — > 3tz we would expect that T^o^^n > r w ->3jr, whereas it is about 15 times 
smaller. The possible diagrams are of the type shown below and are labeled (a) 
and (b). 
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The data indicate that (a) ^> (b). This is called the Okubo-Zweig-Iizuka rule, 
although the complexity of the strong interactions means that a quantitative cal- 
culation is not available. This rule, which is presumably why the vector multiple! 
is nearly ideally mixed, works progressively better for systems made of heav- 
ier quarks. For example, the 1" heavy quark states J/\js and T are very narrow, 
even though decays of type (b) are available. For these mesons the analog of {a) 
is not allowed by energy conservation. For example, the analog of the K + K 
final state, called D + D~ for the charm case, is heavier than J /if. The width 
V(J /i/ — » hadrons) is only about 75 keV. 

We could ask, what would we expect for — » 3tt! From the mass matrix in 
Eq. 5.5, is expected to have a probability ~ 10~ 3 to contain 

\u,u) + \dd) 



V2 
The 

\u t u) + \dd) 



V2 

state can go into 3n via a diagram analogous to (a) and doesn't require annihi- 
lation as in (b). In addition, the a) would decay via the same diagram. We might 
expect the to 3n decay to go through this term, implying: 

1 <p~>3lZ j. 1 a-3 

— - — few x 1 . 

I co-^3n 

In reality, the ratio, which is -j^, is larger since the is heavy enough that a 
resonant channel, — » pn, exists and dominates the decay. For the analogous o>° 
amplitude, a calculation involving the p, which is virtual instead of real, allows a 
reconciliation of the two rates. 

The dominant decay pattern for the allows us a rather physical picture for 
how the decay occurs. The color field between the s and s breaks by producing a 
new pair from the vacuum, allowing formation of two new color singlets, each of 
lower mass. 




Color Field 



K + K 
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Since the singlets are "neutral," they can fly off separately, that is, the confining 
potential does not keep the states together. We will call such a "picture" a decay 
diagram. We can use these to calculate relative rates, by imposing the SU(2) sym- 
metry (or with less accuracy, the SU(3) symmetry) on processes that differ only 
by the quark flavors involved in the diagram. These diagrams give us a physical 
picture by which we can get the SU(2) or SU(3) Clebsch-Gordan coefficients 
relating such decays. In addition, since some of the neutral particles are mixtures 
of octet and singlet components, the diagrams are an explicit picture of how the 
decays are related for the two components, which is not a priori given just by the 
group symmetry. 

For example, for the (p decay diagram shown above, by SU(2) symmetry the 
process where del is created from the vacuum instead of uu, must have the same 
amplitude. Thus in the symmetry limit we expect that 

| M/,-(0 -+ K {) K {) ) | = | MfM -+ K + K~) |, 

where in the two matrix elements the analogous kaons have the same momentum. 
Because the mass of two kaons is so close to that of the 0, the final rates actually 
differ because of the SU(2) violation. This means we have to figure out how to 
apply the symmetry, since Mfi contains both the constant gyj^ /> 2 and momentum 
factors. It is not completely clear without a full theory, but we typically assume 
that dimensionless quantities like g^K+K- an ^ $sk q K^ °k ev tnc symmetry best. 
This choice is reasonable for quantities that have a finite limit as 

m a 

— — -+ 0, 



^QCD 



and vary slowly from this value for m q /\QCD small. The symmetry assumption 
amounts to ignoring the variation of the correction for different values of m q . 
With this assumption we get the prediction, using Eq. 5.9: 



»K + K~ ^0->^ () /C° 



Pk+ I 3 I Pk<> 



Using the correct kaon masses, this gives the prediction 



*+*- 1.53, 



which compares reasonably well to the experimental value of 1.46 ± 0.03. Our 
decay model has not only given us the expectation in the symmetry limit, but also 
the kinematic factors that break the symmetry. 

We can use the decay diagrams to look at the relative rates for the various 
vector meson decays. In general, for diagrams where the initial and final states 
are made of mixtures of quarks, for example, 
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\u, u) + \d, a) 



aP = 



V2 



the amplitude to go from the initial to the final hadrons wiJl involve a product of 

• the amplitude to find an initial q u ark- an ti quark pair in |/>, 

• the amplitude to create a given qq pair from the vacuum, 

• the amplitude to find the resulting set of quarks and antiquarks in the final 
state |/), 

summed over all the options for the quarks that can link \i ) and | /) . The resulting 
relations are for full matrix elements in the symmetry limit and will be applied 
to the coupling constants in the broken symmetry case. The calculation will be 
clearer as we do some examples, and is particularly simple for several pions in 
the same angular momentum final state where we can use the exchange symmetry 
of the amplitude. 

We start with K* + and draw the (p decay diagrams as well for comparison 
(A'* is equally straightforward). The resulting amplitudes are shown in the ac- 
companying figure. 



K =\s, u) 




K + =\u,I) 



A*+ k +K-=A(Pk+>P k -) 



K°=-\s,d) 




K°= d,s) 



A $->K° K° ~ A ( P K° ' P K°) 




K v =\d,I) 



A K*+-> KW -JY A ^K + ' P k°) A K^^ K°n + ~ A (Pk° ' P ^ 
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In arriving at an overall amplitude, note the factor of 1/V2 for /f* + 

due to the amplitude to find uu in the n° state, and the minus sign in AT* + 



K + n\ 



'0^ + 



u, d), not |w, d). There is a similar minus sign in the — > 
^, J). The amplitudes are all written in 
terms of one function (called A) times the constants coming from the projections 
onto the states listed above. The single function, from Section 5.4, 



AT U 7T , since tt + is 

K°K° amplitude because the K° state is 



A(p\,p2) =ge% • (p* 






contains the constant g, which is determined by the dynamics of how quarks are 
created from the vacuum for the vector mesons and overlap to form pseudoscalar 
final state mesons. Our symmetry assumption is that one value of g describes all 
the amplitudes. We see immediately that we expect: 



>K + 7T [] 



1 AT* 



K*+->K°7t + 



2' 



if we ignore the isospin-violating small mass differences — a good assumption in 
this case. This ratio is the same as the result we would get by using Clebsch- 
Gordan coefficients and the vector addition of the / = 1 pion multiplet with the 
/ = | kaon multiplet to get the / = 1>K*. By energy conservation, only uu and 
dd created from the vacuum contribute to AT* decay. For more massive states ss 
could also contribute, with equal amplitude in the limit of SU(3) symmetry. 

We look at the p + decay next — it has two amplitudes, called A\ and A2, shown 
below, which contribute coherently. 




>*i=7T A G>,c+'4<0 




A 2=~JY A b\»>K^ 



Ay and Ai interfere since they give the same final state. A is antisymmetric under 
exchange (that is, A(p K ®, p n +) = ~A(p 7l +, p n o))\ thus, adding the two gives: 

A p+ ^ n+7T o = JlA(p n+ , /v>). 

Looking at the p° decay next; we have four diagrams giving two distinct final 
states. The amplitudes A \ and A2 for the tz + tt~ final state are: 
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P°=jf (\u,u)-\d,d)) 




p° = jf (k«>-Urf» 



A 2=^<p y n ^K-) 



These interfere to give A p o^ n+Tr - — ■>/2A(p 7T +, p n -). 




A ^Qry A <K*-*te 




A 2=~(wY A ^v u v) 



For the 7r°7r° final state, A\ + A 2 = 0. Thus A p o^ n o n o = 0. Actually each 
term A\ or A 2 will vanish if we correctly include Bose symmetrization, since we 
should add an amplitude where the two tz° are exchanged prior to squaring and in- 
tegrating over the solid angle, corresponding to indistinguishable configurations. 
This correctly Bose-symmetrized amplitude vanishes for a p-wave. That is, we 
should write the Bose-symmetrized amplitude: 



A\ = 



72 



Mp%P%) + A(p%p 



OK] 



which = 0. 



Using the nonvanishing amplitudes we find, as expected, T p + 
consequence of the good SU(2) symmetry. 

To calculate co° to tztz, we have to take for the initial state: 



r^o, a general 



\u, u) + \d y d) 

~7T 



instead of 



\u, u) — \d, dj 

~7T 



which changes the sign of the del contribution relative to the uu term in the calcu- 
lation for the p°. This amounts to changing the sign of A2 and leaving A \ alone. 
This gives a width r co o^ Tr + Tr - that vanishes because the A\ and Ai contributions 
cancel, while T^o^^o^o = after Bose symmetrization. 
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We can now make a table of expectations, where we interpret symmetry break- 
ing as meaning that we use the physical momenta and masses in the function 
A and in the phase space. We delete the small contributions, other than V — > 
P\ + P2, and add together the decays of this type. Table 5.5 shows good agree- 
ment between the decay widths and expectations. Apparently, the dimensionless 
constant 

Is I 2 , 



6;r 
Note that it is not small; these are strong processes! 

TABLE 5.5 SU(3) Decay Width Expectations for 

V -> ^i + Pi- 

Measured 

Prediction for ? r _^ D , r> 
m v [ y — > r i + P2 

V rv/^p [ + p 2 —3 Expected 

2\8\ 2 \Px\* 229 2 \jl_ 

kl 2 





6^y 


>i 




31 


*I 2 I 


\PK 


P 


2 


67T, 


m\. 




2| 


«I 2 I 


Pn 


I 3 



671 

2 



l« 



1.93 2- 



The symmetry expectations work to ~ 15% for the rate and we can under- 
stand the pattern of widths, which vary by a large factor, in terms of changes in 
the various kinematically determined momenta. This level of accuracy for decays 
is typical of SU(3) symmetry comparisons — even though the masses are very 
different for the various pseudoscalars. 

We return now to the decays to 37T using the decay diagrams. As an example, 
we look at p° and co° — » 7t + 7t~n Q> . We can write eight contributing decay dia- 
grams, of which six lead to 7r + 7r _ 7r°, and two to 37r°. The rate to 3n°, however, 
vanishes because of the antisymmetric final state. We use the same notation A for 
an overall amplitude, although it now represents an amplitude of the form suitable 
for a J ~ — > 0~ + 0~ + 0~ decay. We draw the six diagrams for jr + 7r~7r° and 
group them as shown on page 176. 

The individual amplitudes have been written in terms of one of them, but have 
not yet been summed over 1111 and dd initial contributions. We have also left out 
an overall (—1) from n + = —\u,d). For 

\uu) + \dd) 
co = — , 
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'd/ n °=4T ( -u,u -d,d) d . 




jjMp K +,p n o, p 



















we add all 6, multiply by — 1, and divide by \/2, giving a nonzero result equal to 
3A(p n+ ,p 7t o,p 7r -).For 

n \uu) — \da) 



42 ' 

each uu term cancels a <iJ term and we therefore find that p° /> 37r, which 
agrees with what is seen experimentally. The decay p + -> 7r + 7r + 7r~ also does 
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not occur. In this case the antisymmetry of the final state forbids a decay that 
includes two identical bosons. 

5.5.1 ■ G Parity 

We see an interesting pattern: 

p -+ 2n, to -/> 2ic 

p /> 371, CO —> 37T, 

independent of the magnitude of the basic amplitudes. Often, when rates van- 
ish, it is due to symmetries. This is true here as well; the symmetry is called 
G parity and it applies to the annihilation diagrams through gluons as well as 
the decay diagrams. It works for interactions involving mesons with u and d 
quarks and antiquarks only or where the mesons are self charge-conjugate states 
like = \s,s). For these states the only nonzero internal, strong interaction, 
quantum numbers involve isospin. G parity is a symmetry in the limit of per- 
fect isospin; thus it is violated at a small level, for example, by electromagnetic 
interactions. G is made up out of C and isospin operators. The Hamiltonian //, 
in the symmetry limit, commutes with C and T\, T2, or T3. If we can find a G 
such that [G, 7)] = 0, [<7, H] = 0, it will be conserved over time, if we start 
in a G eigenstate. Of course, this is true of a C eigenstate as well. The advan- 
tage of a G eigenstate is that more particles are G eigenstates than C eigenstates, 
for example, 7r + , tt , 7r~ are all G eigenstates, whereas only n° is a C eigen- 
state. 

Look at C first for the pion multiplet. It leaves us within the same multiplet, 
so it can be represented as a 3 x 3 matrix operating on the n isotriplet states. The 
correct matrix is: 



C = 

We can see this from the following: For the 0~ onium state, 

n \u, u) — \d,d) 

|7r> = — n — ' 

we know that C\tt°) = |7r°); therefore, we have C|w, d) = \d, u) and C\d, u) = 
\u,d) for these analogous bound states. Since, however, |7r + ) = —\u,d) y \n~) — 
\d, u), we get the extra minus signs in the C matrix. For the C matrix, 

/] 0\ 
c = c\ c 2 = 1 . 

\o 1/ 
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Within the / = J multiplet we can represent the 7) by 3 x 3 matrices we call //. 
These are: 




l 














- 



/ 

The matrix C satisfies CIjC^ = —I* as expected for a change from particles to 
antiparticles. 

Consider next an isospin rotation with respect to h'. 



( 



R(0) 



JSh 



For 6 = it: 



I +cos 


-sin0 


\-cos6 


2 


s/2 


2 


SII10 

s/2 


cos 6 


— sin (9 

V2 


l-COSrV 


sinfl 


l+eos(9 



J2 



R(n) 




Thus, defining 



Ce 



in 1 2 




This clearly commutes with 7; and we see that G \n) — — \n) 9 that is, each ti 
state is a G eigenstate. G commutes with H in the SU(2) symmetry limit since 
both C and h do. 

What about the other mesons? For the p everything works the same way 
as for the tt except that C\p°) = — |p°). This gives a matrix representation for C 
for the p multiplet, which is minus the matrix used for the n multiplet. It still sat- 
isfies CIjC^ = — I*. The isospin rotation, however, is the same for n and p. Thus. 
G\p) = \p). What about co° or 0°? For these, I = 0,soG|^°) = C\co°) = -\cd°) 
and similarly G\<jfi) = C\</>°) = — 10°>. For the \rj) and \rj'), the G parity (which 
for these is C) is positive. Thus we can now use G parity conservation to see that: 



p ->■ 


2jz 


p A 


3tt 


G = +\ 


G = (-l) 2 


G = +[ 


G = (-l) 3 


co° or <j>° 


-^ 2n 


a) or <p° 


-> 3?r 


G = -\ 


G = (-l) 2 


G = -\ 


G = (-l) 3 



Note that earlier, we looked at the Dalitz plot for J /\j/ — > y07r. 7/^, like 0, 
has G — — I. Thus J /if/ — > p7r strongly, but 7/^r — ^ 7r + 7r~ would have to 
come about through isospin breaking, for example, electromagnetically. Thus G 
is generally useful for understanding such decays into pions. 
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5.5.2 ■ Large Invariant Mass Processes and Hadronic Jets 

The quark decay diagrams also provide a physical picture of how hadronic jets 
are formed. We take as an example the process e + e~ — > hadrons at a reasonably 
large energy away from thresholds for one resonance. At short times the process 
is viewed as occurring by the diagram in Figure 5.13(a). The q;, qi are produced 
with a large invariant mass. As they fly apart the color interaction grows, since it 
becomes increasingly stronger with separation. 






(a) (b) 

FIGURE 5.13 Short distance e+ e~~ diagrams that lead to hadrons. (a) Quark-antiquark 
production in e + e~ annihilation, (b) Lowest order processes with gluons radiated. 



On a longer time scale the color field between the quarks breaks by pair pro- 
duction from the vacuum, yielding quark-antiquark pairs of smaller invariant 
mass. This is repeated many times until we are left with particles of small mass, 
like pions, kaons, and nucleons, which no longer interact and can fly off from the 
interaction region. The final-state hadrons tend to lie along the directions of the 
initial quark and antiquark, as long as this hadron formation process generates 
little transverse momentum compared to the initial momentum. 

The formation of hadrons occurs on a longer time scale than the initial reaction 
and does not change the rate — rather analogous to the later decay of a resonance 
not changing the production rate of the resonance. The e + e~ rate is usually quan- 
tified by a cross section ratio called /?, using the analogous cross section to /x + jx~ 
pairs at the same invariant mass for normalization: 



<7Hadr< 



'vrvr 



£ 



<// ' 



QuarkTypes 



if the energy is large enough so that all quark masses and the muon mass can 
be ignored and the only diagrams are those in Figure 5.13(a). Here the quark 
electric charges e Cji are measured in units of e and the prediction for R is given 
below for several choices of the quarks that can be produced, corresponding to 
several energy ranges. Note that in the sum we get a factor of 3 due to color! 
These ideas give a good description of the rates to hadrons. Adding in extra short- 
distance diagrams where gluons can be radiated, as shown in Figure 5.13(b), we 
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Quark type 



-.«.' 3 ((i) 2 +0) 2 +M 2 )=2. 

u,d,s,c 2+3=34. 

u, d, s, c, b 3^. 

get a quantitatively excellent description. The extra gluons can give rise to 3-jet 
configurations in the final state. The data for e+e~ — » hadrons will be discussed 
in Chapter 12, along with several other processes whose rates can be understood 
using simple Feynman diagrams like Figure 5.13. 

5.6 ■ BARYON STATES OF THREE QUARKS 

We conclude this chapter by working out the ground-state baryon quark configu- 
rations. These are all color-singlet three-quark systems. We restrict the discussion 
to states made of the three light quarks only, so they again exhibit the approxi- 
mate 5(7(3) flavor symmetry. Additional baryonic states exist where light quarks 
are replaced by one or more of the heavier quarks. For the baryons, the number 
of states is restricted by the exclusion principle, unlike the situation for the me- 
son states. Since the color state is antisymmetric, the quark configuration must 
be symmetric for the exchange of the other degrees of freedom for the identi- 
cal quarks in a given baryon. This symmetry for the space and spin degrees of 
freedom was a paradox, until clarified by the color hypothesis. 

The amplitude for finding a quark should be spherically symmetric for the 
ground state. Including the spin, there will be two choices for the angular mo- 
mentum for each quark, which we indicate by -f and | for a given direction in 
space. For all three quarks in the ground state, the spatial state will be fully sym- 
metric and the constraint coming from the exclusion principle affects mainly the 
spin correlations for given flavors in the state. We find the types of states by fo- 
cusing on the spin correlations. 

We start by adding spins of two of the quarks, which will provide a two-particle 
state with spin or 1. The spin 1 state is symmetric and the spin state antisym- 
metric. For any state with two or more identical quarks, the identical quark pair 
must be in the spin 1 state based on the exclusion principle. Adding a third quark, 
we have the options shown in the diagram below, where the exchange symmetries 
are indicated. 

Symmetric 



Symmetric s' J = 3/2 



Total spin = 1 +cj^ 



4\ + 4 2 



J = 1/2 

Antisymmetric 

Total spin = +</ 3 J = 1/2 
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The J — \ state is the only fully symmetric choice and is therefore the only 
possible state for three identical quarks. The states are listed below: 

Choices for Choices for 
Flavors two-particle spin total spin 



uuu, clcld, sss 



unci, uus, ddu, dds, ssu, ssd l k or ^ 



uds 0, l 



3 i 1 

2 ' 2 ' 2 



Adding together the number of states of given total angular momentum, we 
find 10 flavor combinations with J = ^ (the 10 of 5(7(3), called a decuplet) 
and eight flavor combinations (an octet of baryons) with J = ^. All states have 
positive parity (the antibaryons would have negative parity and the same spin 
choices). 

The decuplet states with J = % , J z — | are as follows: 



Mass 
Strangeness (Mev) 



n A d f d t d t (" t d t d tl {w t « t ^ tl «t«t"t 

S "° a- A A+ A++ 



1232 



_ [d | </ T ■* tl {« t ^ t a- tl {w t " t ^ tl ,™<- 

^ — -t ^*- ^*o £*+ 1Jtt:) 

5 = _ 2 Wt^t^tl (t/t^t^tl I533 

s \ s t s f 

S = -3 Q" 1672 



Indicated are the particle names, the approximate masses, and strangeness values. 
The symmetrization notation indicates a symmetrized state: 

[u t u t d t ) = ^hM*i) t lM*2) t ifc/fo) t 

+ lM*l) t ^cl(Xl) t V^vfe) t 
+ lM*l) t f U {X 2 ) t lM*3> tL 

for example, assuming a product wave function. This state, like all the states in 
the decuplet, is explicitly symmetric under exchange of any pair. 

We can also arrive at the states in the multiplet by starting with A ++ = 
u t u t « t an d systematically applying lowering operators in the 5(7(3) space. 
For example, A ++ is part of an isospin multiplet with / = f . We thus expect 
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I- A 



++ 



= \>h = i) 

v / (/ + / 3 )(/-/ 3 +l)|/ = f , /3 = § — l) = a/3A+ 



using the 5/7(2) formula for the lowering operator. We can write /_ in terms 
of the individual quark lowering operators /_ = /_+/_+/_. Using this 
expression we indeed obtain /_A ++ = \/3A + , where the A ++ and A + states 
are u f u t M t anc * {« f w t ^ t)» respectively. 

We turn next to the octet of states with J = ^. To be specific, we look at 
the state with J z = j and take as an example the state made of uud (proton 
state). Adding two u quark states gives the following possible states with total 
spin 5=1: 

\S= 1,5, = 1) = u t u t 

|5 = 1, 5, = 0) = — = {u f u 1} 

V2 



Adding to the above a d quark, which can come in a state [5 = ^ 



. 5. = £) or 



15 



5. = — A), and using the correct Clebsch-Gordan coefficients to get the 



state | J = i , 7 Z = 



5 ), gives: 



1 1 

2' 2 



'3 1'.') 



i.-M,..o, 



1 1 

2' 2 



5"t«t,;-^(^i^l 



1 

V6 



[2w t « t ^ I — " t w I ^ t — u I u t d t] ■ 



This is the proton spin state in terms of its quark constituents. 



We can proceed similarly to generate the six J 



states that contain two 



identical quarks. To generate the two states with u, d, s quarks, we add the u + d 
spins first, giving a state with 5 = or 1, to which the s quark will be added. For 
5 = 1 the relevant spin states are: 



\S = l, S z = 1) = = {w t d t) 



|5= 1,5, =0) = 



V2 
V2 



Adding the strange quark spin state with the appropriate Clebsch-Gordan coef- 
ficients, as in the case of the proton state, gives the state with J = \, J z — 5. 
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Since the s quark is a singlet under isospin rotations, the isospin of the state is 
given by the ud part of the state. The above symmetric state with regard to u <^> d 
exchange is a state with / = 1, I3 = 0. The other states of this / = 1 multiplet 
contain uu and dd (instead of ud) with the same spin correlations. 
For the state where the u + d spins couple to S = 0, we have: 

[u t d i) - iu I d t} 

u t d I — d t u I d I u t — u I d f 



V2 



V2 V2 



This state is an isospin singlet. We can now add the s quark with spin up to get a 
state with overall spin ^ and spin up: A=({u t d i}s t ~W I d ^}s f). The two 
states made of u, d, s have different internal spin correlations and also different 
isospins. We can now display the baryon octet of states: 



•n 



• 1° 

• A 



S = -2 .H" ^H 

The spin states and masses are given in Table 5.6. Note that the states in a given 
isospin multiplet are very nearly degenerate, while the SU(3) symmetry is not as 
good. This holds for the two u,d, s states (A and E°\ which are related by the 
SU(3) symmetry but not by the isospin symmetry. 

To write the states as full product wave-functions with explicit SU(3) transfor- 
mation properties, the particles need to be assigned position states in a symmetric 
fashion, leaving the spin states unchanged. This gives, for example, the proton 
final state to within an overall sign: 

|(2V/„C?i) t iM*2) t ^i(h) I +2iM*o t Ai(h) I V/itv3) t 
+ 2^,/(*i) I ^u(h) t V^fe) t ~^u(x\) t &u(h) I ^d(h) t 

- Vo/C*0 I &u(h) t faih) t -^it(x\) I &<i(h) t &u(h) t 
- v</(*i) t tyuih) l ^u(h) t)l- 
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TABLE 5.6 Octet Baryon Spin States and Masses. 

State Spin state Mass (MeV) 

p ~7F^ 2u t « t ^ i -" t ^ I ^? t -w I « t ^ t) 938.27 



n 



-±=(2d tdlul-d^dlut-dldtut) 939.57 

E + -^(2w t«tU-«t«i^t-«>l«t^t) H89.4 

£° 7g( 2 ( w t d t)j ^ -{« t ^ D* t -W t m ^ t) H92.6 

XT -^(2cf t ^ t s I -d t ^U 5- t ~d id t s t) 1197.4 

A ^({Mt^i)Jt-(Ml^t^t) H15.7 

S° ~7e( 2s 1 * 1 " I s \ s I " 1 s I * t " t) 1314.9 

2" ~^ 2s t^di-s\sid"t~sis\d\) 1321.3 



In Table 5.6, the signs for the states within an isospin multiplet have been cho- 
sen so that the isospin raising or lowering operators satisfy the standard SU(2) 
relations. Analogously, the four other shift operators in the SU(3) space are de- 
noted 

£/+ and £/_, which transform between s ■** d. 
V + and V_, which transform between u ++ s. 

The relative signs for the states with different strangeness has been chosen so that 
V + and V-, which link S° and E + , and E~ and n, satisfy the same phase rela- 
tions as /+ and /_ do for isospin multiplets. Since the weak interactions involve 
transitions d —> u and j — > w, they act as /+ and V + raising operators in the 
5/7(3) space. The phase conventions treat these similarly. 

The baryons in the decuplet typically decay strongly to the baryons in the octet 
with the same strangeness and a pion. Decays involving kaons are forbidden by 
energy conservation. Relative branching fractions for states in given isospin mul- 
tiplets can be determined accurately in terms of SU(2) Clebsch-Gordan coeffi- 
cients. The ratio of widths can be calculated more approximately for states that 
differ in strangeness in terms of the analogous 5/7(3) coefficients. Widths vary 
from about 10 MeV to 120 MeV for these strong decays, a range rather similar to 
the range for the vector mesons. States within an isospin multiplet (for example, 
the four types of A) have nearly the same width. 

An interesting exception to the above pattern is the decay of the Q~ . As the 
only baryon with strangeness = —3, it is forbidden by energy conservation to de- 
cay strongly, and therefore decays weakly via an s — > u transition. The resulting 
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lifetime of 0.82 x 10 _l ° sec is about 1 2 orders of magnitude longer than for the 
strong decays! 

For the baryon octet the proton is the only stable particle. Since the electro- 
magnetic interactions violate isospin conservation, the decay E° —> A + y oc- 
curs. The mean lifetime for the E° is about 7 x I0~ 20 sec, about three orders 
of magnitude longer than for typical strong decays. The other six baryons in the 
octet all decay weakly, mostly via the transitions s — > u or d —> u with emis- 
sion of a virtual W. The virtual W can then, constrained by energy conservation, 
go into e~v c , ^~t> M , or a ud quark final state system. For the latter, the multiple 
quarks in the final state interact strongly, producing a baryon with one less unit 
of strangeness and a pion. The decays involving leptons (called semileptonic de- 
cays, since a hadron is also present in the final state) allow a nice verification of 
the underlying transition pattern. For example, the transition d —> u allows the 
decays: 



pe v e , and E 



Ae iv 



while the s —> u transition allows: 



ne-ii,., S° 



E e Vf, 



he v e , 



as illustrated in Figure 5.14. Transitions that change strangeness by two units, or 
decays such as E + — > ne + v e , are not seen. The decay E" 1 " —> A°e* v e does occur 
and involves the transition u — > d. This is the only system for the baryons where 
u — > d is the energetically allowed decay rather than d — » u. The transitions to 
A for E + and E~ are illustrated in Figure 5.15. 

The neutron lifetime is about 886 sec. It is very long because of the very limited 
phase space for the final state. The other weakly decaying baryons have lifetimes 
typically ~ 10~ 10 sec. 






FIGURE 5.14 Examples of diagrams for semileptonic decay of strange baryons. Note 
that certain processes, for example S° — > Yj~e + v e , although allowed by charge conser- 
vation, do not occur given the quark content of the baryons. 
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s u d 




s d u 




FIGURE 5.15 Weak transitions u -+ d and d — > it leading to semileptonic E + and £ 
decays to a A . The amplitudes for these two are equal. 



CHAPTER 5 HOMEWORK 

5.1. Consider the mass matrix discussed in the text: 



m + £ £ £ 

£ m + £ £ f 

£' £' m' + 



for the basis \u, u), \d, d), \s, s). 

(a) Show that if we use the ideally-mixed base states 

\uji) - \d,d) \u,u) + \d,d) 



V2 



V2 



\sj), 



that 



H m 



m 







m + 2£ s/l£ f 



y/lE ' m' + £ n > 
(b) Show that the masses of the three eigenstates are 

m +m' + e" +2e + A m+ m' + f" + l£ - A 
m, , , 

2 2 



where A = J[{m + 2e) - (m! + e")] 2 + 8e /2 . 
(c) For £, £ r , £ n <<C m! — m, show that these masses are approximately 

c'2 o^2 



m , m + 2£ - 



2£'< 



2£ r - 



[(m' + £") - (m + 2£)J 
with eigenstates 

|w, i/) — L/, */) |m, it) + */, rf 



[(m ; + e") - (m + 7s)] 



V2 



V2 



a |.y. A') , |s, s) + a 



|w, «) + |d,<r/) 
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where 



[(m' + e") - (m+2e)]" 

(d) Assuming this describes the masses of the vector mesons, p , to, 0, find m, m\ 
e, ol. Assume that e — e f — £ 7/ . 

5.2. Consider using a mass-squared matrix to look at the pseudoscalar mesons. In a basis 
given by 

|w, u) - \cLd) \itji) + !*£, J) 
^^,^_J and „.,-> 

we can write this matrix as 




(a) Suppose we know that the eigcnstates for the nondiagonal 2x2 submatrix are: 

\T}) = Xj -J L ) + Yr,\s t s) 

, ,. |w,w) + k d) 

Show that we can write the submatrix as 

/?4 + 2A V2A' 
v/2A r m? + A" 



-( 



X„Y n m* + XjYj*$ Y*m* + Y*m\ 



Given the values m„ = 547 MeV, m - = 958 MeV, X n = Y„> = .8, X 



-Y n = .6, find 



A, A', m*; + A". 



How large is the 5(7(3) violation in A' compared to A? 
(b) What is the physical significance of m s ^l If we estimate A" as 



'A' 
A" = A' ' 

A 



calculate m s ; s . 



5.3. Consider a particle that decays via the decay sequence: Initial state — » h | + /? — » 
n\ + 112, where R — > a*2- Assume that the resonance R has spin zero. Suppose 
we integrate over all variables except the invariant mass of /?, which we call q~, in 
a calculation of the decay width. Show that if it is sufficiently accurate to replace 
c/ 2 by a constant value m 2 R in all parts of the calculation except in the resonance 
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propagator, that 

l dr in rn R V R ln 



Tin dq 2 iq 2 ~ m 2 R ) 2 + m 2 R T\ 

Tj n is the width of the initial particle. By plotting the data in terms of the invariant 
mass squared of the resonance, summing over all other variables describing the final 
state, we can directly measure the Breit-Wigner distribution. 

5.4. Consider the elastic scattering of two scalar particles through a narrow spin zero 
resonance. Assume the resonance decays only into the initial particles. 

(a) Calculate the differential and total cross sections. 

(b) For a center of mass energy equal to the resonance mass, show that the result 
above corresponds to the maximum allowed cross section for the angular mo- 
mentum zero partial wave (derived in nonrelativistic quantum mechanics using 
phase shifts). Note, this is again a constraint from unitarity. 



5.5. The p meson has a large width so that the variation of the width with the invariant 
mass q is a significant effect. Assuming tl 
significant range in q 2 , find the expression 
enters the propagator through the expression 



mass q is a significant effect. Assuming that we can take gpmr constant over a 
significant range in q 2 , find the expression for V p(q 2 ) over this range. The width 



q- -m l p +im p r p (q z ) 
as discussed in the text. 

5.6. The vector meson mass matrix discussed in the text is the simplest choice for such a 
matrix, conceptually arising from gluon exchange, which is an SU(3) flavor singlet 
interaction. Since the vectors decay, an alternative mass matrix can be generated by 
exchange of pairs of virtual pseudoscalar mesons. The terms in the matrix would 
involve couplings at each of the two vertices (gv p { .p 2 at eacri ) and propagation 
between vertices of the virtual p-wave state made of pseudoscalars P\ and P^- 

(a) For vector base states \u,u} t \d,d), \s.s), the amplitudes to jr + 7r _ , K + K~ , 
AT /: are given by A{p n i , p n -), MPk+> Pk )> and a (Pk°> Pk {) ^ res P ec " 
tively, times a constant. Show that the constants are given by the values in the 
table below. 



State 


Coupl 


ng 


factor multip 
amplitude 


lying 




7t + 7T~ 




K + K 


K°£° 


\u, u) 


-l 




I 





W,d) 
\s.s) 


l 







-I 


-I 
I 



Why do intermediate states involving tt , ??, 7/ (for example, 7r°7r°, 7r%) not 
contribute? 
(b) Using these vector base states, construct the mass matrix, H, n , in the neutral vec- 
tor meson sector. Assume that the mixing in the matrix is given, taking \u, it) to 
|h, u) as an example, by the sum over terms \u,ii) — >• 7r + 7r - — ► \u, u) and 



■ £ — 


£' 




£ 






£" 


£ 




m 


- £ — 


£' 




£" 


£" 






£" 




m' 


-2e- 
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\u,u) — > K + K~ — ► \u, it). Since we do not know how to calculate the propa- 
gation factor for the virtual mesons, we will parameterize these via phenomeno- 
logical constants. Including the number | g \ and momentum factors from the 
vertices in the parameters below, we define the contributions to //„,, excluding 
the coupling factors from the table, as follows: 

— £ for n + 7i~ propagating between |w, it) and \cL d), 
—£' for K K propagating between \u, it) and \d, J), 
—e" for K K propagating between \u. it), \d, d) and s, .v), 
— e" for AT £ propagating between \s. s) and \s, s). 

We have chosen the sign to agree with the data for which p° is the lightest 
meson. Using m and m' as the |«, «}, |<r/, J) and |a\ 5) masses, respectively, in 
the absence of mixing, and the relative coupling factors in the table in (a), show 
that Um is: 



H n 



(c) For the matrix above, show that 

_ \uji) - \d,d) 

P ~ V2 

is always an eigenstate with eigenvalue mo = in — 2e — e' . By looking at 

the analogous diagrams for p" 1- , that is, p + —> tt^tt® — » p"*" and p + — > 
K^ K — ► p -1- via virtual pseudoscalar pairs, show that the charged p + mass is 
renormalized so it is m^4 = m — 2e — £ f . Unlike the model involving virtual 
gluons (an SL/(3) singlet) the two pseudoscalars represent octet transitions and 
the p masses are changed. The isospin symmetry, however, is maintained so that 
the three p mesons remain degenerate. 

(d) The 5/7(3) symmetry limit is obtained by e = e' — e" = £ ,f \ m = /??'. In this 
limit show that both octet states have a mass m — 3e while the singlet has mass 
m. Thus the singlet mass is not renormalized for the interaction chosen, which 
is not an SU(3) singlet. 

(e) Change to a basis given by the ideally mixed vector meson states. Show that this 
gives the mixing submatrix for the isospin zero states: 

m - e' s/2e" 
V2e" m> - 2e" 

Could you have anticipated that e would not appear? Show that for m! — m ^> 
e\ e" ', e'" , this gives for the masses m p = m — 2e — e\ m^ = m — e\ m^ = 
m — 2e'" and the amplitude to find 



|«,«) + \d y d) 



V2 
in Ihe <j> equal to 

V2e" 
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5.7. Suppose the SUO) flavor symmetry were much more exact, such that 

1. octet of pseudoscalar meson states each have a mass = 140 MeV, 

2. singlet pseudoscalar meson has a mass = 900 MeV, 

3. the neutral nonstrange vector meson octet eigenstates are p° and &>g (octet state), 
each with mass = 770 MeV. 

(a) What are the possible decays of p and co% into two pseudoscalar mesons? 

(b) What are the relative branching ratios for these decays? 

(c) Considering only the decays into two pseudoscalars, how large is T^g compared 

to r p ? 

5.8. For a two-body system we can write the total angular momentum L — x\ x p\ + 
•*2 x Pi as £ = Rem x Pan + ^rel x Prel> where in the nonrelativistic case, 

-* m\ x\ + mixi 

Ran = ; 

m\ + m.2 

is the center of mass coordinate and r re \ = x\ —xi is the relative coordinate describ- 
ing the internal motion. Here p cm = p\ + P2 and 

m 2 p\ -m\h 

Pre] = ; 

m [ + in 2 

are the momenta corresponding to the new coordinates. In studying the decay to 
three pions we assumed that we could describe the angular momentum in the center 
of mass in terms of the relative angular momentum of a pair and the angular mo- 
mentum of the third with respect to the center of mass of the initial pair. Check that 
this works. 
Defining: 

m\x\ + m%x% +W3X3 

Ran = ; ; 

m\ -\- m.2 + m^ 

~ m\x\ + m,2^2 
m 1 + m.2 

find the corresponding momenta for these coordinates and show that 

L=x\ x p\ -\-x 2 x Pi +*3 X p 3 = L cm + L\_2 + £3 versus I-2» 

where 

L cm = R cm x p cm , L\_ 2 = r\_ 2 X /i[_2, £3 versus 1-2 

~ r 3 versus I— 2 x P3 versus 1—2- 

Note that, in the relativistic situation, all masses m\ above are replaced by E {% 
but the relations for the angular momentum decomposition are unchanged. 

5.9. Consider a hypothetical uncharged particle of J p = + . Write the particle as /2 . 
Assuming the following are allowed by energy conservation and charge conjugation 
invariance, which of the following decays are allowed by conservation of angular 
momentum and parity? For the allowed decays write down the most general possible 
matrix element in terms of an overall constant. 



>l-2 = *1 -«*2> r 3 versus 1-2 



*3; 
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(a) h° 



. aO 



(b) it v -► h {) +h 

(c) n° -> A + /i° + /7° 

(d) p+ -+ 71++/*° 

5.10. Meson excited states exist where the quurk-antiquark system has nonzero angular 
momentum L. For L — 1,5= I we can have states with J =0, 1,2. Consider the 
positively charged at (1260) particle, which is made of ud with L = 1 , 5 = 1, J = 
I. Its mass is about 1260 MeV. 

(a) What is its parity? 

(b) Can it decay strongly into nicl 

(c) Can it decay strongly into prcl 

(d) For the decay that can occur, how many angular momentum channels exist and 
therefore how many independent amplitudes describe the decay? 

5.11. For L = 1,5= I, J — 2 we have a meson, called f 2(1270), which is made of 

\u,u) + \d t d) 

V2 " 

(a) What are its quantum numbers? 

(b) Can it decay strongly to ^7T? 

(c) Can it decay strongly to /97T? 

(d) Can it decay to yn^l 

(e) Can it decay to yyl 

(f) For the strong decay that occurs, find the relative branching ratios for the differ- 
ent charge states in the final state. 

5.12. Suppose the meson fo discussed in the problem above had quark content: 

\u,u) + \d,d) 
X f2 -j±—L + Yf2 \s.s). 

Using quark decay diagrams with ss, uu, and del having equal amplitudes for cre- 
ation show that the relative branching ratios are: 



r(/ 2 -» ttjt) 3z /: 



h 



Here tttt is a sum over tz + tt~ and k k and K K is a sum over K^ K~ and K K . 
To arrive at the ratio, we have ignored the effect of the different K and n masses in 
the amplitudes and phase space, which is not a good approximation. Note that the 
real /2(1270) has an 85% branching ratio to rcn and 5% to K K . 

5.13. In QCD, as a consequence of confinement, we expect the existence of mesons made 
of two gluons in a color singlet state. The simplest such state would have ./ = 0"*" 
and even charge conjugation. For this state: 
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(a) What would be the strangeness? 

(b) What would be the G parity? 
Assuming that it is sufficiently massive: 

(c) Could it decay strongly into tttt! 

(d) Could it decay strongly into nrjl 

(e) CouJd it decay strongly into npl 

(f) Could it decay electromagnetically into nrp. 

(g) Could it decay electromagnetically into Ttpl 

5.14. The strong interactions are charge conjugation invariant, so that for a strong decay: 

(Cf\S\Ci.) = (f\S\i). 

Once the transformation properties of the fields are known, this provides a constraint 
on the behavior of the matrix element in momentum space. 

(a) What is the constraint for p° — > 7r + 7r - ? For w° — > 7r + 7r _ 7r°? 

(b) Do the matrix elements we have used in the text satisfy these constraints? 

5.15. Suppose there was only one light quark flavor (all others have mass ^> \qcd)- What 
would be the quark content, charge, and J p of the ground state baryon in this case? 
Assume the light quark is the u quark (which comes in the usual three colors). 

5.16. The four states in the A multipjet decay into a nucleon and a pion. Write down 
the possible decays for each A state. Using Clebsch-Gordan coefficients, find the 
branching ratios in the cases where more than one charge combination is possible for 
the nucleon and pion. Ignore the small mass differences within the isospin multiplets. 



CHAPTER 



6 



The Constituent Quark Model 



6.1 ■ CONSTITUENT QUARKS 

The strong decays and strong interaction particle multiplets discussed in Chapter 5 
illustrate the approximate SU(3) flavor symmetry displayed by the light hadrons. 
The underlying quarks, however, have different masses as well as different values 
for their electric charge. We focus in this chapter on the consequences of these 
differences, as revealed, for example, in a variety of electromagnetic interactions. 
The electromagnetic processes serve as a good probe of the charge and spin struc- 
ture of the hadron constituents. We will look at several different processes that are 
sensitive to these features. Among the electromagnetic processes we study will be 
those that contribute to the decays of the lightest hadrons. Many of the calcula- 
tions depend on the superposition principle, illustrating the linearity of quantum 
mechanics within the world of hadrons. Since there are no free quarks, the matrix 
elements measured always involve hadrons. The underlying quarks will usually 
influence the matrix elements in surprisingly direct and simple ways. This behav- 
ior, called the "Constituent Quark Model," ultimately needs to be explained in 
terms of the QCD interaction that creates the states involved in the matrix ele- 
ments. 



6.2 ■ BARYON MAGNETIC MOMENTS 

The first properties we look at are the magnetic moments of the various light 
baryons. These moments serve to probe the spin structure of the baryons, as 
described in Section 5.6. The magnetic moments are measured by the energy 
difference for the baryon at rest with spin aligned or anti-aligned with a static 
magnetic field. This is a low-energy, long-distance phenomenon. All constituents 
of the baryon experience the same magnetic field and contribute coherently to the 
interaction energy, which is small compared to the baryon mass. 

Since no extra degrees of freedom are excited, we can write the interaction 
completely in terms of the baryon and electromagnetic fields. For the baryon at 
rest, its momentum p = and the static magnetic field can be described in terms 
of a (classical) vector potential A. Taking the proton as our example, the most 
general gauge invariant interaction we can write that conserves parity and has no 
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derivatives, since these will give vanishing contributions for p = 0, is: 



H = ei/y^fA^ + 



2m, 



■JuLvfo^ 



The normalization of the first term is specified by the value of the proton charge. 
The second has been divided by the proton mass, m p , to have the correct dimen- 
sions. Each term in H is separately gauge invariant. The only unknown is the 
constant k, which is determined by the structure of the proton. 

Using the expression for the y matrices, the second term in the interaction can 
be written as 



-ek 



2m 



-MV-BW, 



where E = (J-) in the Dirac-Pauli representation. This term is called the 
anomalous moment interaction, since it does not come directly out of the Dirac 
equation. 

We next want to separate out the spin-dependent part of the first term in 7i. 
This can be accomplished by the Gordon decomposition. Writing: 

we replace if/ in the first term in the parentheses by using the expression 

l . H 



m, 



'dx h 



and \j/ in the second term using the adjoint of the above. The magnetic field is 
being treated as a perturbation, so the proton field satisfies the free field equation. 
These substitutions give expressions where two y matrices appear. To simplify 
these expressions, we use the identity 



Y/jlYv 



{(YhYv -\-YvYh)-\- {(YhYv 



YvYix) = gfiv ~ioi.iv- 



This allows replacement of y M y y , with the sum of a term with no y matrices and 
one with an explicit spin operator. Collecting the terms resulting from the above 
substitutions gives the Gordon decomposition: 



ifYuif = 



2m , 



* 



dip- d\ff 



dx lt 



9-fy 



* 



+ 



1 



2m ,, dx x , 



(ircr^ v \j/). 



The term involving derivatives and no spin operator looks similar to the current 
in nonrelativistic quantum mechanics. For a particle at rest in a static B field 
this term doesn't contribute. In constructing the Hamiltonian from the density, we 
can integrate the term involving a jJLV by parts and discard the piece that is a perfect 
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differential. This results in a term where the derivative acts on the vector potential, 
which corresponds to a Hamiltonian density: 



-F^vifa^ 



2m p 



Finally, adding the two spin terms together gives, for the static magnetic interac- 
tion, 

— - e 

H = — jLtni^D ■ Bi//, where ^ p = (1+fc). 

2m }) 

The density yields an interaction Hamiltonian by integrating over space. Including 
the normalization factor to arrive at an energy for one particle in a volume V and 
integrating the density over V, gives the interaction Hamiltonian in terms of the 
two-component spinors for the particle at rest: 

H = -V-pX^Z ■ &X- 

This is the standard Hamiltonian used for the nonrelativistic interaction of a spin 
in a magnetic field. 

We would next like to calculate this interaction in terms of the quark con- 
stituents. To do this we will assume the following: 



1 . The states in Table 5.6 are an adequate description of the baryons in terms 
of constituent quarks in the low energy static limit. The spin correlations, 
in particular, are correct. 

2. For each quark within the baryon, the energy in a static magnetic field is 
proportional to -e q x q o q - Bx q , where e q is the charge for quark type q. To 
make this dimensionally correct requires division by a mass. We therefore 
take for each quark, by analogy with the electron moment interaction: 

— e q ..._ - ..._ 

Hq = Ym~ X v° q ' BXq = "^^A ' B M- 

We expect that m q ^ XqcDi since this is the primary mass scale for the 
light quarks. We call m q the constituent quark mass. For a given baryon, 
H — J2i=\ Hq,i wne i' e the sum i s over ^e three quark types in the baryon. 

We will, for now, approximate m u = m c \, since isospin is a very good sym- 
metry. Thus the moments should be describable in terms of two mass parameters, 
the constituent quark masses m u and m s , or one mass parameter m„ and a ratio 
r ~ m&/m Si whose deviation from 1 measures the violation of the SU(3) symme- 
try, Taking the magnetic field direction to point along the z-axis, we can calculate 
the baryon moments in terms of the quark moments by equating the expectation 
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values of H expressed in terms of the baryon moment or the various contributing 
quark terms. As an example, for the proton, the spin state: 

~ (2u f u \ d I — u \ u i d \ —u \ u \ d \) 



leads to the prediction: 
Up 



1 1 

- [4(2/x w - ii d ) + 2(fi d )] = -(4fi u 

o 3 



• V>d) 



IH 



2\ 1 

3 + 3 



e 

2m. u 



e 

2m, . 



Performing a similar calculation for the other spin ^ baryons gives the result in 
Table 6. 1 . For the predictions in the table, the measured values of \x p and \x A o are 
used to determine the following parameters: 



2.79 



336 MeV, 



.66, 



implying m s = 509 MeV. The agreement with the measured values is reasonably 
good; in particular, the model provides an understanding of the sign and mag- 
nitude of the moment for each neutral particle, which we might naively expect 
to have no moment at all. The agreement is, however, not perfect and typical 
of a phenomenologically motivated model; we do not know how to improve the 



TABLE 6.1 Baryon Magnetic Moments. 



Baryon 



Predicted moment in 
units of e/2m u 



Predicted in 
units of e/2m p 



Measured in 
units of e/2m p 



p 


1 


2.79 


2.79 


n 


2 
3 


-1.86 


-1.91 


A 


r 

3 


-0.613 


-0.613 ±.004 


E + 


[■ - "-,"] 


2.68 


2.46 ±0.01 


E° 


^-^] 


0.82 


Not measured 


E" 


4[i + ^] 


-1.04 


— 1.16±0.03 


3° 


-§[i-§o-'>] 


-1.44 


-1.25 ±0.01 


3- 


4 [i -$a-'>] 


-0.51 


-.651 ±0.003 
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agreement systematically (other than by introducing additional parameters) or to 
estimate the limitations. 

6.2.1 ■ E° Decay to A + 7, Magnetic Dipole Transition 

The E° decays electromagnetically via the transition E° —> A + y ■ It has a 
lifetime of 7.4 ± 0.7 x 10~ 20 sec, or V = 8.9 ± 0.8 x I0" 3 MeV. The photon 
carries off an energy and momentum = 74 MeV, so that the A barely recoils. We 
can think of the transition as a spin rearrangement within the baryon, which ar- 
rives at a lower energy state with the same quark content. The photon wavelength 
is large compared to the hadron size, so that this is a first-order magnetic dipole 
transition for which we can use the same quark magnetic interactions as in Sec- 
tion 6.2. Using the expression for a first-order transition derived in Section 2.9, 
M/i = TCfj(O). We take the A to be approximately at rest in the E° rest frame, 
resulting in: 

3 
Hfi(0) = - 7(2/77 EO )(2m A o)(A°| £ ^^ ■ B(0) I E°) . 



The factor of v /(2m 5: ())(2/77 A o) from the covariant spinors appears explicitly, so 
that the spin states for E° and A are two-component spinors normalized to I. The 
sum over / in the magnetic dipole operator runs over the iu cL s constituents in the 
baryon. Using the curl of the vector potential plane wave, B(0) = ik x £*, where 
k is the outgoing photon momentum and e its polarization. Using the two-body 
phase space formula from Section 3.2.3, taking m A o — ra E o, and defining: 



^-\ E 

all spins 



Mt^-*«>M 



(6.1) 



gives the result 



/ 



r = ^ / 



As an alternative way to arrive at the width, we can calculate | M \ 2 by leaving 
out the j and fixing the E° spin direction in Eq. 6. 1 . We shall do the calculation 
for a fixed spin-up initial state. The final A spin can be up or down, and we 
have to sum the rate for both. Comparing the spin states in Table 5.6 for a spin-up 
E° and A , the corresponding terms in these baryons either have the same spin 
orientations for the w, d, s or have two spins flipped. The sum of single quark spin 
operators in Eq. 6.1 can either leave the spins alone (a- term) or flip one spin at a 
time (a x and <x v terms). Thus if we start with a spin-up E°, only the a- terms have 
nonvanishing matrix elements with a spin-up A . The calculation of the transition 
to a spin-down final state requires using the A state with spin-down, which is 
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-^({ufdl}s i-{u Idtfs I). 

It has nonvanishing matrix elements only for the spin-flip terms in Eq. 6.1. 

Evaluating first the matrix element for E° and A with spin up, we need keep 
only the o z piece of the expression: 



A°f 



2 e _ 1 e _ 1 e _ 

3 2m u 3 2m u 3 2ra 9 



-^2^- <"" 



The term multiplying e z is called the transition moment a^ea* ^ n un i ts of e/2m p , 
it is predicted to be —1.61, which we find is in excellent agreement with the 
experimental data. 

A similar calculation for the spin-down A final state gives for the expression 
analogous to that in Eq. 6.3, 

-1 e . 

-(e x +ie y ). 



V3 2m u 
Thus for | M | 2 we get: 

1 M ' 2 = \ (^~) £ ' ** " ( * x ** W) |2 + I ** ' (* x ** (*» I' 
This gives finally: 




Using 



* 2 



, k = 74 MeV, m u = 336 MeV, 

4tt 137 

we get the prediction F — 8.7 x 10~ 3 MeV, which is in excellent agreement with 
the data. Note that even for a polarized initial state, the decay is isotropic if we 
sum over final spins. 

6.2.2 ■ 4> Decay to rf + 7 

The E° electromagnetic decay discussed above is the predominant decay for this 
baryon and is the only one of this type for the octet of baryons. We next look at 
a meson decay that is rather analogous to the baryon decay, but now represents 
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only a small part of the decay width for the initial particle. We look at the decay 
-> T}' + Y- This can again be thought of as a spin rearrangement within the state, 
leading to a state of lower energy. In this case the photon carries away 61.6 MeV 
and the transition is again of the magnetic dipole type. We will ignore the small 
recoil momentum of the ?/ in the following. 

Using the same procedure as in Section 6.2. 1 gives, for the width for this decay: 



r = 



8;r 2 



/' 



M\ l dQ, 



where now 



i^i 2 = - E 



all spins 






Here i runs over both quarks and antiquarks, since the mesons have both. The con- 
stituents in common for the and r}' are ss, so the spin operator that contributes 
is: 



3 2m s 



[°s - °s] ■ 



Here we have explicitly put in the opposite charges for the quark and antiquark. 

Wc do the calculation starting with a state with J z = 1 . The rate is, of course, 
independent of the initial spin direction. The spin state is given in terms of the 
constituents by | f , f ). The first term is the spin of the s, the second is the spin of 
the s. The final state has spin zero, which is 

It.D-M.t) 

V2 

The operator cr z produces no spin flips and does not contribute. Thus only o x and 
a y contribute. Applying the spin operator, we have 



I e r _ _ -. 2 e 

-— 0r v -O5 |f,t> = - — 
3 2m s L J 3 2fflj 



V2 



It. I)- II, t) 
V2 



(6.4) 



The spin-zero rj' state has a mix of q, q constituents: 



1 



\u, u) + \d, d) 



+ Yr,'\s,s) 



Taking the matrix element with the picks off the ss piece, so that we have 



V 







V2 
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We can foresee the factor 

- [e x + ie y ] 

appearing in the matrix element of the dipole operator; it is the polarization vec- 
tor of the initial 4> for spin along the z-axis. For momentum zero it is the only 
available vector along which the matrix element of the dipole moment operator 
can point. Note that, although a is an axial vector operator, the transition to a 
pseudoscalar particle results in a matrix element that is a vector. Calling the 
polarization vector e^, we get for a given photon helicity A, the contribution 
to | M | 2 : 



4 / e 
9 I 2m^ 



2 



|V(*X€*W)| 2 | Y l" 



rf 




For a polarized (/> the angular distribution is not isotropic, so the easiest way to cal- 
culate the rate is to average over initial polarizations. Averaging \e < f > -(kx e*(X.)) | 2 
over <f> polarizations gives ^\k x e*(k) | 2 . Summing this over the two photon po- 
larizations gives 1 1 k | 2 . Thus: 

|M|2 = ^(^r) '* |2|} v |2 and r = : 

Using | A: | = 61.6 MeV, m s = 509 MeV, Y n > = .8 gives a prediction that T = 
6.2 x 10~ 4 MeV. The measured value is 3.0 =b 0.6 x 10~ 4 MeV corresponding 
to a branching ratio ~ 10~ 4 . This is a small branching ratio since the (p decays 
predominantly via the strong interaction. 

It is nice that we can roughly understand the meson electromagnetic decay rate 
in terms of the quark constituents. We have, however, made two tacit assumptions 
in the calculation. The first is that the mass scale in the denominator for the quark 
magnetic moments is the same in the mesons as in the baryons. We have taken the 
constituent quark masses for baryons and mesons to be the same. The second is 
that the vector and pseudoscalar spatial wave functions are identical. This is not 
just a consequence of the SU(3) flavor symmetry, since these two particles are in 
different muJtiplets. We will return to this decay in a more systematic fashion in 
Section 6.5. 



6.3 ■ MESON AND BARYON MASSES 

In Section 6.2 we looked at baryon and meson interactions with an external field 
that is static or slowly varying over the dimensions of the hadron. We turn now 
to the interactions internal to a hadron. These interactions are responsible for the 
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mass spectrum. Our approach will again be phenomenological. By analogy with 
electromagnetic interactions in an atom, we can expect terms that do not depend 
on the quark spin orientations (analogous to electric terms) and terms that depend 
on the orientations (analogous to magnetic terms). The spin-dependent terms are 
not small, so they are not just a perturbation, as in the atom. We can get a good 
description of the masses of the lightest hadrons in terms of a smalJ number of 
phenomenological parameters that correspond to the strength of the physical ef- 
fects. The model will describe the effect of the gluon exchange terms introduced 
in Section 5.2, but will not describe the annihilation terms discussed there. It will 
provide a common approach for describing the masses of the lightest mesons and 
baryons. 

We look at the lightest hadrons made of u and d quarks first, to see what we 
might expect. The masses for these should be described in terms of Xqcd and 
the correction due to the small u and d quark masses, which for now we take to 
be identical. For the nonspm-dependent terms, we might expect the mass to be 
~ sum of the constituent quark masses. This would be 2m u for the mesons and 
3m u for the baryons. The spin-dependent terms should be proportional to d\ ■ <jj 
for pair / and j. There is only one pair for the mesons, so the splitting between 
pseudoscalars and vectors comes about because of the different expectation values 
for this spin-operator. Taking J — S\ -h 52 for the mesons, we have by squaring 
that 

Si- fr= 7 "" 5 2 ] "^ 

This gives, taking expectation values, 

/$, - 5 2 ) = -| fori =0, (6.6) 

is { .S 2 \= l - forJ=L (6.7) 

Assuming a positive coefficient for this interaction, as would be true for an s-wave 
perturbation derived from QED by replacing the product of electric charges with 
the net color charge for a q-q color singlet (— \a s from Section 4.5), the pseu- 
doscalars are pushed down in energy while the vectors are raised. 

For the baryons the analogous spin interaction arises from three pairs interact- 
ing. Thus the spin dependent terms depend on 

Y, 5i ' 5 J =4 Y, Si -Sj- 

3 pairs 3 pairs 

Using now 

J = Si + s 2 + 5 3l Y 5 ' ' Sj = k j2 ~ $ + s i + sf)]- 



pairs 
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Taking expectation values: 

£(*■*,■) = — f*j = \, 

pairs 
pairs 



(6.8) 
(6-9) 



Again, assuming a positive coefficient for this interaction, as would be the case 
for an s -wave perturbation arising from a term with strength proportional to —\a% 
for each q-q in a color singlet baryon, the spin ^ baryons (proton and neutron) are 
lowered in energy while the spin | baryons (A multiplet) are raised. This simple 
picture is shown in Figure 6.1. 



2m u / 


spin 
splitting 


3m M / 






no spin \ 


no spin\ 


£ 


spin 
splitting 

> 



FIGURE 6.1 Simple mass pattern expected for lightest hadrons. The spin interaction 
splits the initial mass, which is given in terms of the constituent quark masses. 



Using this pattern we can solve for the constituent quark masses implied by 
the physical particle masses. 

1 /3m p + m n \ 
For the mesons: m u ~ - — = 307 MeV. 

2 V 4 



„ . , 1 fm p +m A 

For the baryons: m u c^ - ' 



362 MeV. 



These are rather close to the constituent quark mass, 336 MeV, derived from the 
magnetic moments. 

We would like to discuss one last issue before turning to our phenomenological 
model. We are close to a situation where the u mass in the underlying QCD theory 
is 2^ 0. This is different from the constituent quark mass that describes a bound 
quark and includes the interaction energy. The constituent quark mass ~ ^qcd> 
We expect that the hadron masses can each be written as a given function of Xqcd 
plus a small correction coming from the nonzero u mass in the underlying theory. 
In the case of the pion, the physical mass is small and we believe that the term 
proportional to Xqcd (that is, the term for a massless quark theory) vanishes. This 
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general result follows from understanding the consequences of an extra symmetry 
in the massless limit of QCD. This symmetry is called a chiral symmetry. We will 
discuss it in Chapter 7. Our phenomenological model will result in a massless pion 
for a constituent quark mass reduced by only a small amount from the 336 MeV 
we found using the magnetic moments. 



6.3.1 ■ Meson Masses 



For the pseudoscalar mesons, we use a mass formula that is just the sum of the 
constituent quark masses minus a spin-dependent term, which is inversely pro- 
portional to the product of the constituent quark masses. The inverse dependence 
on the constituent quark masses is expected from a spin-spin interaction, whose 
strength for each quark is proportional to the magnetic moment measured in an 
external magnetic field. Thus in terms of the two constituents of mass m\ and m2, 
the pseudoscalar mass is 

2ml 

mp — my +m2 — . (6.10) 

m\ni2 

The constant in the spin-dependent term, 2mjj, is chosen to indicate how close 
the pion is to being massless. For a nonrelativistic system, this constant is 
proportional to the square of the wave function at the origin; for example, it 
is 27ra| V(0) | 2 for the electromagnetic spin-spin interaction in the positron- 
ium ground state. Taking m u — 336 MeV, and solving for mo using the pion 
mass, gives mo = 311 MeV. The value of m n would be zero if m u were equal 
to mo- In this picture, mo would be the constituent quark mass in a theory where 
the underlying quark masses vanish. The change of mo to m u coming from the 
finite underlying quark masses in the real world, is thus 25 MeV in this model. 
For the vector mesons, we will use the following mass formula: 

2 ml 

my — m\ +/T22 H A. (6.11) 

3 m\mi 

The spin-dependent term has the opposite sign and is ^ the size of the term for 
the pseudoscalars, as given by Eqs. 6.6 and 6.7. Since this term is not really a per- 
turbation, we expect the meson spatial state to be a little different from the pseu- 
doscalar state in order to arrive at an energy minimum. The constant A represents 
the effect of such a change. Using the physical masses, we get A ^ 75 MeV In 
terms of these parameters we get the masses listed in Table 6.2. Note that the en- 
try m S s is the mass of a pseudoscalar state that has no annihilation terms. It goes 
into the determination of the rj and r\' masses, along with the annihilation terms, 
as discussed in Section 5.2. The calculation of the vector meson masses assumes 
that such annihilation terms are very small for the vectors, as seen experimentally. 
The model gives an excellent description of the data. We have ignored the 
splitting within an isospin multiplet for both the data and the model. We come 
back to this splitting in Section 6.3.3. 
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TABLE 6.2 Meson Masses. 







Expected value 


Measured value 


Particle 


Mass from formula 


(MeV) 


(MeV) 


Tt 


2m I 
2m u ^ 


139 


139 








K 


2ml 
m u + m, 

m Ll m s 


493 


494 


m.ss 


2ml 
2m, £ 


786 










P 


2/n k + --£ -A 


775 


771 


K* 


2 ml 

mu + m, + A 

3 /n tf mj 


887 


892 


<P 


2 m^ 
2m, + --£- A 

3 mj 


1020 


1019 



Parameters used: m u = 336 MeV, m s = 509 MeV, m = 311 MeV, 8 = 15 MeV. 



6.3.2 ■ Baryon Masses 



The observed splitting in the baryons, for example m& — m p = 294 MeV, is 
much smaller than in the mesons, where m p — m n = 631 MeV. On the basis of 
color factors alone, we would have expected a reduction by a factor of |. We will 
make a model for the baryons with the same ingredients as for the mesons, but 
the model parameters will be matched to the baryon data. First, we must have a 
term equal to the sum of the constituent quark masses. The spin-dependent term 
includes a contribution for each pair that is proportional to the expectation value 
of Gi -5j and inversely proportional to the product of the constituent quark masses 
nijmj. For the proton and the A baryon, this gives the expressions (if we include 
no other terms) 



i! 

mi 



m = 3m u m A = 3ra M 4- 






Using the value of m A — m p , we can solve for 6, which is 255 MeV. It is analogous 
to the mo for the meson case. Solving also for m u from the data, these expressions 
do not agree with the choice of m u = 336 MeV We have to add another mass 
term, which represents an average shift in the binding energy per quark in the 
baryon versus the meson. To get agreement with the data, we must add another 
79 MeV, or 26 MeV per quark. This is comparable to the correction term we had 
to add to the vector mesons when compared to the pseudoscalars. In terms of the 
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spin operator for each pair, the baryon mass formula is now 

4 ($ ■ Sj) 

m h —m\ +m 2 + m3 + 8' + -<5 3 V -, (6. 12) 

3 ^ mim\ 

pairs •' 

where, from the previous discussion, 8' = 79 MeV, <5 = 255 MeV. The parameters 
8 and 8' have been chosen so that the mass formula agrees exactly with the p and 
A masses. 

To evaluate Eq. 6.12 for each baryon, we need to know the expectation values 
for spin operators of each quark pair within the baryon. Since the states were 
derived in Chapter 5 in terms of first coupling a quark pair and then adding a 
third quark, we can use the first pair coupling to derive the expectation values. 
To illustrate this, consider the A , E°, and E°* states. The spin term we have to 
average for these baryons, which are each made of u y d y s, is 

\f ' ^d ^it ' ^s i orf ' "s 
ml m u m s 

Consider J = S u + Sj + S s . Then: 

S u ■ S s + S { j ■ S s = 2 J — \S U + S d + S, 



2} 



S L{ * S c j. 



Theaverageofy 2 -(^ + 5j + 5, 2 )isjusty(y+l)-3[^(^ + l)]intermsofthe 
spin J of the overall state. If we knew (S u ■ Sj) we could complete the calculation. 
The u and d are coupled to give total spin 1 in the D° and E*° and total spin in 
the A . Thus, writing J Utd = S u + Sd, we have (S u • Sj) = {U}^ d - S} t - S]). 
This gives (Su ■ Sd) - \ for the E° and E*°, and -\ for the A . 

Proceeding in this way, we can figure out the predicted mass for each baryon. 
The results are given in Table 6.3. The mass formula is accurate to about 10 MeV. 
We can see the SUQ) symmetry, that is, equal masses in a multiplet, that would 
result for r = (m u /m s ) = 1. From the table, we can see that the difference in 
mass between the A and D° arises from the spin-spin interaction differences. 
For A , the u, d are coupled to give J ud = 0; therefore these two quarks do not 
give a spin-dependent interaction term with the s quark. The spin-spin attractive 
term comes entirely from the u and d interaction. In the E°we have contributions 
from each pair, including the weaker attractive term when an s quark is involved. 
Hence the average spin attraction is larger for the A and it is the lighter of the 
two baryons. 

6.3.3 ■ Meson Isospin Violating Mass Splittings 

We turn next to the isospin violating mass splittings. The electromagnetic inter- 
actions and the it, d mass difference give four types of contributions to the meson 
masses. These are as follows: 
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TABLE 6.3 Baryon Masses. 




Prediction Measured value 
Baryon Formula (MeV) (MeV) 

c3 

p 3m. u +8' - 938 938 

s 3 

A 2m u +m s +8' « 1111 1116 

m i 

, 8 3 (Ar 1\ 

£ 2m u +m, + 8' T — - - 1178 1193 

m^ ^3 3) 

8 3 (Ar r 2 \ 

1 1323 1318 

1232 1232 

K 

e3 / i o \ 

£* 2m u +m s + 8' + -^ | - + 4 I 1372 [384 

mf t \3 3 ) 

8 3 llr r 2 \ 
E* m u +2m s +5' + — — + - 1517 1532 

'»/i \ 3 3 / 

fi 3m, + S' + — rr 2 1668 1672 
^ij 

Parameters used: m„ = 336, m 5 = 509, r = {m u /m s ) = .66, 5' = 79 MeV, 8 = 255 MeV. 



1. A spin-independent term, which would correspond to the Coulomb electric 
interaction energy if the system were nonrelativistic. Using units of e for the quark 
charges, this term is e\e.jm^ for a quark-pair, where trig is a phenomeno logical 
electric parameter determined by the details of the state. The value of mg should 
be — (xXqcd, which is — 3 MeV. 

2. A magnetic spin-spin interaction term. We can write this as 



yninij I 3 \ I 



m B , 



where mg is a phenomenological magnetic parameter. Since the system is rela- 
tivistic, we expect nig — nig. The sign has been chosen so that opposite charges 
in an ,v-wave state with 7=0 have an attractive interaction. The various fac- 
tors have been included to provide a simple normalization for rng, such that the 
magnetic term for the pion is e L ejmg. 
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3. For a d quark, we need to use the correct mass, which is slightly different 
from m u . We define the mass difference by mj = m u + Am. For every d quark, 
we get a constituent quark contribution that should be increased by Am. 

4. In the spin-spin strong interaction term, we should use m c \ in the denomi- 
nator, instead of m„, for each d quark. This means replacing 



1 




1 


1 


Am 


m u 


by 


m u + Am 


~ m u 


ml 



in the spin-spin terms everywhere a d quark contributes. 

We can calculate the various isospin splittings in terms of the above four pieces. 
The success of this simple model in describing the measured mass differences is 
the clearest evidence that Am is nonzero. For the pseudoscalars the predicted 
splittings are 

I 

m n A- - m n o = -(nif.; + m B ) 

( /™o\ 3 \ 1 

m K o — m K + = Am 1+2 — r \ — -(nig + rm.g). 

\ \ m u) J 3 

Note that the 7r + , 7r° difference doesn't depend at all on the m, d mass difference, 
while the sign of the K°, K + difference is incorrect without such a term. With 
m-xv — m n o = 4.6 MeV, we get m^ + mz? = 9.2 MeV. We could solve for 
Am from m K o — m K + = 4.0 MeV, if we knew how to apportion the separate 
contributions of m£ and mg for the pion. The result for Am is, however, very 
insensitive to the energy split. Taking, for example, trig = mg = 4.6 MeV, gives 
Am = 3.2 MeV from the kaon mass difference. We can better pin down these 
parameters by using the baryon mass splittings also. We look at these next. 

6.3.4 ■ Baryon Isospin Violating Mass Splittings 

We expect the baryons to have the same four types of isospin violating mass 
contributions as the mesons. In choosing phenomenological parameters, we use 
the same values of Am and m£ for the baryons as for the mesons. This choice is 
the simplest and is motivated by the similar values for the spin independent strong 
interaction terms for the baryons and mesons. We assume that the electromagnetic 
spin dependent" term for the baryons is suppressed relative to the mesons by the 
same factor as for the spin dependent strong interaction terms in Sections 6.3.1 
and 6.3.2. Defining the baryon magnetic parameter as m», this assumption implies 
that 

8 ^ 3 



mg = .55m g. 
mo/ 
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Finally, to calculate the baryon magnetic terms we need the expectation values 
for the pairwise spin-spin operators, as we saw in Section 63.2. For the J = i 
multiplet, (S,- -Sj) = | for the first two quarks that are paired to have total angular 
momentum 1, and {Sj ■ Sj) = — \ f° r tne third quark with either of the first two 
quarks. For the J — | multiplet: (Sj ■ Sj) = \ for any pair. The equal value for 
any pair is expected, since the J = | spin state is fully symmetric. 

Using the above relations and Eqs. 6.10, 6.1 1, and 6.12 gives the splitting for- 
mulas in Table 6.4. A good description of the data is obtained with the choices 

Am = 3.0 MeV, m E = 3.0 MeV, m B = 6.0 MeV, m B = 3.3 MeV. 



TABLE 6.4 Isospin Violating Mass Splittings. 



Particular 
pair 



Formula 



Prediction Measured 

(MeV) value (MeV) 



m n + - m^o 



1 



-(m. E + m B ) 



4.5 



4.6 



m K o — m K + 



171^*0 — m/(*+ 



m^- — m^o 



ra E o — m s + 



/ fm\ \ 1 

Am 11+21 — I r \ - -(m E + rm B ) 



3.9 



Amll-U — 

\ 3 \m u 



Am 1 ± 



Am 1 + 



2r - 1 
3 

2r- 1 






, mp 

3 V 3 



2/ , (2r-l) , 
3 l m£ 6 "** 



. "*£ - -(1 +r)m B 



1.5 



5.2 



3.4 



4.0 
4.4 ±0.4 

1.3 

4.8 
3.3 ±0.1 



m-z- — m-o 



m^*- — m s *o 



m s *o — m E *+ 



m^*- — m~*o 



AM ( 1 + r(£) j + K" ,£+ t m - 



Am 1 



Am 1 - 



d+r) , 






(I +r 
3 



A " H(£)' ) + l(-' -'^ 



7.1 



3.7 



3.9 



6.5 ±0.2 



3.5 ± 



0.9 ± 1.1 



3.2 ±0.6 



Parameters used: Am = 3.0 MeV, m E = 3.0 MeV, m B = 6.0 MeV, m' B = .55 m D , r = .66, m = 31 1 MeV, 5 = 255 MeV. 
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Predictions using these parameters, as well as the experimentally measured 
mass splittings, are listed in the table. The splittings for the particles with very 
large widths (p meson and A baryon) have not been accurately determined and 
are not included. The formulas are accurate, typically, to a few tenths of an MeV 
and indicate the need for choosing m' B significantly smaller than m/?, as was 
done. Note that the general pattern is explained rather well by the formulas: for 
example, why m n — m p is one of the smallest splittings, while wc — m s o is the 
largest, why sometimes the neutral particle is heavier than its charged partner, and 
why sometimes lighter. The only puzzling mass difference is m K *o — m K *+, for 
which the measured value is in very poor agreement with the prediction (includ- 
ing any reasonable uncertainty in the parameters as determined by the other mass 
differences). 

6.3.5 ■ Decays of the 77 Meson 

The isospin-violating mass terms above provide a mechanism for mixing analo- 
gous states with different isospins. In the case of the pseudoscalars, we get mixing 
that generates a small / = 1 piece in the predominantly / = 77 and v[ '. To eval- 
uate the mixing we first imagine a situation where Am, m£, m# are ail zero. The 
resulting QCD Hamiltonian generates eigenstates: 

\u, u) — \d, d) 



\u, u) + \d.d) 
\V) = *„ r- : + Yn ^ *> 

1 n \U, It) + Id, d) 

W) = X n ^J L + Y n ,\s,s). 

Using these states, we can take into account Am, m£, ra# as perturbations. Indi- 
cating the physical states as \n) p, \r))p, \rj')p, we get 

\n) P = \7T) + Xnrj 1*7 ) + ^W W) 
Mp = \V) ~^nr, \7t) 

\r)') p = \ri')-k K n' M- 

We ignore the small mixing term for 77, rj\ since we are only interested in the 
/ = 1 piece generated in these mesons. Using first-order perturbation theory to 
estimate the mixing coefficients: 

(7t\H\ri) , (n\H\ri f ) 



A*nt] — » ^-tti}' 



where H is the isospin-violating Hamiltonian discussed in Section 6.3.3. This 
Hamiltonian does not link states with different quark content, since it has no anni- 
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hilation terms. We will see below that electromagnetic annihilation terms are very 
small and can be ignored. The strong interaction annihilation terms are large, bin 
have already been included in defining the initial QCD eigenstates. 

The only matrix element of H that we need for calculating the mixing param- 
eters is 



(u, u\ — Id, d\ 



H 



\u,u) + \d,d) 



u\ H\u,u) {d,d\ H \d,d) 



Using the mass terms defined in Section 6.3.3, this is: 



. -2| — ) | + 7 (m E + m B ) 
K m u ) / 6 



-9.3 MeV. 



Finally taking X n = .8, X^ — .6, 

X nn = 2.2 x KT 2 ^ = 1.8 x I0" 2 , \jr n < = 1.1 x 10- 2 X^ = 6.8 x J0"\ 

We look below at the rj decays in more detail; we will look at a few r\ decays later 
in the chapter 

The 77 width is Y = 1.18 keV, a small value, because it cannot decay strongly 
via isospjn -conserving decays. The decay to In is not allowed by conservation of 
J p y the decay to 3n violates G parity, and the mass of An is too large to allow any 
significant decays (only 4jt° is barely energetically allowed). We list in Table 6.5 
the primary decays and their branching ratios. 

TABLE 6.5 Primary r\ Branching Ratios. 



Channel 



Branching ratios 



2K 
3^° 



n^Tt y 



39.4% 

32.5% 

22.6% 

4.7% 



The hadronic decays to 37r can come from the / = 1 admixture in the r\ state, 
which has negative G parity like the final state. Decay from this admixture will 
have a suppression factor of | X nrj \ 2 = 3 x 10~ 4 , based on our calculation of the 
mixing. Dividing this into the measured width into 3n gives a value of 2 MeV, 
which is of strong interaction strength. 

The assumption that the 37r decays occur because of a 



|w, u) — \d, d) 

~7T 



6.4 Photon Coupling to the Vector Mesons 
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FIGURE 6.2 r\ decay via 

virtual p. 



piece in the /y allows an estimate of the relative rates to 3jt° and 7r + 7r~7r°. As- 
suming a predominantly fully symmetric s-wave final state, we can calculate the 
relative rates. For example, using the decay diagram method of Section 5.5, we 
get a prediction that the relative rate for 3tt° versus tc^tc'tc is \. This is very 
close to the measured ratio. 

The decay r) — » 2y is an example of the interesting 2y decays for the pseu- 
doscalar mesons 7T°, rj, and rj'. We will look at all three later in this chapter. We 
make two points here. First, the overall size of r\ — > 2y compared to rj —> 3n 
is not surprising, since a and X njJ are both — JO -2 . Secondly, since these are 
comparable, the contribution to the mixing amplitudes from rj -> 2y — > ;r is 
expected to be small, that is, of order a smaller than X nr} . 

The last large rj decay in Table 6.5 is to n+n'y . The simplest 7T~ l ~-7r~ system 
that can be produced has J p = 1~. This system would be dominated by the p if 
the 7r + -7r~ mass were large enough to produce a real p. The diagram is shown in 
Figure 6.2. 

The simplest assumption for the decay is that it is still dominated by the p, 
which is now virtual. This hypothesis provides a reasonably good description of 
the rate and shape of the n + -7i~ mass spectrum. It requires that we specify the 
basic rj-y-p coupling, which can be measured in the related process p — > rj 4- y. 
We will discuss such radiative decays in general later in the chapter. Before turn- 
ing to the radiative decays, we will look at the simpler coupling of the p meson 
to the photon and how the production of the n + -7i~ system with small invariant 
mass and J p = l ~ is dominated by the p. This hypothesis is called vector meson 
dominance. Several consequences of this hypothesis will be discussed in the next 
few sections. 



6.4 ■ PHOTON COUPLING TO THE VECTOR MESONS 



In Section 4.7, we looked at the decay of a vector meson made of a heavy 
quark-antiquarkpair into e~*~e~. Defining the current matrix element (0| J^\V) = 
eqtgveu' we f° un d tnat 



An _ 2 g 



where e qi is the quark charge in units of e. This current matrix element defines 
the coupling of a virtual photon to the vector meson at the vector meson mass. 
For a nonrelativistic system, g\ = \2my\\l/(0) \ 2 . Note that gy has dimensions 
of mass squared. 

We want to extend these results to vector mesons composed of a light quark 
and antiquark. These are made of mixtures of various qiq, constituents. We take 
the decay amplitude for a vector meson to a virtual photon to be proportional to 
the amplitude to find a given q\q\ pair in the vector meson times the quark charge 
6q v summed over constituents. For p° and co°, mixtures of |w, u) and \d, d) are 
the constituents of these mesons (we will ignore small mixing terms with \s, s) 
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or isospin breaking mixing). We assume that the remaining terms in the current 
matrix element, other than the charge couplings, are the same for \u, u) and \d } d). 
Replacing e qi by an averaged charge, we can write the current matrix element as: 

{^ji)g y vm 2 v e^. (6. 13) 

Here (e {Jj ) is the quark charge averaged over the amplitude to find qiqi in the 
vector V . With this parameterization of the current matrix element, g y v is a di- 
mensionless coupling constant. Factoring out e from the quark charge, we find for 
the vector meson width: 

n _ i /„ \ |2 47r 2 2 



3 



a g yV m v . (6.14) 



We list in Table 6.6 the measured widths and values extracted for g y v from the 
widths for the three light vector mesons. Note that the dominant factor govern- 
ing the relative size of the widths are the values for | (e l}} ) | 2 , which are predicted 
nicely from the quark-antiquark states. The factor g y v shows a small SU(3) vio- 
lation and, in fact, the simple formula T v ^ c -\- e - 2^ \ (e (Ji ) | 2 T, with F a constant, 
agrees rather well with the data. 

TABLE 6.6 Light Vector Meson Decays to e + e~ . 

Measured width 
Meson State |(^ y ,)| (keV) Calculated g yV 

i 



0° \s< s) 



6.85 zb 0.11 


0.28 


0.60 ± 0.02 


0.25 


1.26 ±0.04 


0.22 



6.4.1 ■ Vector Meson Dominance 

In Section 3.6.2 we discussed the Compton scattering cross section. This cross 
section, the simplest for an initial photon and charged particle, decreases with 
increasing energy and eventually becomes very small. In the lepton sector, the 
photon cross section that is largest at very high energies is given by the diagrams 
shown in Figure 6.3. 

The target is shown as a charge distribution with net charge Z. This process 
is called pair production. For energies E y ^> m c , the exchanged internal photon 
can have a very small invariant mass yielding a large cross section. For this rea- 
son, pair production is the dominant process at high energies in the lepton sector, 
despite the fact that it is of higher order than the Compton diagram. 

Looking at photons incident on a proton target, we can consider what will 
change if we replace the e^e~ in Figure 6.3 by a quark-antiquark pair. The 
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FIGURE 6.3 Pair production diagrams. 



first change is that the q, q system will interact strongly via gluon exchange. This 
exchange of gluons can result in binding of the q, q into a meson system, which 
then scatters on the target. The second change is that the interaction with the tar- 
get does not have to occur through photon exchange; rather, the meson system 
can interact strongly with the target. This picture for y + p — ► hadrons is called 
Vector Meson Dominance, since the q,q meson system must have J p = I~. 
The lightest mesons will be least virtuaJ, so the greatest contributions to the cross 
section are expected to come from p, &>, 0. This is shown in Figure 6.4. 



Final 
Hadrons 




Proton 
Target 



FIGURE 6.4 Simple Vector Meson Dominance picture of the cross section to produce 
hadrons for a real photon incident on a proton. 



We look at the p meson contribution to the cross section, since the p is the 
largest contributor. The terms in the amplitude are coupling of the y to the p, 
given by Eq. 6.13, the virtual p propagator for q 2 = 0, and the p-p scattering 
amplitude. Combining the first two pieces gives a factor of 



qi)g y vrrr v 



1 



U v .k, 



~[ e q,)8yvh v .x Y 



Note that the virtual p has the same transverse helicity as that of the incident 
photon. Measuring the quark charges in units of e, and using the p coupling from 
Table 6.6, we can calculate the probability for 



(y -► p) - | (e qi ) \ 2 g 2 yV e 2 = 4ira\ (e qi ) \ 2 g 2 /V - 



278" 



This then multiplies the p-p cross section, providing the p contribution to the 
cross section for the incident photon. 
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Adding in the other vector meson contributions, based on the analogous calcu- 
lation for V = co and <p, we get the prediction that at high energies: 



ortot(y-p) 



1 

200 



ffiot (/>-/')• 



Taking the p-p cross section equal to the measured cr lot (7T-p) then gives a very 
good description of the measured high-energy photoproduction cross section of 
hadrons. 



6.4.2 ■ p Dominance in the 7r + ,7r Channel with J p — 1 

The p meson is directly measured as an intermediate state in the production of 
a n + ~7t~ system with J p = 1~. The simplest such process occurs through the 
coupling of a virtual photon to p, as we have discussed. Focusing on the tc + -tt~ 
final state system, we describe the coupling to the photon with four- momentum 
q {JL via a current matrix element: 

(tt+tt-I^IO). 

The only four- vector that maintains gauge invariance (that is, q^ {n + n~\J }1 |0) = 
0) is P* — Pjj[ . Thus (tc + 7T~\J il |0) must be proportional to this. It can, how- 
ever, be multiplied by a Lorentz invariant function, maintaining the gauge invari- 
ance. The only invariant is the mass-squared of 7i + -n~ , which is just q~. Factor- 
ing out the charge e gives a general way to write the matrix element: 



[Tt + n-\j, L \Q)=eFAq 2 ){P^ 



P n ). 



(6.15) 



F n (q 2 ) is called the form factor of the pion. 

For q 2 in the vicinity of the p meson mass squared, we expect that the p dom- 
inates the 7i + -n~ production. This gives us an explicit result for Fjriq"). Putting 



together the p production amplitude from the photon, (e qi )g Y ptn p e p , the p prop- 



agator, and the p decay amplitude, gpnn$v,(P* 
over the virtual p spins: 



P* ), gives, after summing 



Fn(q 2 ) 



e cji)gyp 



q 2 - m 2 +im p r p (q 2 ) 



8p7T7T ■ 



(6.16) 



Here (e in ) is measured in units of e. Following the results of Sections 5.3 and 5.4, 
and taking g pjT7T independent of q 2 gives: 



where 



W) 



r =!50MeV, \P n (q) 



\h(q)\ i 
m(q) 



r . 



4mi 



m(q) 
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The p is sufficiently wide that we must allow for the q 2 dependence of the width to 
get good agreement with data. This specifies the expectations for tz + -tz~ produc- 
tion via a p meson. Using measured rates (Tables 6.6 and 5.5, and note g 2 pjr7T = 
2] g | 2 in Table 5.5), we can calculate the product of the dimensionless constants: 

(eqi)8ypgp7T7r = 1.19. 

Figure 6.5 shows the data for e + e~ — » 7r + 7r~ expressed as | F n (q 2 ) | 2 . It shows 
the large p meson contribution, a sharp dip due to co — > n + 7r~(p, cd interference) 
and at q 2 > 1 GeV 2 , the contribution from heavier resonances. 
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FIGURE 6.5 Data showing | F n (q z ) \ z for q l = m 



Data are taken using the reac- 



tion e + e — ► n + 7t . Solid line shows p contribution, including p, co interference. Inset 
shows p, co interference region. Dashed curves show models with higher mass resonances 
contributing. [From L. Barkov et al. Nucl. Phys. B256, 365(1985).] 



The form factor idea can be extended to the case of q 2 < 0, which corresponds 
to scattering of a pion by a virtual photon. In this case we have: 



(tt+I 7 m \n+) = eF n {q 2 ) (pf oui + P<) 



(6.17) 



The charge of the jt + requires F jr (0) = 1. The q 2 = value corresponds to 
the case where the n is a static source in the very nonrelativistic limit. A simple 
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point-like spin zero particle would have F n (q 2 ) — l for all q 2 , not just at q 2 = 0. 
The pion is, however, not point-like, and has a structure. 

A simple assumption for F n (q 2 ), at least in the region | q 2 | ^ J GeV~, is that 
the p meson dominates the amplitude not only for q 2 > but also for q 2 < 0. 
The Feynman diagram corresponding to this idea, which again is called Vector 
Meson Dominance, is shown in Figure 6.6. Taking q 2 = 0, Eq. 6.I6 then gives 
the prediction that F^(0) = (eq^gypgpnn — l- This relation between couplings 
is roughly satisfied, but not exact, if we use the values for the couplings seen at 

? 2 

q~=m . 




q 2 > ? 7 

FIGURE 6.6 Vector Meson Dominance picture for virtual photons with q < and 
q 2 > 0. Time runs upward. 



The p exchange picture gives an interesting prediction. Moving away from 
q 2 = 0, but constraining /^(0) = J , we get from the model the prediction 



FAq 1 ) 



I 



1--S 



We can use this for q 2 slightly negative, which describes the Coulomb scatter- 
ing from a nearly static pion source. The form factor we are looking at for this 
nonrelativistic limit is the Fourier transform of the spatial charge density in the 
pion center of mass. This gives F n (q 2 ) = f e tqx Jo(A')d 3 x y where q = (0, q) and 
Jq (x) is the spatial charge density normalized to one particle after integrating over 
the volume. For a spherically symmetric charge distribution, we can use a series 
expansion for small q 2 to show that 



FAq 1 )- 1 



±\q 2 W 2 )n. 



where {r 2 ) n is the pion mean-squared radius calculated by averaging over Jq(x), 
Comparing this to the Vector Meson Dominance formula for F n (q 2 ), where we 
use a series expansion again, we predict 



(r 2 )n 



— or y< 



V6 
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This predicts the value of the mean-square charge radius of .63 x 10~ 13 cm. This 
is in good agreement with what is measured directly in 7r + -<?~ scattering, which 
is .66 ± .02 x 10~ [ 3 cm. It also agrees with the extrapolated behavior near q 2 = 
of the data in Figure 6.5. 



6.4.3 ■ p,Lj Mixing 



The discussion of the y couplings to the vector mesons has so far assumed that 
these mesons are ideally mixed, although the data in Figure 6.5 show the need 
for a contribution from co° —> tt + tt~ . We expect in fact to have isospin violating 
mixing effects, analogous to those discussed for the tt, tj system, which will imply 
the existence of co° — » tz + tz~ . We will look at the mixing among the vector 
mesons next. The branching ratio for the tt + -tt~ decay is measured to be 1.7%. 

We start with the general mixing denominator of the propagator of Sec- 
tion 5.3.2, which gives for the p-co-(p system in the basis |w, w), \d, d), \s } s), the 
matrix 

q 2 -mjj-Jtij(q 2 y (6.18) 

Here mj- is a diagonal matrix calculated ignoring mixing due to strong interaction 
annihilation effects, which occur, for example, through three gluons or virtual 
pseudoscalar meson pairs. These, as well as the decay widths, contribute to n,j. 
The eigenstates are obtained by diagonalizing Eq. 6.18. We will ignore the real 
part of Ttjj and the /-spin violation, when defining initial eigenstates. The initially 
ignored terms can then be added as perturbations. The small size of the real part 
of 7i ij (as opposed to the widths) can be inferred from the near equality of m p 
and m w , so it is appropriate to treat these as well as the /-spin violating terms as 
perturbations. 

With the above assumptions, \u,u) and \d y d) start out degenerate, with 
mass m, and the correct eigenstates will be the mix that diagonalizes the imagi- 
nary part of 7i; j. We can, however, figure out the correct mix immediately since 
there is a symmetry, G parity, that tells us which strong states will decay such 
that they have no final states in common. Defining 

I n \ \u,u) — \d,d) n \ \u, u) + \d, d) 



results in 



L PCD 



(p |7Tp) = 0, 



if we keep only /-spin invariant terms. In fact, we can include all the /-spin invari- 
ant mixing terms in mj, leaving n pa) = 0, because these terms satisfy C-parity 
symmetry (they will, however, mix &>, (p slightly). The eigenvalues in the prop- 
agation denominator will then be m 2 — 7t pp = m 2 — im p T p and m 2 — n^ = 



m^ - im 0) F 
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Ignoring the mixing with </), we define the real eigenstates as 



\P) V 
\(0) V 



>°) + A. pia 

fi\ i 

J A /)0) 



4 



Including the /-spin violating terms, tt pco ^ 0. We can then calculate, using per- 
turbation theory. 



X 



pco 



Using Eq. 5.8, with m f 



m 0J , and the definition 

71 r 



Am 



1 pco 



pco 



2m 



p 



we can rewrite X pa) in terms of the physical p and co parameters: 



Xpco — 



A/77, 



(mp ~ '^f) ~ ( m u ~ lA f) 



(6.19) 



From this equation, we see that X pco is small mainly because T p is large. The 
large p width results in the physical p and co being very close to ideally mixed 
after /-spin violation is introduced. The particle widths are irrelevant for a tt.)] 
mixing calculation, but they are very important for the p, co case. 

We next calculate Am pco . From the mass operator, we get a contribution anal- 
ogous to that for tc, i] mixing, namely, a contribution to Am pa) due to the m LI and 
m c j m as s d i f fe re nee : 

(u,u\H\u,u) (d,d\ H \djl) 



where this is now evaluated for vector meson states. Following the results and 
notation of Section 6.3.3, this term is estimated to be 



Am 1 



£)>*(—?) 



-l.6MeV. 



The electromagnetic interactions of the vector mesons also contribute a term, 
through the single-photon annihilation diagram p — > y — > co. The contribution 
of this process is most easily calculated using Feynman diagrams and the matrix 
elements in Section 6.4. Using Eq. 3.5, with the same helicity for the p and oj. 
and q 2 ^ m 2 ~ m 2 } for the virtual photon: 



(p\J ljL \0)(()\J, i \co) 



p(0 



{ei)p(ei) m g Yp gy W m f 
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This gives 



***% = 



[ei)p(ei) 0J gy P gy 



7<xgypiy®Kip- 



Using the values of the couplings from Table 6.6, A/n^ = 0.4 MeV. Adding to- 
gether the two terms contributing to Am po)y we predict that Am po) c^ — 1 .2 MeV. 
Using the physical vector meson eigenstates implies that co will decay to 
7r + -7r~ through mixing (that is, through the / = 1 component of the co state). 
The /-spin violation, however, provides an additional possibility, which is that 



»°) 



|w, u) + \d, d) 

~7T 



can decay dixectly into 7r + -7r~. The two diagrams that contribute, as discussed in 
Section 5.5 and shown below, will no longer cancel for the co if the amplitude to 
create a dd from the vacuum is not equal to the amplitude for uu. In fact, with 
unequal masses for u and d we expect a small difference. The same phenomenon 
is evident for ss in very high energy jets, where there is a significant suppression 
factor for creating strange quarks. With the dd amplitude a little smaller than uu 
(by a factor of 1 — 2r), we expect a direct amplitude for co°: 

M f i((D° -+ tc + it~) = rM fi (p° -> n + 7t~). 





Given a direct amplitude, we must, however, also include this process in the 
mixing term n pi0 , since it provides an additional way for co° to turn into a p°, 



via co 







p°. Assuming that tt pp is predominantly due to p° 



n + TC~ — > p, we see that the contribution to n pco from direct or decay to 7t^~ji~ 
is rn pp > Collecting the contributions to \co) v — > 7T + 7r~ from the direct decay 
and the mixing term stemming from the direct decay, gives a contribution to 
Mfi(\a>)v -* 7t + n~)\ 



l pp 



L pp 



M fi (p"^n + 7T-) 



l pp 



M fi (p°^n+n-). 



Note that the direct decay and the mixing term it induces, tend to cancel. 
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Adding together all the various terms we have identified 

M f i(\co) v -> jr+Tr") = 



-2Am pco m p - m oxo 



M f i(p° -> n + n-). 



JL pp Jl oxo 

The terms contributing are due to the p° component in the co° state, coming 
from quark mass differences and electromagnetic transitions, and the contribu- 
tions from the direct decay. For a reasonable estimate of r, for instance, 

niA — m u 

r ~ — -0.01, 

^■QCD 

the term proportional to r gives a small contribution to M f\ and the term involving 
Am pco dominates — that is, we can ignore the direct decay term. Using the expres- 
sion for the decay amplitude with Am p(l) negative explains the contribution from 
the co Breit-Wigner in the p, co interference region in Figure 6.5. The co — > tc^jx' 
interfering with the dominant p resonance gives a positive enhancement to | F n p 
for q 2 < m 2 , negative interference for q 2 > m^, and an incoherent small contri- 
bution for q 2 — m 2 y Note that the phase of the co amplitude is determined by the 
denominator term of Eq. 6.19, where 

T pp ^cow ( J 1 p \ I ' t co \ LL p 



- \ rrtni - 



2m p V 2 y V 2 

This general picture agrees with the data. Using the interference we can calcu- 
late from the data that Am p(1) — —2.1 MeV. Thus our calculation of the /-spin 
violating mass mixing term is too small by ~ 1 MeV. 

In Chapter 9, we will analyze analogous mixing for the AT , K° mesons (which 
are analogous to the \u, u) and \d y d) states discussed in this section). In that case 
the mixing is due to weak transitions. Again, the initial eigenstates can imme- 
diately be delineated because of a symmetry. In the A' , K° case, CP plays the 
role that G parity did in the p, co discussion. Surprisingly, it turns out that C P is 
also broken. The breaking changes the mix a little from the "ideal" mixing solu- 
tion. The CP violation, which is visible through a forbidden 7r + -7r~ decay, can 
be classified as coming from the propagation matrix (which turns out to be very 
dominant) or as a direct decay, as we did for the p, co system. The mechanism 
and consequences of the CP violation are of great interest, since they imply a 
difference between particle and antiparticle behavior. 



6.5 ■ RADIATIVE TRANSITIONS BETWEEN PSEUDOSCALAR 
AND VECTOR MESONS 

Section 6.4 focused on a number of topics that arise when looking at the cou- 
pling of a photon to a light vector meson. Another simple first-order electromag- 
netic process involves the pseudoscalar and vector mesons, which can undergo 
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transitions in which a final state photon is emitted. An example is the transition 
4> — > v! + y discussed in Section 6.2.2, where the recoiling ?/ is nonrelativistic 
in the center of mass. The mass difference between the other mesons that have 
analogous decays are much larger and the decays are therefore relativistic. We 
will therefore treat these in a relativistically covariant way. The radiative decays 
discussed in this section serve to probe the quark content of the various mesons. 
We define the variables that can appear in the amplitude as follows: k y is the 
photon four-momentum, e£ its spin; Py is the vector meson four-momentum, e^ 
its spin; Pp is the pseudoscalar four-momentum. The matrix element must be 
a Lorentz pseudoscalar, linear in the various spins. In addition we require gauge 
invariance; that is, substituting k] L for e] x should give a vanishing result. The above 
constraints uniquely determine the matrix element for a given meson pair in terms 
of one constant. 

For P _> v + y: M fi = fvPy£^pe Y ^kle^P^ 
For V _> P + y: Mfj = fvpySwpepkSeVpV. 

Note that we could replace the momentum of the vector meson by that of the 
pseudoscalar in M/v, since the difference is k y , which already appears once in 
the fully antisymmetric expression for M/i . To calculate the rate we go to the rest 
frame of the decaying particle. 

For P -> V + y: Mj\ = mpe v ■ (e* x k y )fvp y . 
For V -> P + y: Mfj = myey ■ (e* x k y )fvp y > 

With these matrix elements, we can calculate the decay rates summed over final 
state helicities, which are 

r(P^V+y)= f2vP f Yl \ (6.20) 

r(V^ P + y)= VF ^ (6.21) 

Note that fvp y has dimensions of (mass) -1 . 

The decays for various meson pairs are expected to differ because of the dif- 
fering quark and antiquark charges and masses of their constituents. We want to 
make a plausible model of how the charges and masses enter and affect the rate. 
To do this, we recall the case discussed in Section 6.2.2 where my and nip are 
nearly equal. For V and P made of a quark of type / and antiquark 7, the magnetic 
dipole transition discussed in Section 6.2.2 gives 

f e m e «j 

JVPy = ■ 

m q . m gj 
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For example, for the (p — » r\ + y decay this gives 



2 <? 

3 W v 



4 e 
3 m^ ' 



To make an explicit model we replace 2m q . in the magnetic dipolc formula 
by n\y n where my i is the mass of the vector meson made of q\q\. This gives 
a dimensionally correct formula. Each term e (/i /my j then has to be multiplied 
by a constant, which depends on /', to account for the violation of the SUO) 
symmetry. It turns out that the data are approximately described in terms of one 
constant, independent of quark type, whose value is close to 1. Thus our formula 
for mesons with quark content q,qj — > q,qj + y is 



fv 



Py 



my. 



my. 



u 



The data indicate that | f | 2 2^ |. 

For states made of linear combinations of different quark-antiquark pairs we 
have to weight the various fyp y by the amplitudes to find the given qjcjj in each 
meson. We write this average as 



fvpy = 2( — ) f - 

yn Vj my :i J 

Factoring out a charge factor e, we can then write the rates as 



V(P^ V + y)=4akl\f \ 2 



4a i 9 




(6.22) 



(6.23) 



We use these formulas to tabulate the various predicted and measured rates in 
Table 6.7. We take ideal mixing for the p and co, 

\u, u) + \d, d) 
\r,) = X n - '-j= L + Y n \s,s) 

and the analogous expression for |?/). | /„ | 2 is assumed to be |. The cfr decay to 
jr° is expected to be dominated by the small mixture of 

\u,ii) + \d,d) 

in the 0, so we write this mixture as A.^. Finally, for the predicted rates in the 
table we choose X n = Y n ' = .8, X n * = — y r/ = .6. 
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TABLE 6.7 Pseudoscalar- Vector Radiative Widths. 
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i- 


*«i % \ 


2 

Predicted rate 


Measured rate 


Process 


\ m v, m V: 1 


(keV) 


(keV) 


co° -> 7T° + y 




1 


650 


734 ± 34 


P° — » 7T°y, p ± — » 7T ± }/ 




1 
9m 2 p 


71 


70 ±8 


&>° — > ^ + y 




1 X 2 
9m* " 


6.7 


5.5 ±0.8 


p° -» V + Y 




J 2 


53 


57 ±11 


<p -> r) + y 




-±-Y> 


54 


55 ±1 


<t>^> r\' + Y 




4 y 2 
9m 2 * 


0.47 


0.30 ± 0.06 


(j) -> 7T° + y 




0~ ^O>0 

< 




5.3 ±0.4 


K*+ -+ K+ + y 


1 
9 


2 I 


2 

59 


50 ±5 


K *o _+ K o + y 


I 
9 


1 1 

+ 


2 

124 


116 ± 10 


r\' ~> P + Y 




±x 2 


64 


60 ±5 


r\' -» co + y 




1 X 2 
9ml "' 


5.9 


6.1 ±0.8 



The model predicts the general pattern very well, for example, why co° 



n° + y; why r\' 



p + y is much larger 




7T° + y is much larger than p° 

than tp[ -> <y + y; and why £* + -> A^ + ± y is smaller than #*° -» A' 1 ' + y 
even though the latter involves only uncharged particles. Taking X ?? , Y v , X n >, Y v ' 
as coupled parameters to be extracted from the data allows their determination 
with uncertainty arising from the errors in the data and limitations in the model, 
which are not easy to quantify. This kind of analysis leads to the determination 
that X n 2^ .8, X' 2^ .6. Note, finally, that the measured rate for <p — > n° + y 
corresponds to k^ = .06. This value for the parameter is of the same order or 
magnitude, but somewhat larger than the value obtained from the simplest mass 
model in Section 5.2. 
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6.6 ■ PSEUDOSCALAR MESON DECAYS TO TWO PHOTONS 

The final topic we will consider is the decay of a neutral pseudoscaJar meson 
to two photons. This is the dominant decay for a n° and provides the largest 
branching ratio for r}°. We start again with the most general gauge invariant decay 
amplitude for P — » yy, where P is the pseudoscaJar. Labeling the photons (I) 
and (2), we get: 

+ term from exchanging (1) and (2). (6.24) 

The constant fp yy is the only dynamically-determined dimensional constant that 
governs the rate for a given pseudoscalar meson decay. 

Writing the matrix element in the pseudoscalar center of mass frame gives 



M fi = fl>YY m P |/(2) " (^(l) x ^ (l ^ 



4- exchange term. (6.25) 



The rate calculation is analogous to that for P — > V + y; however, we have to 
take into account the fact that we have identical bosons in the final state. The final 
result, after summing over helicities, is: 

r(P -> y + y) = J1±J z . (6.26) 

27T 

This is a factor of two larger than the analogous expression for P — » V + y 
because of the identical particles in the final state. 

Again, we want to make a model that accounts for the charged objects 
within P. Since two photons are emitted, each q\q\ component of P will con- 
tribute an amplitude proportional to e 1 . If there is no SU(3) violation, we must 
then have an overall amplitude proportional to the sum over the amplitudes to 
find qjcjj times e 1 We write this sum as (ej). With SU(3) violation, the terms 
involving |,s\ s) can have a somewhat different weight in the amplitude than the 
others. For simplicity we will ignore this and let the reader explore the likely 
changes due to the SU(3) violation. 

With this simplifying assumption we can write 

r(P^y + y) = \(ej)\ 2 J ' yl , 

2tt 

where f 2 is now independent of meson type P. The data and expressions for 
| (ef) \ 2 are given in Table 6.8. 



Defining r n as the ratio 



(e?)\y 



6.6 Pseudoscalar Meson Decays to Two Photons 
TABLE 6.8 Pseudoscalar Radiative Widths. 
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Meson 





(ej) 1 


2 




1 


2 




3V2 




m+'-) 


K3f + *) 



Measured width 



7.7±0.6eV 



0.47 ± 0.04 keV 



4.3 ± 0.4 keV 



with the analogous definition for rj\ 



25 



X, 7 + 



V2, 



(6.27) 



Using the data we can calculate the measured values for r n and /y as 



25 

T 

25 



V2, 



x v + -g-^ 



V2, 



>v + ^-lv 



= .92 ± .11, 



1.56 =b .20. 



Choosing X n = Y n > = 0.78 and X n > = — Y^ = 0.626 gives r^ = J and /y = 2, 
which roughly agrees with the data. Note that this is the first calculation so far 
where X n and Y n interfere. The data indicate that Y n and X }] have opposite signs, 
as we have chosen. The 5/7(3) violation gives an uncertainty that is difficult to 
estimate; we therefore have generally used values for X n , Y n , Xy, Y^ with only 
one significant figure. 

6.6.1 ■ Vector Meson Dominance and Radiative Decays 

In Section 6.4.2 we saw that reactions of a photon with the n+-7z~ system are 
mediated by the p°, which couples to the photon. This description seems to work 
well for a virtual p (at least down to q~ ^ 0) and not just near the p mass, where 
the strong interaction coupling of p to tc + -tc~ should dominate the rate. 

An analogous strong coupling should exist in the p-co-n system. Assuming a 
virtual p, we can in fact describe co decay via co — > p -j- n with subsequent decay 
of the virtual p to tt-jt. The existence of this coupling, along with the vector 
meson photon couplings, provides a mechanism for radiative decays. Extending 
the vector meson dominance hypothesis to these reactions provides a relationship 
between a number of decays in terms of the single p-co-n coupling. The reactions 
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are shown in Figure 6.7. From the diagrams we can calculate the various decay 
constants in terms of one coupling, g p(07T , and the various vector meson-photon 
couplings. 






FIGURE 6.7 Vector meson dominance for several radiative decays. 

Using the diagrams and the notation of Section 6.4, we get the following rela- 
tions from the couplings: 

Jcony = gpcoTi Syp\ e i) fit Jpny = 8p(07TSyco\ e i)co^ 
Jnyy == gpwTT Kyp\ e i) pRyioK^ilio- 

These formulas give an excellent prediction of the ratio of widths for co° -* 
it + y and p° — > n° + y. We can also use them to relate the widths for n° -> 
y + y decay and the radiative decay co° — > jt° + y . The relation for the widths is 

l^ () |3 



r(7r° -> y + y) 



Here ky and /^' J are the final state photon momenta in the respective decay pro- 
cesses. Using 



(««■>«. I -tt; 



4;ra 



18 18 ' 



£> 



.25, 



and the measured value for F(co — » jr° + y), we get the prediction: 

r(jr°-> y + y) = 7.7 eV, 
which is in excellent agreement with the measured decay width. 

6.7 ■ CONCLUSION 



We have considered a number of static properties and electromagnetic interac- 
tions for the lightest mesons and baryons. Despite the lack of a simple equation 
with which to make quantitative predictions, the existence of quarks as the back- 
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bone of the various hadrons and their low energy interactions is evident in all the 
quantities investigated. This quark model hypothesis allows the correlation of a 
large amount of data in terms of a small number of parameters. These parameters 
are often the constituent quark masses, which are defined using experimental data 
but lack a rigorous theoretical definition, and the quark charges that are well de- 
fined. In the process of correlating some of the data, we also found an interesting 
dynamical relationship called Vector Meson Dominance. It relates the photon cou- 
pling to hadrons to the photon coupling to vector mesons and the vector-hadron 
interaction. 



CHAPTER 6 HOMEWORK 

6.1. Work through the details of the calculations of the widths for the decays E° -> A°+y 
and (p — ► rf + y. 

6.2. Unfortunately, we do not have a simple method for calculating the meson and baryon 
masses in the real relativistic theory. A nonrelativistic approximation is, however, 
instructive. The simplest confining potential is the harmonic oscillator, which gives a 
Hamilton ian for systems made of particles with one given mass: 

l / ? . ?\ . h . .» -> 2 



1/9 ?\ K - 

For the meson: H = — [ p, + p 1 I H — \x\ — xi \ 

2m V / 2 

For the baryon: H = ^ (p[ + p\ + pfj + ] - Q J ^ | x { - xj \ 



The extra factor of \ in the baryon potential energy term is a result of the smaller 
color factor per pair in the baryon, compared to a meson, 

(a) Show that the ratio of ground-state binding energies for the baryon compared to 
the meson is v3. This is close to the factor of 1 .5 that we would get by assuming 
an energy per quark (constituent quark energy) that is the same for both systems. 

(b) Show that the ratio of the average spacing between particle pairs, defined by 
(| xj — xj | 2 ) '/ 2 , is (4/3) '/ 4 — 1.07 for the baryon relative to the meson. Thus, 
both states have nearly the same size when expressed in terms of the pairwise 
spacing. 

You will need to separate out the center of mass and relative motions. This calcu- 
lation should be familiar for the meson. For the baryon it can be done by defining new 
coordinates 

R is the center of mass coordinate. Besides the center of mass motion, the Hamilto- 
nian consists of 3-dimensional harmonic oscillators for the f and rj coordinates. 

6.3. For a nonrelativistic system such as positronium, the s-wave states experience an 
electromagnetic spin-spin interaction given by 
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8ttqj \ s i ' S 



We can expect a QCD analog for singlet states in the nonrelativistic limit: 



For a meson: 



For a baryon: 



8tt /4 
3 V3 



5/ ■ 5; 



l, //ty 



s 3 ft- 



-*/). 



8;r 
T 



r a * 



z — ' m : m : J 



pairs 



In the notation of our mass model, the nonrelativistic approximation implies 

\ \ J /baryon 



8 
m 



(* 3 &-3y>U 



For the harmonic oscillator model of the previous problem, show that this ratio | I 

( 2 ) 3 ^ 2 = •%- * n me nonrelativistic limit, (5//»qJ is approximately the inverse of the 
ratio of the typical spacing between pairs in the state. 

6.4. Consider the model in the text for the isospin violating mass differences. 



(a) Show thatm^ 

(b) Show that 



■mo = 7 (m E +m B ). 



(u,u\H\u,u) -(dJ.\H\d ) d) 



for the ground-state pseudoscalars. 



Am 1+2 



m 
in 



u. / 



+ ~(m E 
6 



■mb)] 



6.5. Some types of electromagnetic mass terms seen for the hadrons also contribute in 

other systems. 

(a) In the text we discussed annihilation into a single photon as a term contributing 
to p, a> mixing. This diagram will also change the />, to, and <p masses by a small 
amount. The analogous mechanism contributes to the mass of the nonrelativistic 
1~ positronium ground state via e~^~e~ — > y — > e^e~ . Show that the change in 
energy of this state is 



AE = 27ia 



\f(0)\ 2 

2 
m~, 



4 
a m e 

4 



using the Coulomb ground state wave function. This will contribute to splitting 
the 0~ and 1 ~ ground states, as discussed in Section 3.5. 
(b) The second term contributing to the positronium ground state splitting is the spin- 
spin electromagnetic interaction. For .v-wave states this is given by a term for each 
state, of the form 

^ 8tt« Si '^2/ , _ _ v 
AE=— \-—H i Shx l -x 2 )). 
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Show that this contributes a term to the 0~~ and l~ ground state splitting (with 
\~ heavier): 

AE = ^a*m e . 

(c) Adding together the two terms above, show that E]- — Eq- = -^a 4 w<> = 8.45 x 
lO -4 eV. This number agrees with the data to about 1%, which is the size of the 
next-order correction. 

6.6. For a nonrelativistic meson system we can expect the color analog of the electro- 
magnetic spin-spin interaction. For the s-wave ground state, this gives an interaction 
Hamiltonian: 



8tt /4 \ (^ 'Sj) n _ _ 

— l-a s U WlXj-xj). 

3 \3 / m;m i 



(a) Show that this gives a splitting between the and 1 state, if the Hamiltonian 
is treated as a perturbation, of: 

8^/4 \ (* 3 tfi -*;)) 

AE - r - M / 



8tt /4 
3 \3 ' 



(b) The most nonrelativistic system we have is the bb system. Assuming that the 
ground state is described fairly well by a Coulomb bound state in the potential 

4 ot s 

show that 

AE = ^ y^Oi s J m b . 

(c) In the Coulombic approximation, ot s = .3. Calculate AE for this approximation. 

6.7. Consider the rp — > 3n decays. 

(a) Show that the matrix elements describing this decay are of the form 

M fi =A\ [m 2 () () ,m\ {) ,m\ J for 3^° 
V 7T \ 7T 2 n 2 JT ^ 1T \ n i J 



M 



; = Ajlm-Q ,,m , mz, +w . ..) for7r + 7r n . 



fi 



(b) Based on Bose symmetry for the 37r° case and charge conjugation symmetry for 
n + 7T~7T t show that A] is a symmetric function of the three invariant masses and 
A? is a symmetric function of m" n , andm 2 n 

(c) Assuming that A\ and Ai are nearly constant, a first-order expansion in the 
masses-squared consistent with (b) gives: 

A\ =Cj 

/\ 2 = C 2 + c 3 m; +7r _, 

where Cj, C 2 , C3 are constants. 
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(d) For C3 ~ 0, we have a fully symmetric final state in both cases. Using decay 
diagrams, but ignoring the Bose symmetrization, show that 

£i = _l 

C 2 2" 

Including Bose symmetrization, this implies a relative rate of 3!(^) = |, As- 
sume the decay is due to rj, tv® mixing. 

(e) An example of dynamics that can influence the rates, is the contribution of an 
intermediate hadronic resonance. An example consistent with the expected states 
in the quark model is an intermediate isoscalar stale with J p = + . This gives 
contributions of 

f^^s, s^o^o or jr+jr - 

Here S is the scalar with mass m s . Write the amplitudes for the 3n decays in 
terms of the S propagator and coupling constants at the two vertices. The relative 
coupling for S — ► 7r 7r° and it^~7T~ can be obtained by using CJebsch-Gordan 
coefficients or decay diagrams. 

(f) For m s ^> mrj, show that we get the fully symmetric situation of part (d). More 
generally, show that the result is consistent with the symmetric behavior of 
part (b). 

(g) An alternative mechanism to ??, 7r° mixing, that would allow 77 decay to 3n, is 
isospin violation in the decay amplitude. Assuming a fully symmetric final state, 
we can use decay diagrams to calculate the decay for an isoscalar ?}. Assuming 
a small suppression for creating dd compared to uu, show that this gives the 
same ratio of amplitudes as in (d) above. Thus either mechanism gives the same 
prediction, which agrees with the data. 

6.8. In terms of the pion form factor F n {q 2 ), calculate the differential and total cross 
section for e+e~ -> tt~^7T~ via exchange of a single photon, for an unpolarized 
initial state. 

6.9. Starting with the matrix elements in the text, complete the calculation and show that: 

f\/p v I ky I 

r(V -> P + y)= y 



12?r 

Oyy\ky 



f 2 Pvv \ky\ 3 



r(P->y + y) = 

in 
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The Full Color Gauge Theory 



7.1 ■ LOCAL GAUGE SYMMETRY 

We introduced color symmetry of the Lagrangian in Chapter 4, in various stages. 
The simplest idea was a symmetry under the interchange of one particle type 
(color) with another. This corresponds to an operation we can imagine doing, 
even in a classical physical system. This idea was broadened to a quantum oper- 
ation through the introduction of a symmetry under a change of states given by a 
unitary transformation. We envisioned the transformation as being the same ev- 
erywhere, that is, a change of the basis used in the Lagrangian. This is specified 
by a global non-Abelian gauge transformation, as opposed to just a global phase 
change (Abelian transformation), which we discussed for the simpler theories of 
Chapter 2. The color interaction term for quarks contained no derivatives and we 
introduced gluons in a way that preserved the global symmetry under color rota- 
tions of the fields in the interaction term. 

The non-Abelian gauge symmetry can be broadened to a local symmetry by 
considering the behavior of the Lagrangian under rotations of the color fields via 
a continuous spatially-dependent unitary transformation, as was first considered 
for SU(2) by Yang and Mills in J 954. This corresponds to a choice of basis for 
the quarks that changes as we move from place to place in space-time. Under such 
a transformation, the quark fields are rotated and the gluon fields transformed in 
a coordinated fashion to be specified. The color gauge theory and the transforma- 
tions are chosen so that the Lagrangian is invariant under these combined local 
operations. 

We look at the Lagrangian for one quark flavor that comes in three colors. We 
write the three colored quark fields in terms of the one-column vector \jf(x). The 
local gauge transformation then corresponds to: 

xl/(x) -+ e i9 « ix)Ttl i/(x). 

A global transformation corresponds to the functions 9 a (x) equal to constants Q . 
T a are the eight generators for SU(3) color rotations and the index a is summed 
over. The interaction term in Chapter 4 corresponds to a Lagrangian: 

£ = & yyi jL Y x — m ) ^ - 8^Yn T ^ /A "i 



= 1>Yn (^~$ T * A %) *-*£*■ (7-D 



231 



Chapter 7 The Full Color Gauge Theory 

The prescription for including the interaction in Eq. 7.1 looks very much like 
the minimal substitution used in electrodynamics to introduce electromagnetism, 
with the electron charge — e replaced by g. 

We know how \jf transforms under the gauge transformation, but what about 
A^ ? For a global transformation, we expect that A a must rotate in a fashion con- 
sistent with being in an octet representation of SU(3). However, for the local 
transformation, it also needs to change so as to compensate for the changes in- 
troduced in the Lagrangian by the derivative term operating on ijf in Eq. 7.1 — the 
only change to A fl in the simpler electromagnetic theory. 

To work out the appropriate transformations, we look at an infinitesimal local 
gauge transformation and its effect on the Lagrangian in Eq. 7.1 . We can imagine 
building up a finite transformation from repeated infinitesimal transformations. 
Under the infinitesimal transformation, we have for the quark fields: 

tfr-> (l + ie a (x)Ta)rlf, 
id \Is i'd\l/ d6 a 

The derivative term 

- S0 a 

dXfj, 

appearing in the transformed Lagrangian will be cancelled by choosing the trans- 
formation for the gluons: 

A a ^ A a 1 MaM 

M M 8 9*m 

But this is not sufficient, because it would imply no change for a global trans- 
formation, whereas we expect that A a should rotate like an SU(3) octet for this 
case. In fact, we left out a term in the transformed Lagrangian by considering 
only the derivative part, because we ignored the fact that —g^y^Tai// does not go 
into itself under non-Abelian transformations. In particular, for the infinitesimal 
transformation: 

^YviTaif -> ^YiJaf + i@b(x)isYiAT a T b - TbT a )\j/, 

Since the T a operators do not commute, the second term does not vanish. Using 
the formula for the commutator, Eq. 4.4: 

^YiJaf -> ^YfiTaX/r - fabc&b&WYtiTcir- (7.2) 

We can cancel the contribution of this second term in the transformed Lagrangian 
if we also make an additional change to A a , since the second term in Eq. 7.2 
involves the eight currents with which we started. 
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Defining now the infinitesimal gauge transformation for the A 6 ^ via 

1 c)f) 

K^ A l - —r^ - fabchA^ (7.3) 

the Lagrangian in Eq. 7.1 is locally gauge invariant. Note that the antisymmetry 
of the f a kc under exchange of indices is used to arrive at the cancellation between 
terms coming from Eqs. 7.2 and 7.3. 

For a global gauge transformation, both the current in Eq. 7.2 and the gluon 
fields in Eq. 7.3 transform identically as octets. The eight gluon field operators 
are Hermitian, so there are no separate gluons and anti-gluons. The gluons are, 
however, not charge conjugation eigenstates. The fields can also be combined in 
linear combinations to make complex field operators. This will be important for 
understanding the charge structure of the weak interactions, which have an 5(7(2) 
non-Abelian group symmetry rather similar to the 5(7(3) color symmetry. 

A given set of spin-one gauge particles interacts with a variety of fermions. 
Each quark flavor requires a term of the form given by Eq. 7.1 in the QCD La- 
grangian. Each flavor also has a term for the electromagnetic interactions. In the 
case of electromagnetism, we can scale both the phase factor in the gauge trans- 
formation for a given fermion, as well as its coupling, by the electric charge to 
arrive at a gauge invariant Lagrangian for any charge value. Thus, the value of the 
electric charge is not constrained by the gauge symmetry. This does not work for 
the gluons because the gluon transformation in Eq. 7.3 has two terms, for which g 
and B a do not appear in the same ratio. This is a consequence of not all the gener- 
ators commuting for the color interaction. As a consequence, the gauge symmetry 
requires that all quark triplets have the same coupling. Thus all quark flavors have 
identical strong interactions. 

To complete the Lagrangian we still need to add the pure gluon term to Eq. 7. 1 , 
which is analogous to the term — \F )XV F ]JLV from electromagnetism. The relevant 
field replacing F^ v should come in eight varieties so as to provide equations for 
the propagation of the eight gluons. Writing these fields as G" n ,, the additional 
term in the Lagrangian is 

-\G" IIV G%. (7.4) 

We can guess, based on the electromagnetic case, that one term that will be in- 
cluded in G a llv is 



Sx^ dx v 



(7.5) 



The requirement of gauge symmetry now is ihut Eq. 7.4 is invnr'ninl under the 
infinitesimal transformation in Eq. 7.3. The antisymmetric combination of deriva- 
tives in Eq. 7.5 eliminates the derivative term from Eq. 7.3 but not the second term 
stemming from the SU(3) rotation. By choosing 
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3 .„ 3 



G "^ = dT K ~ d7^ ~ SfobcAiAl, (7.6) 



the expression in Eq. 7.4 is gauge invariant and can be added to the Lagrangian. 
The terms in Eq. 7.4 that are independent of the coupling constant g, after 
substituting for G^ v from Eq. 7.6, give free field equations for eight massless 
gluons. The remaining terms represent gluon interactions that are uniquely deter- 
mined by the local gauge invariance in terms of a single coupling constant. The 
interaction terms that are first order in g involve three gluon fields at a point in 
space-time. A term quadratic in g also occurs. This term involves four gluon fields 
at a point in space-time. Thus, these are the types of vertices for pure gluonic in- 
teractions. This is a major change from electromagnetism, where the photon has 
no direct self-interactions. The coupling g is uniquely determined to be identical 
to the value for the coupling of gluons to quarks. 



7.2 ■ PARADOX OF NO SCALES 

We defined an SU(3) invariant Lagrangian that yields field equations for the col- 
ored quarks and gluons. It does not contain the parameter Xqcd anywhere and 
therefore provides no hint regarding how the parameter comes about. We noted 
that the it and d quark masses are very small, and we can imagine setting their 
masses to zero in the Lagrangian and ignoring the heavier quarks. In this case, 
the Lagrangian has no parameters with a mass scale, and we would expect that 
all states should be massless, reflecting the lack of a scale. This is, of course, in- 
correct and reflects again the fact that we do not know the source of Iqcd- From 
the Lagrangian we can see the types of vertices in the theory directly. But it is 
not clear what the higher-order diagrams do for the full quantum theory. These 
hold the key to Iqcd and we turn to them next. To start with a simpler (but also 
very interesting) situation, we will look first at electrodynamics for electrons and 
photons. 

7.2.1 ■ The Running Coupling Constant in Electrodynamics 

For the meson resonances, we saw that the meson propagator is modified through 
higher-order interactions. For a spin particle, the interactions result in the change 
that 

/ i 

goes into 



q 2 — m l + is q 2 — m 2 — n(q 2 ) 

For a photon, the simple higher-order interaction shown in Figure 3.5 is the cre- 
ation of an electron-positron pair that then reconverts to a photon. This will mod- 
ify the photon propagator in all processes where a photon is exchanged. For 
q 2 > (2m e ) 2 the pair can be real and we expect the analogue of n(q 2 ) for a 
photon to have an imaginary part; for q 1 < (2m e ) 2 the imaginary part vanishes 
by the unitarity relation, and rc(q 2 ) is real. Since m 2 — for the photon, the de- 
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nominator in the propagator is equal to q 2 — n(q 2 ). If n(q 2 ) ^ at q 2 — 0, 
then the photon has a mass generated by higher-order corrections to the propa- 
gator. This would violate the gauge invariance of the theory; in fact, n(q 2 ) = 
at q 2 = as a consequence of gauge invariance. Thus, factoring out a q 2 , we 
see that the denominator in the propagator can be written q 2 (\ + / (q 2 )). If we 
include the electric charge coupling factors, a photon propagator always appears 
in the combination 



-l%}iv 



e 2 



</ 2 (l+/(<y 2 )) 



We can consider the effect of the higher-order diagrams to correspond to a charge 
squared, or value for a, which is 

a{q 2 ) = -^—. (7.7) 

In particular, if /(0) ^ (which we will see is correct), or(0) is not just an- 
Thus the charge, which appeared in the Lagrangian and field equations, is not 
the charge measured experimentally in low energy processes through a potential 
(which is the Fourier transform of the renormalized matrix element due to photon 
exchange). Instead, we experimentally determine a renormalized value for the 
charge. 

The function a(q 2 ) is called a running coupling constant. It is a particular way 
in which the higher-order corrections show up in a gauge theory for the massless 
gauge particles. The other higher-order corrections, for example, to the electron 
propagator and the electron vertex, can be shown not to change this relation. The 
charge renormalization is universal, and in fact is the same for all charged particles 
that share in common the photon propagator as the carrier of the electromagnetic 
interaction. Thus, the equality of the magnitude of the proton and electron charge 
remains even after the inclusion of higher-order corrections. Since the renormal- 
ized charge is the experimentally measured charge, we will write it as e, calling 
the charge in the initial Lagrangian er> 

By measuring scattering at a q 2 not equal to zero, we can determine the run- 
ning of a(q 2 ). To express this in terms of the measured charge <?, we write in the 
propagator: 



1 +l(q 2 )= 1 +/(0) + /(4 2 )- 7(0) = 1 + 7(0) 



I(q 2 ) -1(0) 
l+/(0) 



The factor in front, 1 + 1 (0), can then be absorbed to change eo to e as for the case 
of q 2 = 0. Note, however, that the loop correction 7 (q 2 ) also contains a factor 
<?q from the two vertices involved. Thus, we can also absorb the factor 1 + 7(0) 
in the denominator of the second term by changing e^ to e 2 in 7 (q 2 ) — I (0). The 
measurable quantities are then the renormalized charge and coupling constant a 
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at q 2 = 0, and its change with q 2 through the expression 

9 a 
<x(Q) = o , (7.8) 

where we've indicated explicitly that the renormalized value of a is to be used 
in the function I (q 2 ). Note that now, the value eo does not appear anywhere and 
is in fact not directly measurable. Similarly, / (0) by itself is also unmeasurable. 
The writing of the rates for processes in terms of a small number of measurable 
constants, coupling constants, and masses, and the formulas for their running, is 
called the renormalization of the theory. If this can be applied to all orders in the 
perturbation expansion, the theory is said to be renormalizable. If not, the theory 
is nonrenormalizable and does not have a meaningful perturbation expansion. It 
can be proved that quantum electrodynamics is a renormalizable theory. 

7.2.2 ■ Expression for a(q 2 ) in Electrodynamics 

We can evaluate the contribution of the electron-positron loop to the photon prop- 
agator using the Feynman rules. The result for the propagator is 

—iguv —i —i 

^ + — (-iTi^)— + ..- (7.9) 



<r <r r 



where 



1 ILV 




i(fi + m e ) i(p- tf + m e ) 



(ieoyn) —? 2 i ■ ( ie 0Yv) 



9 9 . v-^u/uy 9 9 

p z — m z e ■ + is (q — p) 1 — m L e + ie 

(7.10) 

The charge appearing in Eq. 7.10 is the unrenormalized charge, now indicated as 
eo, based on the discussion in Section 7.2. 1 above. The factor of — 1 in front of the 
integral is associated with the positron propagator, discussed in Section 3.6, and 
the trace results from writing the expression in terms of matrices resulting from 
w, u and v, v, summed over helicities of the virtual fermions. 

The integral for n jJLV can be evaluated using general techniques developed for 
integrals resulting from higher-order Feynman diagrams. The result is that we can 
write in^v = —ig^q 2 1 (q 2 ), as anticipated earlier, with 

1{ 2, «o ["dp 2 2a [ l , n ..A q 2 z(\-z) \ n us 
I(q) = — / — y / dzz{\-z)\og 1 : — . (7.11) 

37r J ml P Z 71 Jo \ mj-lS I 

The ie in the second term gives an imaginary part for q 2 > (2m e ) 2 . The second 
term, still written as an integral, vanishes atg 2 = 0, so the first term is 1(0). 1(0) 
is not equal to zero, so the charge is indeed renormalized. Unfortunately 1(0) 
is infinite, since it diverges logarithmically as we integrate over dp 2 to infinity. 
This divergence is an indication of the incompleteness of our knowledge of all 
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the physics at very short distance scales corresponding to very large momenta. 
To cut off the integral, extra physics at very short distances would either have to 
modify the idea of a "point-like particle" or provide additional vertices that cancel 
the divergence. Note that the other charged term ions will also contribute loops, 
which add similar terms to / (q 2 ), but with larger term ion masses in the integrals. 
For small q 2 the electron term dominates the value of the second term, which 
provides the measurable effect after renormalization. We turn to this term next. 

Absorbing the 1+7(0) into the value of a atq 2 = 0, we have for the propagator 
to the single-loop level, keeping only the electron term: 



^(. + ^/Uz(l-z)log(l-^4^ V (7.12) 

q l \ * Jo \ m--i£ J) 

For | q 2 | <<C m 2 the logarithm is approximately: 

/ q 2 z(\-z) \ _ q Z(\ -z) ,_._. 

log 1 : — ^ -q — - — . (7.13) 

\ m L e — ie J ni-p 

The running with q 2 is inhibited by the existence of the fixed-scale electron mass, 
so that for \q 2 \ <*C m 2 this term is small. Thus for classical physics at very small 
q 2 , the electron charge can be adequately described just by a fixed constant. For 
I q 2 I ^> in\ we will see that the logarithm is Large (although when multiplied by 
a. it is still small, except at enormously Large q 2 ). 

Using the approximation in Eq. 7.13, we can calculate the integral in Eq. 7.12, 
giving for small | q 2 |, 

q l \ I5nm*j 

In the nonrelativistic limit, the interaction is determined by a potential that is the 
Fourier transform of a matrix element whose q 2 dependence comes entirely from 
the propagator. The second term in Eq. 7.14 gives a q 2 independent constant, 
whose Fourier transform is a <5-function at the origin. The corresponding term in 
the potential is therefore very short-range, which typically has very little effect. It 
gives a very small but measurable shift of the s- wave energy levels in the hydrogen 
atom, which serves to experimentally verify the existence and size of this term. 

If we evaluate the integral in Eq. 7.12 for a scattering problem where 
I q 2 I ^> m~, we have, approximately, 



L 



clzz{ I - z) log I ; — ^ 7 log — - 

\ mi — is I 6 m- 



We can then substitute this into Eq. 7.8 to arrive at an a(q 2 ) that runs logarith- 
mically. For the extension of such a formula to QCD, it is convenient to take the 
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point of view that we will not always refer a(q 2 ) to its value at q 2 = 0. Rather we 
can refer it to any scale fi 2 . We can accomplish this by subtracting I (fi 2 ) instead 
of 1(0) in Eq. 7.8, in which case the a at q 2 = that appears in the equation 
is replaced by ai/u 2 ). In renormalizing the coupling constant we divided arj by 
1 + /(m 2 ) instead of 1 + 7(0). 

The resulting logarithmically running coupling constant at large | q 2 | is 

« 2 \)= — ,y 2) ,.,„ . (7.i5) 



l^'og(Jgl)- 



The electron mass, which is irrelevant at very high q 2 , no longer appears; but for 
the formula to be useful we must know a(jji 2 ) at some scale [x 2 . Note that ot(\ q 2 |) 
grows with increasing \q 2 |; that is, the interaction is stronger at short distances 
and weaker at long distances. This behavior is the opposite to the behavior of the 
strong color force, as seen in the potential models in Chapter 4. Finally, for a more 
correct result we must add in the effect of loops coming from the other charged 
particles. 

7.2.3 ■ Running Coupling Constant for QCD 

In Chapter 4, gluon exchange was introduced as the mediator of the strong inter- 
actions. As in the photon case, we expect higher-order corrections due to loops. 
Since gluons interact with gluons, the loops can involve both quarks and gluons. 
The lowest-order diagrams are shown in Figure 7.1 . 





FIGURE 7.1 Loops due to q, q and multiple gluon coupling. 



The loops again require renormalization of the coupling to yield a sen- 
sible result. Since the gluons have no mass, there is no natural scale at which 
to renormalize the multi-gluon contribution. The gluon terms always yield 
logarithmically-running contributions with mass scale changes, after renormal- 
ization at a given scale. The quark pairs contribute in a manner analogous to their 
contribution in electrodynamics. For | q 2 | <<C quark mass squared the contribution 
is very small; for | q 2 | y> quark mass squared (which defines a "light" flavor for 
the given q 2 ) the quark flavor contributes, to good approximation, a term that runs 
logarithmically. Keeping only contributions from the gluons and nj "light" fla- 
vors, the running coupling can be shown to be (after renormalization, and keeping 
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only the largest logarithmic term): 

ct,(\q 2 \) = -j- ^^ 7-TTT- ( 7 - 16 ) 



+ 9^(33 _2„ / ) log (Ijjjl)' 



Here a, (I 4 2 I) is defined in terms of its value a s in 2 ) at some scale ji 2 . The strong 
coupling decreases as \q 2 \ increases; this is called asymptotic freedom. The com- 
mon convention is to pick as a reference scale \i — M/, the mass of the Z weak 
vector boson. Experimentally, a s (My) = 0.1 18 ± 0.002. This is determined by 
using processes for which a perturbation expansion in a ? (/x 2 ) is a good approxi- 
mation, and running a s from the scale \i of the given measurement to \i = Mz> 
We will look at some of the relevant measuremeuts in subsequent chapters. Note 
that for \x — M/, the number of "Might" flavors is 5. 

An alternative way to express a s (\q 2 |) is to introduce a mass scale k that 
replaces the dependence on \x. Defining: 



k 2 = /x 2 exp 



J27T 



.(33-2/i/)Mm 2 ). 
we can write in a more compact form 



(7.17) 



9 J27T 

a,(k/ 2 |)= ttttt- (7.18) 



(33-2n f )\og(^p>j' 



From this equation it is clear that <x s — > 1, as | q 2 | becomes of order A 2 . Thus k 
reveals the scale at which the theory becomes nonperturbative. This form for oc s 
is the motivation for the phenomenological Richardson color potential discussed 
in Section 4.6. 

The scale k enters, because the coupling is not a constant but runs instead. Still, 
this does not tell us where the scale comes from, which is a question outside the 
QCD theory itself. If we had a more comprehensive theory, which fixed the value 
of a s at some (perhaps very high energy) scale, then the value of k would be just 
a result of running from that scale to the scale where ot s becomes ^ 1. 

In the discussion above we ignored quark mass effects. The coupling constant 
is a smooth function, so that as a quark goes from being "heavy" (say, m q ^> /x) 
to being "light" (say, m q <<C \x) the running of a s changes (that is, the derivative 
changes), but the value is continuous through the transition region. A reasonable 
prescription is to match the formulas for a s so that or jV (/x, nj — I) = a s (/.i. n /) 
at fi = m q . This results in a k that is not a constant, but rather changes with the 
mass region of interest. Thus k should have a superscript k^f^ that indicates the 
number of active flavors. The kQco used earlier to describe the scale relevant for 
u,d,s quark interactions is most analogous to k^\ The change in a s between 
scales fi\ and \±2 is thus sensitive to all strongly-interacting fields that can be 
excited over the given mass region, while high-mass physics, with masses ^> \x\ 
and /X2, largely cannot be seen. 



240 



Chapter 7 The Full Color Gauge Theory 



The expression given by Eq. 7.18 is a good approximation over a range of 
| cj 2 | provided the logarithm in the denominator is large. In practice, to compare 
to data, we obtain a somewhat better approximation by keeping additional terms in 
the expression for a s after renormalization. For example, keeping terms involving 
the logarithm of the logarithm also (but still ignoring heavy quark masses) gives 
an expression of the form: 



aA\q Z \) 



\2tt 



(33 - 2n / ) log (J||i) [_ log(^) 



/nog 



('<*(* 



(7.19) 



where 



P 



3(306-38*/) 

(33 - 2/i/) 2 



The term in brackets turns out to be ~ 0.7 to 0.8 for scales from a few GeV 
to Mz- Using data to solve for X, the value for X versus nj is approximately: 



X 



(3) 



i (4) 



X 



(5) 



400 Me V, 
300 MeV, 
200 Me V. 



(7.20) 



Note that a s runs from a value of about 0.32 at 2 GeV to about 0.12 at 100 GeV 
By running from Mz down in mass, the value in the perturbative regime pre- 
dicts correctly the nonperturbative mass region. The strong interactions allow us 
to study both perturbative and nonperturbative physics, depending on the energy 
scale. The lower-energy nonperturbative physics, discussed in Chapters 5 and 6. 
was studied first. A number of higher-energy processes, where perturbative meth- 
ods are applicable will be discussed later, primarily in Chapter 12. 



7.3 ■ APPROXIMATE CHIRAL SYMMETRY OF THE STRONG INTERACTIONS 



The bound states of the strong interactions, that is, the mesons and baryons, have 
a pattern of quantum numbers rather independent of the quark flavors from which 
the states are constructed. For example, the lightest mesons are 0~ and 1~ states 
for both the nonrelativistic heavy quark bound states and the ultra-relativistic light 
quark bound states. We expect that this pattern of states would be unchanged if 
the light quark masses were zero instead of just very small. The consistency of 
the pattern of states with an underlying QCD theory in this limit has an important 
consequence, which is that the 0~ mesons with nonzero flavor quantum numbers 
have to be massiess. The pions made of the lightest quarks are, in fact, close to be- 
ing massless. This results from an extra symmetry, called chiral symmetry (after 
chiros, the Greek word for hand), in the massless quark limit. This symmetry in- 
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volves unitary transformations among the different flavors, rather than the colors, 
but also involves the quark helicities. 

To understand the idea of chiral symmetry, we start with the QCD Lagrangian 
for several massless quark flavors and examine the flavor-dependent part: 



c = hY "[!j^- gT " A ") i ' i 



Each ijfj has three colored components and / runs over three flavor choices if we 
consider u,d, s as the three light quarks (or over u and d if we want to stick to the 
very light quarks only). This C is invariant under rotations among the three flavors, 
which would be true even if we had an SU(3) symmetric mass term m^\^\. 
The lack of a mass term, however, leads to a larger global symmetry. If we look 
separately at the left-handed and right-handed components of the fermion fields, 
which we can project via 

tf=(^)*.*,«=(^)*. 

c = ^ ('^ _ 8T<iA >) V/// ' + *> Yi1 (' a^ ~ gT " A ^) **■ (7 - 21) 

C has separated into two terms, each of which has the same flavor symmetry struc- 
ture. This separation would not be possible with a mass term. Thus, completely 
separate SU(3) flavor transformations on i//*- L and tyf leave C invariant, implying 
a larger symmetry than we had with one transformation acting simultaneously on 
all components of x//,-. The extended flavor symmetry is an SU(3)i x SU(3)r 
symmetry. This symmetry will lead to conserved flavor octet right-handed and 
left-handed currents. The SU(3)l x SU(3)r symmetry is called a chiral symme- 
try. The conserved currents are: 

J k*« = ^LYiita^L* j£ a = ^RY,Ja^R- 

Here t a (as opposed to T cn which acts on color indices) are the eight flavor SU{3) 
generators, and the flavor indices on Vl and i//r are not explicitly indicated. Al- 
ternatively, by adding and subtracting, the conserved currents can be written as 

which are just the vector and axial-vector currents that can be constructed from 
the Dirac fields. The syrrunetry then implies: 

^-< a =0 and j?-j£ a =0. (7.22) 

dx^ dx /L 

7.3.1 ■ Goldberger-Treiman Relation 

The foregoing discussion focused on the quarks that appear in the Lagrangian. If 
these were the physical states, the massless left- and right-handed quarks would 
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P\ ~ Pi = q 



FIGURE 7.2 Momentum 
flow in neutron decay to a 
proton and a virtual W. 



provide representations of the symmetry group and the conserved vector and axial 
currents. Instead, the physical states are the hadrons. We can look at the current 
conservation question for hadrons such as n and p using experimentally-measured 
currents, since the weak decay of n — > pe~v e occurs through matrix elements 
of both vector and axial vector currents. These currents are the same as those 
conserved by the QCD chira] symmetry, which is a flavor symmetry. We will look 
at the weak decays in the next chapter; these decays involve flavor transitions 
explicitly. Here, we consider on]y the currents involved. The decay vertex for 
neutron decay is shown in Figure 7.2. 

The vector current, which involves an isospin raising operator in the 5/7(3) 
flavor space, can be written generally in terms of two form factors: 



(p\ jV \n) = u p [Fy \q 2 )Yu, + io^q^F^ {q 2 )]u n . 

Dotting this with q jjLj the resulting expression vanishes provided that m n = m p , 
which is expected in the limit where the u and d quarks are massless and therefore 
degenerate in mass. 

Turning to the axial vector current, which again involves an isospin raising 
operator in the flavor space, we can try by analogy with the vector current: 

(p\ J* \n) = w p [F^(^ 2 )y M y 5 + /^ y ^ u y 5 F 2 ^(^ 2 )]w /7 . 

Dotting this with q ix gives 



2/a (P\ J t I") = ~( m » + m p) F \ (q )u p Ysu n . 



(7.23) 



This would vanish if F^(q 2 ) = 0; however, the neutron decay data indicate that 
this is not the case. For q 2 near 0, F^{q 2 ), defined to be —g/\, equals —1.26. 
So how can the divergence of the current vanish? The solution requires noticing 
that the bound states include not only the baryons but also mesons. So additional 
diagrams can contribute, for example, when the baryon emits a meson that then 
couples to the current. The diagrams are shown in Figure 7.3. The axial current 
conservation will be a cooperative phenomenon among the physical states. 





W 



FIGURE 7.3 Direct axial vector coupling for nucleons and, shown separately, the pseu- 
doscalar meson contribution to the weak interaction vertex. 
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The diagram due to pion exchange can be calculated in terms of: 

1. Amplitude for n — » p -f tt, which is a strong interaction process. 

2. Tt propagator. 

3. Amplitude for the n to turn into a W. 

These are given by: 

J- gnpnUpiysUn- This pseudoscalar amplitude is given in terms of one con- 
stant. 

2. The pion propagator is l/(q 2 — m 2 ). 

3. The weak interaction operator is a current dotted into the W vector field, 
analogous to the electromagnetic interaction operator. For tt, which is a 
pseudoscalar, the relevant current is the axial vector current. The axial cur- 
rent matrix element is (0| J* \n) = if%q^ , which is also responsible for the 
weak decay of the charged pion, as discussed in Chapter 8. This current ma- 
trix element is a vector, and the only vector to which it can be proportional 
is the pion momentum, which is q jX in the present case. The proportionality 
constant is defined to be / T for q 2 — m 2 , and in general is a function of q 2 
for a virtual pion. 

Putting all the factors together (including the — / from the extra vertex), the 
pion exchange term gives the following contribution to the current matrix element: 

~ f tt gnpn 9 M 9 ii P Y5U n - (7.24) 

Dotting this with q^ gives 

q 2 

-frxgnpn — yU p y 5 U n . (7.25) 

This vanishes at q 2 — and is no help with current conservation at low q 2 unless 
m 2 = 0. Since the QCD Lagrangian implies axial vector current conservation in 
the massless quark limit, the pion must be massless in this limit if it contributes 
to the nucleon axial vector matrix element at low q 2 . This general conclusion 
is remarkable. In the real world, where the pion is not quite massless, the pion 
contribution does vanish at q 2 = 0. 

In addition to requiring a massless pion, the coefficients of the terms in Eqs. 
7.23 and 7.25 must add to zero to give a vanishing divergence of the current. Re- 
quiring this for q 2 ^ gives the relation, called the Goldberger-Treiman relation: 



gAOnn +m p ) = fng 



irpn - 
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The various constants in this relation have been measured and the equality, which 
should be exact for massless quarks, is good to about 5%. The constant g 7rpn is 
approximately 20 and is measured in various hadronic processes, such as low en- 
ergy nucleon scattering. The exchange of a pion, as the lightest hadron, dominates 
many very low energy hadronic scattering processes at very small momentum 
transfer. This allows the measurement of gxpn, called the residue at the pion pole. 
The vanishing of the divergence of the axial vector current for the nucleon 
system in the chiral symmetry limit involves both nucleons and pions. We can look 
at the same issue for the pion itself, where the axial vector current is responsible 
for the weak decay of a real pion. The conclusion that the pion mass vanishes 
in the massless quark limit, is sufficient to make the divergence of (0| J^ \n), 
which is proportional to q 2 = m\, also vanish. The approximately conserved 
axial current, which becomes an exact result in the massless pion limit, is called 
PCAC (partially conserved axial current). 



7.4 ■ SPONTANEOUSLY BROKEN SYMMETRY 

In addition to current conservation, we expect a continuous symmetry to be re- 
flected in the spectrum of states through multiplets of degenerate particles. We 
saw this for the approximate SU(3) flavor symmetry in Chapter 5. In the massless 
quark limit, the symmetry SU(3)l x SU(3)r is larger, however, and we would ex- 
pect larger multiplets. But this is not the case; the light quark bound state spectrum 
consists of SU(3) flavor multiplets with the same J p as the spectrum of states for 
the heavy quarks. The real physical states are eigenstates of parity, which is an 
operator that does not commute with the chiral transformations. We look next at 
the parity eigenstates that could exist in a chiral theory, and see that the known 
states do not form complete chiral representations. 

We can write a multiplet of a product group as a set of states |i, j), which trans- 
form via separate unitary transformations for the first label and separate transfor- 
mations for the second label. For example, for a transformation on the first label, 
the rotated state is 



\ijY = J2 U ik\ k >J) 



The overall multiplet forms several separate multiplets for each group in the prod- 
uct. For example, for each j, the set of states enumerated by /' forms a multiplet 
under the first transformation group. 

Returning to the chiral symmetry rotations, we consider SU(2)i x SU(2)r of 
the u,d system in order to use the simplest and most familiar group as well as 
the quarks that best obey the symmetry. We label the multiplet by the number of 
states in the individual SU(2)i and SU{2)r representations. Thus a multiplet is 
labeled as: 

(n L ,n R ) with n L = 2I L + 1 , n R = 2I R + 1 
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in terms of the value of the individual Casimir operators, which are each analo- 
gous to J for angular momentum. We write the generators of the chiral rotations 
for the states as II and Ir. The chiral generators are not wholly independent, in 
that parity is an operation that relates the generators via 

PI L P^ = I R and pf R P^ = I L . 

Parity thus does not commute with these generators; however, it does commute 
with Il + Ir, which are the generators of the normal isospin. Parity is an operator 
that also commutes with //, provided the left- and right-handed groups have the 
same interaction, as they do in QCD, given in Eq. 7.21. Although this seems 
natural, it is not true for the weak interactions, giving rise to parity violation. 

The left- and right-handed massless it and d quark states give rise to the repre- 
sentations (2, 1 ) and (1,2), respectively. These are clearly not parity eigenstates. 
The hadrons are, however, multi-particle bound states of fixed parity and could 
belong to more complicated representations. If we find a parity eigenstate, what 
representation could it belong to? One possibility is that the state could be a linear 
combination of states from different, degenerate, chiral multiplets. We look here 
at the possibility that the state is contained in one multiplet, which requires the 
smallest total number of degenerate states. Using the relations for the generators, 
the left- and right-handed Casimir operators satisfy P /^ = IrP. If we have a 
slate that is a linear combination of the states in (/?£, n R ) and is a parity eigen- 
state, we can apply the operator above to give us ni = hr. Note, however, that 
the states in {iil, hr) cannot all have the same parity (except for the singlet (J , 1)) 
since P does not commute with //, and Ir. The simplest multiplet that could have 
parity eigenstates by making appropriate linear combinations of the chiral states 
is (2, 2). In the symmetry limit the states in (2, 2) should be degenerate in mass. 

We can now examine the real states seen in nature. The lightest are the 
tt + , 7T°, n~ mesons, which are parity eigenstates. The (2, 2) requires four states, 
so we are missing a state needed for an SU{2)l x SU(2)r multiplet. The missing 
state would be a scalar meson, degenerate in mass with the pions in the massless 
quark limit. We thus see that the physical states do not seem to fall into a full 
chiral representation. On the other hand, the pion states do form a representation 
of the SU(2) formed from the generators //, + /;?, which commute with parity, 
and provide the normal isospin discussed in Chapter 5. 

7.4.1 ■ The Role of the Vacuum 

In Section 4.3 we showed rather generally that states related by unitary transfor- 
mations that commute with the Hamiltonian are degenerate. This led to multiplets 
of degenerate states. This situation does not seem to work for the chiral symme- 
try. The resolution of this discrepancy lies in the role of the vacuum. We tacitly 
assumed that the vacuum is a maximally symmetric state — that is, applying any 
symmetry operator to |0) gives us back |0). A particle state is then an excitation 
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relative to the vacuum. In going from the quarks and gluons to the hadrons, the 
spectrum of states (which are nonperturbative) looks very different from the initial 
state spectrum. The new vacuum, which represents a minimum energy state, could 
also look different; in particular it could be less symmetric. In such a situation, the 
symmetries of the Lagrangian do not have to be realized by the spectrum of states, 
which are defined relative to the vacuum. Such a situation is called spontaneous 
symmetry breaking. The Higgs mechanism, which we will discuss as a model 
for symmetry breaking of the weak gauge symmetry in Chapter 10, will provide 
another example. In that case, the simplest model is perturbative and the rela- 
tion of symmetry breaking to a minimum energy vacuum is easier to understand. 
For the hadrons, the experimental information indicates that the vacuum does not 
satisfy the chiral symmetry, but rather only the simpler SU(3) flavor symmetry 
displayed by the mesons and baryons. 

Consider the above discussion a little more mathematically. We consider a state 
that is created relative to the vacuum by a creation operator aK Thus, \A) = a f |0). 
The operator cfi is part of a field operator that transforms under a global in- 
ternal symmetry group. We now imagine applying a symmetry transformation 
U\ U | A) = Ua ] ' |0) = UaW>U\0). We define UcJW = b\ which is the oper- 
ator arising from transforming the field. The state | B) = b^ |0) has the same mass 
as | A) if U commutes with the Hamiltonian, which is required for a symmetry 
transformation, and also U |0) = |0). If |0) is not symmetric under the symme- 
try transformation, it spoils our expectation that the states form multiplets of the 
group of transformations. 

Despite the asymmetric vacuum, the divergence of the currents defined from 
the Lagrangian still vanish. The massless spin zero particles like the pion (in the 
massless quark limit) that contribute cooperatively to the current, are called Gold- 
stone bosons. 



7.5 ■ QUARK MASSES IN THE LAGRANGIAN 

The discussion of chiral symmetry has been in the limit of massless quarks. In- 
cluding the mass term in the Lagrangian, the divergence of the SU(3) flavor cur- 
rents does not vanish. We can, however, calculate the divergence explicitly using 
the QCD Lagrangian for quarks and gluons. Taking the currents that contribute to 
n~ and K~ decay: 

- — j£ f = (m u + mdWuiysfa, (7.26) 

uXi, 



V M 



where J* } — yj/uY^Ys^d corresponds to an isospin raising current, and 

n — J uv = ( m s + m i,)^i,iY5^s, (7.27) 
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where J* = i/uYfiYs^s corresponds to a current that changes s — » u quarks 
(the V+ operator). Note, the masses that appear here are the masses that appear 
in the Lagrangian and should not be confused with the constituent quark masses, 
although we use the same notation for both. The relations above do not involve 
the gluon fields explicitly and would hold for noninteracting quark fields. Taking 
matrix elements between the vacuum and the physical mesons \n~) or \K~) for 
Eqs. 7.26 or 7.27, and using the axial current matrix elements in terms of f n and 
an analogous constant /^, we get equations: 

fjjml = (m„ + mj) (0| \j/ u iY5^d \n~) , 

f K m\ = (m, +m w ) <0| ^lysV'.v |*~). (7.28) 

If the mesons involved were heavy quark nonrelativistic systems, these equations 
could be evaluated in terms of the quark masses and the wave functions at the ori- 
gin. For the light quarks, however, we expect instead that the various dimensional 
quantities that do not vanish as the quark masses approach zero are determined 
mainly by ^qcd- Assuming that this applies to the quantities 

(0| ^uiYs^d \n~) (0| fuiy^/s \K~) 



fn Ik 

and that they are equal for an approximate SU(3) symmetry, we get a prediction: 

2 

-4- = — = 12.5. (7.29) 

m* m u + rtid 

This implies that m. s y> m u , m^, and in particular that 



m s — 25 

If we assume that m s is at least a few times smaller than Xqcd-> th en this relation 
would imply that rn lt and m ( j are in the neighborhood of 5 to 10 MeV. One possi- 
bility is that the constituent quark mass is a constant plus the mass that appears in 
the Lagrangian. Although how this comes about is not clear, it is consistent with 
the measured constituent quark masses. Ln such a picture, 

m, 2^ 170 MeV, m u ~ 5 MeV, m d ~ 8 MeV, (7.30) 

and the constant added to each mass above to get the constituent quark mass is 
about 330 MeV 



7.6 ■ OTHER ISSUES 

In this chapter we looked at some of the issues surrounding renormalization, with 
the non-Abelian gauge theory of the strong interaction as the prime example. 
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These topics are quite complicated and we have just introduced the subject. We 
did not look explicitly at the amplitudes for diagrams with gluon loops where 
the requirements of gauge invariance, unitarity, and Lorentz invariance require 
some care, although we stated the final result for the running coupling constant. 
After renormalization, the predictions of the theory include a small number of 
constants that have to be extracted from the data. The requirements for a renor- 
malizable theory are quite restrictive and most theories are nonrenormalizable, 
requiring the absorption of additional new infinite constants in each order of per- 
turbation theory. The various individual renormalizable interactions will come 
together in Chapter 10 to make up the Standard Model for electroweak symmetry 
breaking. 

In general, renormalizability limits the spin of the fundamental particles to low 
values, with higher spins requiring more symmetry to avoid divergences. This 
comes about because the propagator for particles of high spin have more powers 
of momentum (compared to spin 0), which create divergences in Feynman dia- 
gram calculations. As an example, compare the propagator for a massive spin 1 
particle, which has a term in the numerator that is proportional to two powers of 
momentum, with that for spin 0, which has no such term, or the photon, where 
gauge invariance results in a propagator without such a term. In addition to con- 
straints on the spin for point-like particles, the vertices that are allowed are also 
constrained. Vertices with too many particles or too many derivatives of fields, 
which bring in powers of momentum in Feynman diagrams, yield nonrenormal- 
izable theories. Such problems make a simple theory of gravity, based on a spin 2 
massless particle, nonrenormalizable. Modern approaches tend to derive gravity 
from theories with a higher degree of symmetry, although approaches such as 
string theory represent a significant departure from the idea of local point-like 
fields and interactions. Such an approach may be needed to solve the divergence 
problems that we have seen arise in perturbation theory. All of the Standard Model 
interactions, except gravity, are based on renormalizable gauge theories. To ex- 
plain electroweak symmetry breaking, we will have to introduce scalar fields that 
couple in a gauge-invariant manner to the gauge bosons. 

In this chapter we have not discussed an important technique for dealing with 
certain strong interaction calculations, which involves solving QCD for quarks 
and gluons on a lattice. Choosing a large enough lattice and taking the limit of 
small lattice spacing compared to 1 fermi, allows the extraction of quantities ex- 
pected in the continuum limit. This allows a nonperturbative solution for quanti- 
ties involving a single hadron, such as the masses and decay constants calculated 
in Sections 4.6 and 4.7 using the color potential. The lattice gauge approach pro- 
vides a technique for performing such calculations even when potential models 
are inadequate, for example, for mesons containing light quarks. In Chapters 8 
and 9, results stated for meson decay constants relevant to weak decays, when not 
directly measured, are based on lattice gauge calculations. 
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CHAPTER 7 HOMEWORK 

7.1. The result of an infinitesimal global transformation for the color octet currents and 
gluons is given in Eqs. 7.2 and 7.3, respectively. What are the generators for the octet 
coJor multiplet? 

7.2. We would like to look at charge conjugation for a non-Abelian gauge theory. The 
simplest case is a color SU(2), which we consider because of its familiarity (since it 
is Jike angular momentum), but there are analogous results for QCD. For SU(2) there 
are 3 gauge bosons, which we call gluons as in the 5/7(3) theory. 

The SU(2) theory has interactions for the fermions involving the operator 7) W ! }i 
(W' wJ L , W^ are the three gluon field operators, 7} = a,/2). The field tensor for the 
gluons is 

OX ji Oa \) 

(a) Under charge conjugation, 7} -> -7}* and CH^C 1 = W^. Then w£ = ±W' /l , 
with the sign depending on the value of i. For C invariance we want 

What sign do we choose for /' = 1, 2, or 3, for the above identity to work? 

(b) With the sign choices in (a), show that — ^G' }(V G' }iV is invariant; thus the various 
terms coming from the gauge bosons are C invariant. 

(c) Defining fields that are the analog of the circular polarization slates 



/(+) 



K+'O ,„(o>_„3 „,<-> K-^i 



u/ K ~ r} — — ± - ■ —L- W^' — W- W K ~' — 



show that 



w f _ -<»,<+> -,<-',w(-Uf 



under charge conjugation. (Note that these are the same relations as for the three 
p mesons). 

(d) If the SU (2) color is confined, we can only have singlets under SU(2). From your 
knowledge of the addition of angular momentum for states with 7=1, can we 
have a singlet created from two W' /jL operators? From three W^ operators? Such 
singlet states made only of gluons are called glueballs. 

(e) The two and three gluon singlets in 5(7(2) can be calculated from your knowledge 
of spatial vectors. For spatial vectors V| , Vo, V%, the singlets (that is. scalars) arc: 



Vj ■ V 2 i V\ ■ (V 2 x l/ 3 ). 



What is the behavior under charge conjugation of the analogous two and three 
gluon singlet operators? Note that this is an example where SU(3) differs from 
SU(2). For $UQ) t three gluon operators of both even and odd C can be con- 
structed. For specific states we also need to specify the behavior of the spin and 
spatial degrees of freedom under charge conjugation, to arrive at this quantum 
number for the state. 
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7.3. Consider the SU(2)l x SU(2)r symmetry and (2,2) multiples Writing the states in 
terms of the ik and iP values, we can specify a state as |/^, 1$) where ih and /^ 

can equal ±i. The parity operator satisfies Pl^ = TrP, so, for example, Pl^ — 
1^ P and the raising and lowering operators satisfy a similar relation. Assuming that 
applying the parity operator leaves us in the same multiplet, show that: 
(a) | A, ^) and | — ^, — ^) are parity eigenstates. 



(b) More generally: 



; 2/+| 2vji) I i jv 



I -I 1 
2' 2/ 



all have the same parity, while 



I _i 

2 " 2 



)-M-i) 



V2 



has opposite parity. 



7.4. The a-model of Gell-Mann and Levy is the simplest field theoretic model including 
mesons, nucleons, and chiral symmetry. It allows for spontaneous symmetry breaking, 
but is not a model based on quarks, and its spectrum is simpler than that of the bound 
quark states. The Lagrangian looks as follows: 

d 

We will specify £(E) later. \f/ is a flavor doublet, for example, the proton and neutron 
isospin flavor doublet. 

S = cr/+/f -7r, where/ is the 2 x2 identity matrix, r are the three Pauli matrices, 
and n are a triplet of fields that are identified with the pions. The o and n fields are 
Hermitian and are the four spinless constituents in the theory. 

\j/L and V/? are the left- and right-handed components of i//. There is no fermion 
mass term in a chirally symmetric theory. Under SU{2)i x SU(2)r transformations 
the fields transform as follows: 

&L -> Ul^l, ^R ^> Ur^R, 
where U l and U r can be written as 

U L = U(a L ) = *"*'- ,? and U R = (/(a/?) = e'" R '\ 
To make the interaction term chirally invariant requires 

Y.^U L Y,ul and £ f -> Ur^U^ 
(a) Under a parity transformation, 

Show that taking L -> X * , S"' — > T, under parity gives a parity invariant C for 
the terms written above. Show that this means that o creates scalar particles and 
it \ pseudoscalar particles. Applying parity after a chiral transformation, show that 
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the parity transformation rule is consistent with the behavior of V i and Ur under 
parity (that is ? cci — ► cxr, cxr — > a^ under parity). 

(b) Write out the interaction term in C involving the fermions and show that it is 

This is a scalar interaction for a and a pseudoscalar interaction for the triplet of 
pions. 

(c) An isospin transformation is given by aj^ — a^ = a /2. Show that, for an in- 
finitesimal isospin transformation, 

a -» a 

tc — > n + a x tc , 

which are the correct transformations for isospin and isospin l fields, respec- 
tively. 



(d) Show that 



E T £ and £' Z 

'dx n dxy 



are the identity matrix times: 

9 _ _ 

a + tc ■ tc and 



9 _ _ 9a 3a 37T 37r 

A- n ■ n and 1 ■ , 

3x /L dx u dx u dx^ 



respectively. Therefore, under the global SU(2)l x SU(2)r transformations, 
these two expressions are invariant and can be used to construct an invariant 
£(E). Taking V(o H- tc - tc) to be a function of the invariant o + tc ■ ir, 

1 / 3a 3a 37? Sir \ 9 _ _ 
£(S) = - — - — - + — - • — - V(a 2 + jc • 7T). 

2 V dx^ dx fl dx lx dx (i J 

Is this parity invariant? 

(e) If V(a 2 + n ■ ir) is a minimum for a = 0, tc — 0, we have a normal symmetric 
vacuum state. If V (a~ + ir ■ ir) is a minimum for a ^ 0, tc = 0, the chiral 
symmetry is spontaneously broken (but not the isospin symmetry). An example 
of the former is 

m 9 - ~ 
V = — (a 2 +;r -tt). 

Ignoring the baryons, show that this leads to free field equations for a and ir 
corresponding to four particles of mass m. 

(f) The simplest form leading to spontaneous symmetry breaking is 



V 



-i[(' 2 +")-'tf 



V is minimized for a field configuration where the fields are not all zero. This 
generates a vacuum that has a nonzero expectation value for some of the fields. 
Assuming that the field a has an expectation value (a) = fjr and that we expand 
around this point via o 1 = a — f^, show that the tc fields have no mass term 
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in C. Looking at the interaction with the baryons, show that they have a mass = 
g (a) = gf n , which has been generated through spontaneous symmetry breaking, 
(g) Ignoring the baryons for simplicity, we write the three conserved vector and axial 
vector currents, respectively: 



** dxu dx. 



do dn l 



Show that 



fafi 



vZ)i = ^rVfy=0- 



These currents, like the n field, transform like isospin 1 operators. 



r 



CHAPTER 



8 



Weak Interactions of Fermions 



8.1 ■ WEAK GAUGE GROUP 

Weak interactions were discovered through the second-order transitions between 
fermions, where the term ion charge is changed by one unit at each vertex. The 
charge is carried between the vertices by a heavy spin 1 particle that comes with 
charge +1 or — 1 in units of e. An example of such a process is n — » p + e~ + v e . 
The spin 1 particles, called W bosons, are the quanta of an SU(2) gauge theory. 
Since QCD is an SU(3) gauge theory, we already know some of the features of 
such a non-Abelian gauge theory from looking at QCD. However, the weak theory 
has a number of crucial differences: 

1. Different W couplings to left- and right-handed fermions. This violates par- 
ity and requires massless fermions. 

2. Breaking of the gauge symmetry, generating masses for the gauge bosons 
and fermions. 

3. Mixing of a separate Abelian gauge group with the 5/7(2) group due to the 
symmetry breaking, yielding electromagnetism as the only unbroken gauge 
symmetry at low energies. 

4. A complicated mixing pattern among the fermions due to a complicated 
mass matrix from the symmetry breaking. This gives rise to CP violation 
and various mixing phenomena. 

5. The requirement of extra interactions of an (at present) unknown nature to 
explain the symmetry breaking. These interactions are characterized by a 
nonzero vacuum expectation value for one or more scalar fields. 

We will develop these features as we explore the many measurements made 
for systems interacting weakly. We start with the SU(2) symmetry for the W+ 
and W~ interactions with the fermions. 

The interaction Hamiltonian density for the SU{2) symmetric fermion interac- 
tion is 

-Cmi=H = gjr L y»,T k 1, L W$ L . (8.1) 

Here g is the coupling constant, Tj< are the 5/7(2) generators o>/2, Wf[ are three 
vector boson fields for k = J , 2, or 3, and \j/l is a doublet of fermion fields. For 
several doublets we get several similar terms in 7i. 
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We consider the SU(2) properties first and then the Lorentz structure, at which 
time we will explain the subscript L on the fermion doublet. Leaving out the 
Lorentz index: 

U w 3 w ] -tw 2 \ 

k k 2\W\+iW 2 -W 3 )' 

We can also rewrite this in terms of raising and lowering operators for the fermion 
field. Using 

T^ = T t ±iT 2 gives r<+> = (jj ^ >7 .(-) = ^0 0^ 



therefore 



t 3 w 3 + -~r (+) w (+) + — =r ( - ) \y ( - ) 

V2 V2 



fa- (8-2) 



Here the conventional definition is 



V2 ' V2 

If we write the W fields in terms of creation and annihilation operators, those for 
the fields W^\ W^~\ and W 3 have an analogous normalization. 

The symmetry breaking, which results in a large W mass and a weak inter- 
action, prevents the formation of weakly bound composite fermion states. The 
fermion representations we see are doublets or noninteracting singlets. Based on 
experiment, three different doublets involve leptons, which we will look at in the 
next sections. These are 



e~ J \\x 



?-)•(*) 



giving three analogous independent terms in H. There are also three doublets of 
quarks for each color of quark. Since an SU(n) non-Abelian gauge theory has 
only one coupling constant, the coupling for all doublets must be identical. This 
is called universality, and is analogous to the color coupling being the same for all 
quark flavors. Given the electric charges for the doublet members, the field W (+) 
corresponds to the emission of a W~ particle or absorption of a W + particle, 
while W (_) corresponds to the emission of a W + particle or absorption of a W~ 
particle. These terms in 7i are called charged current interactions. The W 3 field 
operator gives rise to absorption or emission of a neutral particle, W°. We will see 
that W + and W~ particles remain after SU(2) symmetry breaking is included, but 
a VV° degenerate with the charged particles does not. Z° is the mass eigenstate we 
find, with couplings and mass related to but not identical to the W°. 

Turning next to the Lorentz structure of the interaction, we find the first major 
difference between the weak SU(2) theory and QCD. We indicated the doublet 
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that interacts as 1//7,. This field corresponds in the relativistic limit to the inter- 
action of left-handed particles and right-handed antiparticles only. For example, 
if we direct a very high energy beam of left-handed electrons on a target, they 
interact via W exchange while a similar beam of right-handed electrons passes 
through the target without suffering any weak transitions due to W exchange. This 
striking prediction is not typically apparent because of the weakness of the weak 
interactions. Assuming the target to be unpolarized, this is also a clear violation 
of invariance under parity. 

To write a left-handed field in the relativistic limit we multiply each of the two 
SU(2) components of ^ by (1 — y$)/2. Thus: 

P ~Ys\ - - ( 1 + Y5 

i*L = — - — hA and if L = if 



where ij/ is a doublet of Dirac spinor fields. The interaction Hamiltonian density 
is then 

g + (i±*) n j k (i^) ^; = g ^l^n^. 

The interaction is due to a vector current, like electromagnetism, but because of 
the participation of only left-handed fermion fields, it can be thought of as the sum 
of a vector (the y fi term) and an axial vector (the —y^ys term) interaction involv- 
ing the full Dirac spinors ty . The perturbation expansion, for example, for leptonic 
interactions, starts with the free field solutions, which are the Dirac spinors. 

In writing weak matrix elements of the charged current, we usually just write 
the correct fields and do not explicitly write raising or lowering operators, since 
the states connected are easy to remember. Thus for a vertex involving, for ex- 
ample, e'~ — > W~ + v e , the vertex factor resulting from the Hamiltonian density 
is obtained from Eq. 8.2: 

8 Uv,Y,A\ -Ys)uce™*. (8.3) 



2V2 
The W propagator is that of a massive spin 1 particle 



8 ^ Mi 



q 2 - M^ +i£ 



(8.4) 



which for q 2 <£ M 2 V , reduces to ig/iv/^w- ^ ms * s tne situation for the decays of 
particles much lighter than A/vy, for example, decays of fj. : z\ 7i, K . We show in 
Figure 8.1 a second-order charged current process for low q~. The corresponding 
matrix element, assuming the fermions are all leptons (for example, \J/ n = u e and 

fm = U Vg ), is 

M fi = -f^ [VW/.U - YsWn] [iriYf.d - YsWk] ■ (8.5) 

QM W 
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fa. 




'# 



FIGURE 8.1 Second -order weak process for g 2 <<C M(^. It involves four fermions with 
a change of one unit of charge at each vertex. Shown are the various factors that go into a 
calculation for this diagram. 



Written as an operator, this is called the effective weak Hamiltonian. This is the 
basic low energy charged current weak interaction. For the interaction written 
in space-time, it corresponds to a point-like four-fermion coupling. For quarks 
the matrix element is modified by the strong interactions, which bind the quarks 
into hadrons. Consequently matrix elements describing measureable processes are 
always between hadronic states, rather than the quark states. 
The combination 

e 2 Gf 

(8.6) 



m 2 w V2 

defines the Fermi four-fermion coupling G f. The 1/V2 is historical, arising from 
the fact that the initial guess for the interaction (by Fermi in 1934) had only vector 
currents interacting at a point in space-time. The measured value for G f is 

G F = 1.16639 x 1(T 5 GeV" 2 . (8.7) 

Using G f and the value Mw — 80.4 GeV implies that 

An 30' 

The intrinsic interaction coupling is therefore larger than the coupling for elec- 
tromagnetism and the interaction is weak only because of the large value of M\y. 
For q 2 y> M^ 7 , the interaction is not small compared to electromagnetism. Note 
that because the gauge particles are massive, the higher-order corrections at low 
q 2 do not create a running coupling constant as for a massless theory, but can be 
calculated using higher-order diagrams. 

Before turning to calculations using the four-fermion coupling, we want to 
consider the consistency of using the left-handed fields. If we look at a given 
fermion, taking the electron as an example, the free field Lagrangian is: 

£ Froc = iifeYvi- — fa - m e fafa. 
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Writing 

fa = ( — z-^ ) fa + ( — ^ ) V^> 



we have \(f e = \{/ e L -\- \// e R . Note that the fields here all refer to one fermion and are 
not SU(2) doublets. Substituting for \j/ e into £pree gives 

£ Free = ifo #1 + jfay f R - me [f e L f e R + V R VC\ ■ (8.8) 

X ii X ii 

For m^ = 0, £ficc separates into two separate terms and these can have different 
interactions. For m c ^ 0, \j/ e L and fa R are not individual solutions of the resulting 
Dirac equation and their dynamics are linked. Thus a theory involving only fa L is 
possible, but only for massless fermions. 

For the massless case we have a free field Lagrangian for several fermions: 



Mmcc — / J 



- ; id j - j id j 



J ■- 

This Lagrangian is invariant under separate unitary transformations among the i// J L 

and \j/ R , analogous to the chiral symmetry for the quarks discussed in Chapter 7. 
The left-handed free fields can be chosen to be doublets under the weak 517(2) 
symmetry, which can be extended to be a local gauge symmetry. For example, we 
want j = 1 , 2 to correspond to e and v e , respectively. The right-handed fields have 
no weak interactions and thus must be singlets under the SU(2) symmetry. They 
undergo no unitary rotations when we make a weak SU(2) gauge transformation. 
The eigenvalues for the weak diagonal operator T3 are therefore 

fl:T 3 = -^ fa>':Ti= 1 -, *%• ^ = 0, **: T 3 = 0. 

Thinking of T3 as a generalized charge, the left- and right-handed fermions have 
different weak charges! 

A mass term violates the weak SU(2) symmetry since the term m e {^r e L ^l/ e R + 
fa K fa L ) is not an SU{2) scalar. \j/ e L is a piece of a doublet, while \j/ e R is a sin- 
glet. Thus the weak SU{2) gauge symmetry requires that all fermions that in- 
teract weakly are massless. The mass must somehow be dynamically generated, 
through an 517(2) scalar term in the Lagrangian (to maintain the symmetry) 
which somehow "turns" into the 517(2) violating mass term. Similarly the W 
mass must somehow arise dynamically, since this also violates the gauge sym- 
metry. How this can be done will be the subject of later discussion. For the time 
being we accept the theory with a broken symmetry and look at its low-energy 
consequences. 
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8.2 ■ MUON DECAY 




FIGURE 8.2 Lowest-order 
diagram for muon decay. 



We are now ready to proceed with a calculation using the charged current matrix 
element of Eq. 8.5. The prototypical example is muon decay, 



M 



+ V e + V„ 



with the Feynman diagram given in Figure 8.2. The muon mass is 105.66 MeV. 
so the final state electron is typically relativistic. The neutrinos are not detectable 
in individual decays; what we can measure is the e~ direction and energy for 
a muon decaying at rest with a given spin direction. With more effort, the e~ 
helicity can also be measured. The muons come typically from n decay, which 
we discuss later, and are naturally polarized. They can be stopped in a material 
that allows measuring the decay at rest. To avoid depolarizing the muons, the 
stopping material has to be chosen carefully; or the experiment can be performed 
in a large longitudinal magnetic field, which suppresses spin flip transitions. To 
measure the electron helicity, the electron can be scattered in a magnetized foil, 
for which the cross section depends on the helicity. Experiments have borne out 
the correctness of the left-handed four-fermion matrix element. 

We label the four-momenta as follows: p M for /x, p e for e, p\ for v e , and pi 
for v IJL . Then 

Mfi = —^ [uiY\(\ - Y5)Ufi] [ueYkii - Y5)v\] , 

G 2 

I M/i | 2 = -^Tr[w 2 W2nO - Y5)u^Ll l _ L y (J (\ - y 5 )] 

x Tr[u e u e y x (] - ys)v\V[Y<t(1 ~ Ys)] ■ 

Summing over the final v spins, for which only one helicity actually contributes, 
we can use: 



y^ ^2^2 = ^2 



spins 



and 2_] u i^i 

spins 



Note that we ignore the presence of any very small neutrino masses. We will con- 
sistently do this throughout our calculations until we get to the issue of neutrino 
oscillations in Chapter 9. The neutrino masses are sufficiently small as to have no 
measurable effect on any decay rate. 

For the charged leptons we will calculate for fixed helicities. For this case: 



u e u e = (pt e + m. e ) 



t'V = (0vL+ m n) 



2 
2 



(8.9) 
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Note that we never need to use explicit spinors, just the measurables p and s, 
where s is the spin 4- vector for the given state. 

We will perform the calculation in the muon rest frame, for which s^ = (0, s^). 
We take s^ = e z to define the z-axis. For the electron, a helicity state has 



/ Pe 'S e E e S e \ 

\ m e m e J 



(8.10) 



resulting from boosting the rest-frame spin s e along p e . The two electron hejicity 
states correspond to the choice of the initial s e along or opposite p e . With the spin 
choices above: 



Mfi \ 2 =^Tr 



x Tr 



1 + X5 /» 

itiYkiy - K5)(^+^ M ) ( o ] Ko-(l -75) 



+ me) [ ^— - ) XA.C1 - Y5)0\Y<j(\ - Ys) 



For each trace, terms with an odd number of y matrices (excluding ys) will vanish. 
Keeping nonvanishing terms this gives for the first trace: 



Tr 



^2^(1 ~ Y5) X(t(1 - 75) 

= Tr[p2Yk(jfn -rn^t^yoil - y 5 )] 

after commuting the first (1 — ys) all the way to the right and using (1 — ys) 2 — 
2(1 — ys)- After the same simplifications for the second trace, 



2 
xTr[(/rf c 



Mfi\ 2 = ^Tr^ 2 n(^-m/,/^(l-K5)] 
W^n^iKaU -75)]- 



Finally, 



Tr[y a n^ycr(l - Y5)]Tr[Y6Y\Y4>Yo(l - Ys)] =64gaegfi4>\ 
| Mfi | 2 = 32 G\ [(p e - m e s e ) • y; 2 ] [(/V - m^5 M ) ■ p\]. 

The theory tells us which 4-vector to dot into which other one, among the several 
possible choices, to make the invariant matrix element squared. 

We specify the electron direction relative to the \x helicity direction (z-axis) 
by a unit vector h in the muon rest-frame. Since ra 6J /m M ~ 1/210, the electron 
is relativistic over almost the whole phase space for the decay. Making the rela- 
tivistic approximation for the electron, p e = (E e , E e h). With this approximation, 
using Eq. 8.10: 



(p e - m e s e ) = E e (l,h) 



\ — , —h ] (s e • n) = (1 - s e • fi)p e . 
jn e m e 
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Therefore, the matrix element vanishes if s e and h are in the same direction, re- 
stricting the electron to be left-handed, as expected from the earlier discussion. 
The same formalism with 1 + ys instead of 1 — 75 leads to a right-handed elec- 
tron. Choosing the left-handed electron, we have 

I M fi | 2 = 64G 2 F [(Pe • piKPtA ~ m IJL s IA ) • p\l 
We next need to integrate this over the phase space and divide by 2m ll . This gives 

Leaving this differentia] in the electron variables, which are the ones measured, 

4G?. d 3 p e 

dr = ——- —(p e )a(Pn ~ "W^Atf, 

ilnym^ E e 

where the tensor 

/d? p\ d? p2 4 
P2aP\p>-^——=—?> {p\ + Pi-k) 
£[ £2 

and k = p^ — p e . We can derive I a p by using its invariance properties. I a p is a 
Lorentz invariant tensor, symmetric in a, /?, with quadratic dependence on only 
one 4- vector k. Thus I a p has to be of the form 

I a p = Ak 2 g a p + Bk a kp, 

with A and B Lorentz invariant scalars. Since k = p, x — p e is time-like, a simple 
frame in which to do the integral is the frame where k = (ko, 0). In this frame 
p } = —p 2 and E\ = £2 = ko/2. The integral in this frame is 

p\ dQ\ f dQ\ 



f p\dQ\ f 

/ P2aP\p dE] S(2E\ -ko) = / P2aP\p 

with p2a, p\p given in terms of ko. 

We can derive two simple relations for A and B by calculating 

gaplafi = (4A + B)k 2 = j( Pl >P2)^y~ = j -f dQ { = nk 



k a kpI a p = (A + B)k 4 = f 



^dtt { 



Solving for A and B, we have A = 7r/6, 5 = tt/3, and therefore /^ = 
^n(k 2 g a p + 2* a fy), where k = p fJL - p e . 
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We next substitute l a p into the rate expression. Ignoring m e everywhere, we 
have the following relations for the resulting 4-vector dot products: 

* ■ Pe = m lk E e , k ■ pn = m* - Eem^ 



m - 2m ^Ee, p e • s, ( = -E € (n ■ s l± ), /? M ■ ^ = 0. 



Using these we get, taking h ■ s }l — co$>6 e , 
dV = -7^s(dE e dQ e ) (|) E\ [3ml - 4m IA E e + (ml - 4m IL E c ) co6 0,] 



Defining 



2E e 



£\max 



x varies from to I . In terms of x, 

G F m h 



cir 



I92tt 3 L 



2a-"(3-2jc) 



+ 



■2x 



3 - 2x 



cos 0<, 



dx- 



dQ e 



The second factor in brackets gives the correlation of the electron direction with 
the muon spin. Note that it vanishes at x = 1 and cosO e = 1. This is a config- 
uration where the electron is collinear with the muon spin and the neutrinos are 
opposite. The rate vanishes because of angular momentum conservation, given the 
fixed helicities of the various particles. Integrating over dQ ei the term dependent 
on co$6 e averages to zero. The energy spectrum is then given by the first factor in 
brackets. The spectrum peaks at x = I, that is, the electron tends to carry a lot of 
energy. Integrating over x gives the muon decay formula 



r = 



1927T 3 ' 



(8.11) 



Corrections to this formula come from electromagnetic effects and the neglect of 
the electron mass. A much smaller correction is due to taking the W propagator 
as a constant. Figure 8.3 shows the data and theoretical expectation. The latter has 
been corrected for photon radiation, which rounds off the spectrum at x = 1. 

It turns out that the formula for the width can be calculated in closed form, 
even for a massive electron. Defining the function f(x) = 1 — 8jc -h 8% 3 — 
x 4 + 12(;c 2 log(l/x)), the muon width, including lowest-order radiative correc- 
tions (term in brackets) is 



Gpi 



I927T 3 



2;r 



25 



m: 



(8.12) 
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FIGURE 8.3 Experimental spectrum of positrons in jx + — » e + + v e + v^. The solid 
Jine is the theoretically predicted spectrum, including the correction for eJectromagnetic 
effects. [From M. Bardon et al., Phys. Rev. Lett. 14, 449(1965).] 



The corrections are smaller than 1%. The measured muon lifetime is r jJL — 
2. J 9703 ± 0.00004 x 10" 6 sec. Using the lifetime and Eq. 8.12 gives 

G F = 1.16639 ±0.00001 x 10" 5 GeV~ 2 . 

Note that the muon lifetime is long enough so that relativistic muons travel very 
long distances in one lifetime. Muons were in fact discovered as remnants of 
cosmic ray showers after traveling through the whole atmosphere. 



8.3 



DECAYS OF THE TAU LEPTON 



The r lepton is a member of the third doublet of leptons. Through the indirect 
measurement of the rate for Z° decay to vv of ail types, it has been possible to 
rule out the existence of any additional families with v lighter than about 45 GeV. 
Thus the r is expected to be the last and the heaviest lepton forming a doublet 
with a light neutrino. The x mass is m x = 1777 MeV. It was discovered in the 



annihilation reaction e + e 



and its mass was accurately measured by 



the behavior of the cross section with energy near the threshold for this reaction. 
It has a lifetime r r = 2.906 ± 0.011 x 10~ 13 sec, which is a factor about 10 7 
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shorter than that of the muon. The value of cr T = 87 x 10~ 6 m is small, but still 
measurable for high momentum r*s using precision detectors placed close to the 
r production point The accuracy of the lifetime measurement directly reflects our 
ability to measure short flight paths accurately. 

The r is the only lepton heavy enough to decay to hadrons. Thus, its decays 
are of the type 

r~ — > v T e~v ei Vj^v^, t~ —> v T h~ 

where h~ is a hadronic system of the given charge. Given the value of the r mass, 
h~ can be composed of quark types «, d, and s and their antiparticles only. 

The decay to leptons proceeds as for muon decay; the expected widths are 
given by the analog of Eq. 8.1 2. To lowest order, ignoring m e , 



G%m\ 




1 z~^-/ji~v /1 v T = 1 r~— >e~v € v T J | 


mi 



0.973r r - 



Usingthe value of G f andm T , we can predict the branching ratio, B e , into e~v e v T 
in terms of the measured lifetime. B e and the lifetime are the two quantities that 
are measured directly. Including the small radiative corrections, the relation is 

r ~' -*"* = B e = 2-906 ± 0.01 IxlO-' 3 sec = 
r tot 16.32 ± 0.01 x 10~ 13 sec 

Note that the partial width is calculated with an uncertainty coming from the 
uncertainties in m z and G f\ the uncertainty in the lifetime comes from the exper- 
imental error in the direct measurement of this quantity. The measured value for 
B e is 17.84 db 0.06%, in excellent agreement with the theory. B }1 is measured to 
be 17.37 ± 0.06%, also in excellent agreement with expectations. 
If quarks were free final states and the doublets were 

we would expect to find one type of decay involving quarks r~ — > v x ud. The 
other two doublets have particle pairs that are too heavy to be produced. The 
decay to quarks is obtained by the replacement in the leptonic decay e~ —> d and 
v c — > u. The con'esponding particles have the same weak SU(2) properties. We 
will call the SU(2) group weak isospin to emphasize the analogy with isospin. For 
the first quark doublet, weak isospin corresponds to the flavor isospin discussed 
in Chapter 5. 

Including the factor of three from color, the simple quark picture implies that 
Br u j — 3B e if we ignore quark masses. This predicts, using the measured value 
of B e , that Bf u i = 0.534, whereas the branching ratio to hadrons is #/, = 1 — B e — 
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B^ = 0.649. The lowest-order decay diagram, however, must be supplemented 
by diagrams where gluons are emitted. Although analogous to the radiative cor- 
rections in the lepton case, the effect on the rate is much larger because a s ^> a. 
The gluonic corrections have been calculated to third order, giving a predicted 
branching ratio (which we now identify with the full hadronic branching ratio) of 



B h = 3B e 



a s (nil ) I &s(ml)\ I ct s ( w I ) 

1 + V r +5.20 1 6V x) +26.4 sK x) 



Using this formula to calculate a s gives u s {m\) — 0.35 with an uncertainty of 
~ 10% from next-order corrections and the use of perturbation theory. This value 
for a s (m%) is in excellent agreement with the other reliable methods used to de- 
termine a s (q 2 ). 

The formula for the hadronic branching ratio is a perturbative short-distance 
calculation. Over longer time scales, the system evolves into hadronic final states. 
Viewing the expansion of the time-evolution operator in terms of quantum events, 
we have the effective weak Hamiltonian that creates the short-distance system, 
which then evolves nonperturbatively according to the strong interaction dynam- 
ics. The effective weak Hamiltonian is constructed from a vector and axial vector 
hadronic current dotted into the leptonic current for r and its neutrino. In the fla- 
vor isospin symmetry limit, the hadronic vector current ifdY^u is conserved. 
As in the case of e + e~ production of hadrons, this implies that only states with 
J p = 1~ are produced from the vacuum by this current. Writing the vector cur- 
rent as J^ , (h~\ J^ |0) ^ only for an h~ system that has J p = J — in its rest 
frame. 

The axial vector current is not conserved (except in the limit of massless 
quarks, as discussed in Chapter 7) so that the system h~ produced via (h~\ J^ |0) 
can be a state with J p = 0~ or l + . Higher spins for h~ are not allowed, since we 
cannot construct a vector out of the spin and momentum of h~ for higher spins. 
One other additional constraint follows from G parity, which applies here because 
the weak isospin and flavor isospin are the same for the lightest quark doublet. J J ; 
transforms under G like the p meson, while J ^ transforms like the pion. That is, 

G J ., G =./,., G J .. G = — J., . 

The G parity property for the currents means that, to good approximation, 
(nji\ J^ |0) only produces states where the number of pious n is even, while 
(n7t\ J^ |0) only produces states with n odd. Based on the measured branching 
ratios, the vector and axial vector currents contribute nearly equally to the overall 
width, after summing over states, as is the case for the purely leptonic r decays. 

Table 8.1 gives the largest measured branching ratios into various hadronic 
final states. 

Our picture of the transitions of the W into ucl is inadequate in one respect, 
since it cannot account for the small rate at which decays into strange particles 
are observed, although the bulk of the decays are correctly explained. In the next 
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TABLE 8.1 Hadronic Tau Decays, r~ -> v T h~ . 



Final state h Branching ratio (%) 

7T" 11.06 ±0.11 

7T-jt° 25.41 ±0.14 

Tr-7T°7T° 9.17±0.14 

ji-Tt + Ti- 9.22±0.10 

n-n + 7t-7V 4.24 ±0.10 

7Z-7T°n 7T 1.08 ±0.10 

K~ 0.69 ±0.02 

K~n° 0.45 ±0.03 



section we will address the question of the strange particle weak couplings, which 
first arose historically in the weak decays of the strange particles. For example, 
the decays K~ -> n~n°,K~ — » {jl~v^K~ -» n () e~v e all require the transition 
of the strange quark to a u quark or the annihilation of the quarks within the K~ . 

Comparing a few of the r branching ratios with other measurements al- 
lows a stringent test of the overall framework. For example, the matrix ele- 
ments (tz~\ J * |0) and (A" - ! J* |0) are directly related to the matrix elements 
(0| J* \n~) and (0| J* \K~), which account for tz~ or K~ -> ixTv^ or e~v e . 
The matrix element (p~\ J^ |0) is related (by an isospin rotation) directly to 
the matrix element of the electromagnetic current (p°\ j£ M |0) (the decay 
p~ -> fJ.~v^, which involves the weak current, is too small to be measured). 
The relations between rates implied by the above have been borne out very nicely 
by the data. As an example, we look at the p~ current matrix element responsible 
for the process x~ — » p~v x . 

Writing the most general current matrix element (p~\ J^ |0) = gwp^e^, 
the amplitude for the process is: 



G f 



Mji = —fcgWf>m p u VT t p (\ -y5)«r, 



where we choose a real basis for e^. The coupling gwp is dimensionless and de- 
fined analogously to the coupling to a photon discussed in Section 6.4. Squaring, 
summing over final spins, and averaging over r spins, leads to the expression 



2 „2 



lv-... ,2 G U 



m' 



spins p spins 

The ys term gives no contribution and the trace can be simply evaluated to give 

\ J2 I M f> |2 = 2G F*iX E [P»r ' Pr + 2( Pvr ■ * p )(/> r ■ *„)] . 
spins p spins 
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Finally, summing over p spins using 

E « = -&»» + 

p spins 



P P 
PliPv 



gives 



J2 I M fi | 2 = 2G 2 F g 2 Wp m 4 p [p Vz • p r + 2(p p - p, r )(/? p ■ /? r )] . 



spins 



In the r rest frame, the various 4-vector products are 



p Vx ■ p T = p p - p Vz 



2 2 

m\ - m l p 



Pp ■ Px 



2 rv r. 2 

Integrating over the final two-body phase space and dividing by 2ra r gives 



n l 2 / \ 2 



>p v T 



;) ( m '-<) 



2mi 



\6it \m x 
Dividing by the expression for P r -_ > . < -p <Vt gives the relation 



(8.13) 



r> 



r r - 



■e v c v T 



"-^ £)' 



IV 



1 + 



1m~ 



™8w P - 



We next want to relate g 2 v to the coupling that appeared in e + e — » p°. The 
electromagnetic current operator in the light quark sector is (in units of e)\ 



J£ = ~^uY,x^u ~ -faYn^'d 



V2 



72 



+ 



3V2 



ifruYlilfru + j'dYni'd 
V2 



The first term in brackets transforms as an / = i operator (like the p° meson) and 
the second like an / = operator (like the co° meson). The square of the ratio of 
coupling coefficients gives the ratio of rates to p° and co° in the ideal mixing case. 
Using the isospin symmetry we have: 



{p~\is u Y^d\0)=(p 



JruYni'u -^dYn^d 
72 



|0>=V2<p°|J u £M |0>. 



In Section 6.4 we defined {p°\J™ |0) = (ei)g YP m 2 p e^ = j=g yp m 2 p 4*, given 

the value of the p charge average. Therefore gw P = gyp — 0.28 based on the p° 
entry in Table 6.6. 
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In the p~ production calculation, we left out one factor related to the decay to 
strange quarks, namely, a small suppression of the light quark rate so that the sum 
of both has unit strength. This provides a 5% reduction of the expected p~ rate, 
as discussed in the next section. Including this small suppression, we expect that 

V = WgWpBe- 

Using the values of B e and g\\/ p = 0.28 ± 0.01, we therefore expect that 

B p ~ =0.265 ±0.019. 

Our calculation ignored the width of p~, which is not a negligible effect since 
m x is not very large compared torn p. Including this effect, by integrating over the 
p~ Breit-Wigner shape, lowers the prediction of the branching ratio to about 0.24 
and also increases the uncertainty of the result, which depends on understanding 
the mass spectrum over a broad range. The measured value is about 0.25 (the bulk 
of the branching ratio into n ~7r°), which is in good agreement with the expected 
value. 



8.4 ■ CHARGED WEAK CURRENTS FOR QUARKS 

We turn now to the fermionic Lagrangian for the three doublets of quarks. In par- 
ticular, we want to understand how the doublets enter the weak interactions, and to 
understand decays involving strange particles. To simplify the notation, we indi- 
cate the upper doublet member as \j/ u and the lower members as \J/ D . Thus the in- 
dices U and D take on three values for the three families. In this notation the weak 
currents are: {(^^Yh^l) — {(^iY/i^l) coupled to W3, -~^/^y /L \//^ coupled 

to W ^ +) and -j^^fy^^ coupled to W^~\ We want to look at the other parts of 
the Lagrangian involving these fields, which are the weak eigenstate fields. 
The first terms in C are the fermion kinetic energy terms: 

O p '\ C\ 

dx (i dX ljL dXfjt dx fl 

To arrive at the free field £, we next add the mass terms. For one fermion, we have 
written this earlier as — ^(^l^ + ^^l) and we might expect that we only need 
to add together six such terms. This is, however, incorrect, that is, the mass terms 
are not the simplest choice we might make. The reasons are not understood. Note, 
however, that in the massless theory the left- and right-handed fields are unrelated 
objects, so that how they are married into 4-component fields does not have to 
be simple. Since the masses are dynamically determined, the unknown dynamics 
apparently couples together the quarks in a complicated manner, reflected in a 
complicated set of mass terms. 

The most general mass term we can have couples together all quarks with 
the same colors and electric charges. Taking the fields now as column vectors 
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containing the three flavor families, the mass term is 

- ffiMu*%+#%Mltf) + (iri!MD*fi+i'RMll'LJ\- ( 8 - 14 > 

This term has been chosen to be Hermitian. Not indicated are the color degrees 
of freedom — each mass matrix actually comes in three identical versions, for the 
three colors. From the point of view of QCD, the mass matrices could have been 
larger, coupling also the U and D fields. However, if we include electromag- 
netism, only fields of the same charge can couple, as we have chosen. 

The eigenstates of the mass term are quark fields that are the basis, when we 
add the gluon interactions, for forming the hadrons discussed earlier. To look at 
weak transitions involving these hadronic states, we need to rewrite the weak 
interaction Hamiltonian in terms of these mass eigenstate fields. 

In general, a given matrix can be diagonalized in terms of two unitary matrices 
and Mjj and Mp can therefore be diagonalized by four such matrices. We write 
these as U^U%.U£, and U%, chosen such that M' v = U^MyU^ and M' D = 
U®M D U R ' are diagonal. 

(m u \ 
My = m c and M' D = 

V 171// 

The fields $'" = U^r/r^ \j/" =£/£>#, ^' L D = tffVf\ and f R D = Ugxlrfj 
then give a mass term, after substitution into Eq. 8. 14, that is merely the sum over 
six individual quark mass terms. 

We can now rewrite the weak currents in terms of the \j/' fields, by substitut- 
ing V^ = Vl^'l \ ^i = Ul^^'l- The current that couples to W 3 has the 
same form in terms of \J/\ as it had in terms of \J/, because the transformations 
between \j/ and \j/' are unitary and this current does not link U and D quarks. So 
the neutral current does not change the flavor content in an interaction of mass 
eigenstates. It is still possible to have higher-order processes whose net effect is 
electrically neutral (for example, through two charge changing currents) leading 
to flavor changing transitions, but these will be small, occurring at higher order. 

The charged current interaction is: 

We can combine the matrices Uj^ U L = Vud, where 

/ V ud V us V ub \ 
Vud=[ Vcd Vc* Vcb (8T5) 

V V td Vts Vtb I 

is a unitary matrix that indicates how much of the coupling is shared between the 
various V and D quarks. 



8.4 Charged Weak Currents for Quarks 269 

Vuo is called the Cabibbo-Kobayashi-Maskawa (CKM) matrix. In terms of 
Vjjo we can write, dropping the primes from the \jf fields to simplify the nota- 
tion (in the future we will always use mass eigenstate fields), the charged current 
coupling in terms of 

and its Hermitian conjugate. The r decays listed in Table 8.1. involve the terms in 
Vud that couple u, d(V U( j) and u, s(V us ). The r decay pattern can then be under- 
stood if V U£ i ~ 1 and V us <*C 1. The rate to nonstrange final states is proportional 
to | V u d I 2 , the rate to strange final states is proportional to | V us | 2 . 

We consider matrices for the lepton masses that are analogous to the quark 
mass matrices. As long as the neutrino masses are all very small (<*C m e ), then 
our rate calculations to neutrinos in the final state do not depend on whether a 
unique neutrino or a mix of neutrinos is produced. Measurable consequences of a 
CKM type of matrix in the lepton sector requires nonzero neutrino mass, so that 
U^ cannot be chosen equal to (j£ for the leptons, and implies that the individual 
lepton numbers are not conserved. However, explicit rate calculations of lepton 
number violating processes (for example, \i~ — » e~ + y) among the charged 
leptons are very small for very small neutrino masses. Since the neutrinos do not 
have strong or electromagnetic interactions, the only interactions in which we can 
observe them participating are weak interactions. Thus, for neutrinos we produce 
or detect lepton flavor eigenstates, but it is the mass eigenstates that propagate 
in between. This gives rise to the phenomenon of neutrino oscillations. We will 
discuss the lepton sector mixing matrix in Chapter 9, where such oscillations are 
quantified. The nature of the interaction responsible for neutrino mass generation 
is at least as mysterious as for the other particles. 

8.4.1 ■ Cabibbo-Kobayashi-Maskawa Matrix 

The terms in Vud have been determined experimentally, since there is as yet no 
theory that gives us this matrix or the various fermion masses. What is found 
is that the largest terms in Vud a re the diagonal terms, with the off-diagonal 
terms linking the first and second generation much greater than oft-diagonal terms 
linking the first or second with the third generation. Thus for some situations, for 
example K decay or the r decays discussed earlier, it is sufficient to look at a 
two-generation CKM matrix, assuming the third generation is decoupled. 

For n generations, a complex matrix has 2n~ parameters. The unitary con- 
straint, however, amounts to n 1 relations, leaving n 2 free parameters for a unitary 
matrix. Thus, for example, a two-generation unitary matrix has four parameters. 
We can write the matrix in general as 

e 1 ^ cos6> e'^'+^sin^ 
-^sin<9 e'^+^cos* 
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The four parameters are <p\ , 02, 03* 0- The reader can check that this matrix is uni- 
tary. However, not all the parameters have physical significance. We can rewrite 
the 2 x 2 matrix as: 

>J^ \ / cos (9 sin (9 \ /l 
^ J ^ — sin6> cos£ J ^0 ^ 

The phases 0j,02,03 just multiply individual quark fields when we write the 
weak interaction Lagrangian. However, the other terms in the Lagrangian are in- 
variant under the replacement of a quark field by a quark field times a phase factor. 
Thus we can redefine the fields, absorbing the phase factors, and not change the 
physics of the states involved in the interaction. Thus the phases are not physically 
relevant and we can use the simplified matrix: 

™° S,n i). (8-16) 

— sin 6 cos 6 J 

The angle in this matrix for the two-generation approximation is called the 
Cabibbo angle, 6 C . Based on data that we discuss in Section 8.6, 

sin C = 0.221 ± 0.002, implying that cos C = 0.975 ± 0.001 . 

Weak decay rates involving a u,s transition are suppressed by a factor 
sin 2 8 C = 0.049. Of course this factor is determined experimentally by just 
such decays, which are described in a very consistent way in terms of the one 
parameter. Note that a stringent test of the overall framework is that the indepen- 
dently measured values of sin 2 C and cos 2 C add up to 1 . The consequences of 
the small value of the off-diagonal terms of Vud is called Cabibbo suppression. 

For the case of n generations, we can eliminate 2n — 1 parameters of the unitary 
matrix by redefining individual quark fields. Thus an /2 -generation CKM matrix 
has n 2 — (2n — 1) = (n — l) 2 meaningful free parameters. For comparison, a real 
orthogonal /i-generation rotation matrix has 

n(n — 1) 
2 

angles, while the n -generation CKM matrix has 

n(n — 1) 



angles and 

(#t -1)(*- 2) 



phases. For n = 3 this gives 3 angles and 1 phase. The convention for writing the 
matrix is to define three angles #12, #13, #23, and a phase 8, in terms of which we 
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TABLE 8.2 Parameters of 
the CKM Matrix. 



Parameter 


Value 


X 
A 
P 

n 


0.22 1 ±0.002 
0.84 ± 0.06 
0. 17 ±0.07 
0.36 ±0.04 




can write 
VuD~- 
Multiplying the three simple matrices: 

VUD = 



~i8, 



-S\2C23 
S\2S22 - 



C\2C\3 

~ C\2S23S\3e' & 
~ C\2C23S\3e lS 



S\2C\3 
C]2Q3 -^12^23^13^' 



iS 



-C\1S23 - ^12^23^13^' 



iS 




(8.17) 



Here s,j = sio(%) and cy = cos(0/y), with j > i. If an angle Oij vanishes, then 
the coupling for D 7 —> Uj for generations / and j will vanish. 

We can write the matrix in a rather accurate approximation by using the fact 
that the off-diagonal elements become progressively smaller as we increase the 
generation number. Defining: 

s\2 = sin(9 c = X 
s 2 3 = AX 2 « S\2 
s\3e~ l5 = A%?{p — irj) <<C S23 in magnitude, 



X AX 3 (p-ir])" 



V(JD = 



JA 3 (1 - p-irj) 



-AX 



AX 2 
1 



(8.18) 



The measured values for A and p 2 + r) 2 are each ~ 1, so the powers of X tell 
us roughly how large each term in the matrix is. The coupling for the first two 
generations is given approximately by the Cabibbo matrix written previously. The 
phase factor that occurs in the matrix appears only in the coupling between the 
first and third generations in the approximation above. 

The terms in the matrix are measured in various weak decay processes. For 
example, the term V c h — AA". The decays of mesons made of a u or d and 
a b y called B mesons, indicate that V c / } equals 0.041 ± 0.003, based on decay 
processes where the b turns into a c. This gives A = 0.84 ± 0.06. Measurements 
of V u b (where the b turns into a u) and a number of other processes involving B 
mesons (mixing and CP violation) provide a measurement of 

p = 0.17 ±0.07 and r? = 0.36 ± 0.04. 

The parameters for the CKM matrix are recorded in Table 8.2. Later we will look 
at some of the processes used to determine these parameters. 

Using the charged currents involving quarks and leptons, we can now write the 
low energy weak effective Hamiltonian density for virtual W exchange between 
two vertices: 



G F 

riw = —p=Jn.J„. 

72 



J li J /r 
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Here, J^ contains both vector and axial vector terms as discussed earlier and is 
a weak isospin raising operator, while j£ involves the lowering operator. J^ is 
given by the sum of three terms involving the three lepton generations and three 
terms involving the three quark generations summed over colors. Each quark term 
in 7 M is then itself made of three terms because of the CKM mixing. Which of the 
pieces of ?iw contribute in a given situation is determined by the chosen initial 
and final states. 

We consider next the general question of CP violation arising from the weak 
interaction currents, and return later to review the weak decays of hadrons sys- 
tematically. 



8.4.2 ■ CP Violation 



We turn now to the behavior of the weak amplitudes under several special transfor- 
mations. The amplitudes we examine involve matrix elements for states related to 
each other via C, P, and T transformations. These symmetries were introduced 
in Section 3.9. We start with the general vertex of the charged current for one 
quark generation chosen to be w, d. The diagrams for the processes that actually 
exist at the quark level are shown in Figure 8.4. We assume for simplicity that 



Processes described by SU{2) 
raising operator; scattering diagrams 



Processes described by 5(7(2) 
lowering operator 






annihilation and creation diagrams involve 
"/ \ / d r 





u } 




u r 






FIGURE 8.4 Space-time processes contained in the weak Hamiltonian. All couplings 
are shown for the scattering diagrams. Only half of the diagrams, showing the quark- 
antiquark participants, are shown for the annihilation and creation process. Time travels 
upward in all the diagrams. 
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the momenta are high enough that we can ignore masses, so that all particles are 
left-handed and all antiparticles right-handed. We indicate the helicity by /(left) 
and r(right) for these two cases. We will focus on the scattering diagrams in Fig- 
ure 8.4. The particle momenta and specific W helicities are not indicated in the 
figure, since the Hamiltonian density contains all choices. 

We study a family of single vertex amplitudes for states related by the various 
transformations. It is sufficient to look at the first raising operator diagram in 
Figure 8.4. The other choices for related amplitudes work the same way. Thus we 
start with 




as the initial process. In Figure 8.5 we indicate the processes that are generated 
by using states related to the initial state by C, P, CP and CPT, whereas for CPT 
we choose states for which incoming and outgoing particles are interchanged. 






CP 




CPT 




FIGURE 8.5 Family of processes generated by various transformations. 



Comparing the processes in Figure 8.5 to those in Figure 8.4, we see that the 
processes generated by using states related to the initial state by C or P do not 
occur so that the weak interactions violate the C and P symmetries. It is also clear 
from the figures that QCD and QED, which contain diagrams with all helicity 
choices, have valid processes related by the C and P transformations. 

The process generated by the CP transformation is a valid process that is con- 
tained in the terms given by the SU(2) lowering operator, as indicated in Fig- 
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ure 8.4. CP symmetry is good, provided the couplings for the raising and low- 
ering operator are identical. For the weak eigenstates this is guaranteed by the 
5/7(2) gauge symmetry — that is, the gauge theory has only one coupling con- 
stant. However, we always make measurements between mass eigenstates. In this 
case, the coupling for the raising operator is g V U( j, while for the lowering oper- 
ator it is gV* d * Therefore, CP can be violated if V uc j is complex. This is exactly 
what happens for some of the terms for three generations. Thus CP is violated in 
weak processes; however, the source is the mass generating sector, not the weak 
interactions per se. Measuring the CP violation is, however, not simple. Since 
rates depend on the squares of the couplings, a process given by one diagram will 
give the same rate as its CP partner for complex conjugate couplings. The mani- 
festation of the CP violation therefore requires processes where several diagrams 
can interfere, and where the amplitudes for the several diagrams are not all just 
complex conjugates of each other. 

Finally, note that the process related by the CPT symmetry in Figure 8.5 is 
contained in the same operator with which we started (the raising operator in Fig- 
ure 8.4), so it automatically has the same coupling constant as the initial process. 
This depends only on the individual fields having both creation and annihilation 
operators. The CPT symmetry is therefore a good symmetry of the weak interac- 
tions. Embedding a weak vertex in a set of quantum events conserves this sym- 
metry, since it is a symmetry of all of the other interactions as well. The necessity 
of a field containing both creation and annihilation processes that obey the CPT 
property is required by Lorentz invariance, as discussed in Section 3.9. 



8.5 ■ CHARGED PION DECAY 

We turn now to explicit weak hadronic decays. The simplest ones are those of 
7i + and 7i _ . All the pion decays are interesting as a test of the ideas presented so 
far. The various decay branching ratios are given in Table 8.3. The decay n~ —* 
7r°e~v e is very small, mainly because of the very small phase space for the decay. 
The smallness of 7r~ — » e~~v e compared to n~ —> /x - ^ mu st be due to an 
interesting dynamical effect. This effect is called helicity suppression. The ix~ 
lifetime is 2.603 x 10~ 8 sec, long enough that we can create beams of these 
particles. 

We first consider the two decays in Table 8.3 that have only leptons in the 
final state. These are called leptonic decays. We indicate the charged lepton mass 



TABLE 8.3 Pion Decay Branching Ratios. 

Final state Branching ratio 

fx~Vf_ L 1.0 

e~v e 1 .230 ± 0.004 x 10" 4 

n°e-v, 1.025 ±0.034 x 10" 8 
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by m/. The current matrix elements involved are (0| J^ 4- Jfi \n~) for the 7r~, 
and uiy (i (\ — ys)Vv for the leptons. The matrix element is then 



G,. 



L«/y M (A " Kj)vb](0| J% + ■# k") V w ,/. (8.19) 



The7T~ matrix element involves an annihilation of the d and u in the7r~, yielding 
aW~, which then makes a transition to the leptons. At the quark level, this process 
arises from the annihilation term contained in the raising operator of Figure 8.4. 
Note also the factor V l(( j — cos# c included for this doublet. 

The pion current matrix element is dependent on the strong interactions, so it 
is not simple to calculate. It can, however, be written in terms of one constant. 
The vector current (0| jjj |jr~) must be a momentum space Lorentz pseudovec- 
tor since the pion is a pseudoscalar particle. However, to make a pseudovector 
requires using Spwap and three independent vectors. Since there is only one, p n , 
there can be no contribution from the vector current. Thus, Che only term con- 
tributing is the axial vector, which can be written in terms of one constant, f n , 
as 

(0\rf\x-) = f*Pl- (8-20) 

We introduced this matrix element in Section 7.3. 1 . (The factor I appearing there 
is absorbed into f n to simplify the notation). 

We can now use the current matrix element to calculate the n decay rate. Sub- 
stituting Eq. 8.20 into Eq. 8.19: 

G F 

M fi = —7=f* cos6 c itif{ n (\ - y 5 )vz. 

Writing p 71 = p l +p«, and using u\$\ = m\it\. pf v Vv = for a massless neutrino, 
gives 

G F 

Mfi = — -fn mj cos c ii i (1 - Y5)v- V . (8.21) 

Equation 8.21 indicates why the rate for n~ — > p~v /L is so much greater than 
that for n~ — > e~v e . The factor m\ in M f\ accounts for this, since m € <<C m^. 
For a current-current matrix element, any mix of vector and axial vector currents 
for the leptons would give this factor, whereas other operators (for example, a 
pseudoscalar-pseudoscalar interaction) would not. This is, therefore, a nice check 
that the Lorentz structure of the effective weak Hamiltonian is the current-current 
interaction. For vector or axial vector interactions of the leptons, the massless limit 
yields a particle and antiparticle of opposite helicity, which means an angular 
momentum along the direction of motion of the pair of one unit (which cannot 
come from a spinless initial state). Thus M/j must vanish as m/ — > 0. For m/ / 
the anti neutrino remains right-handed with the charged lepton now forced to also 
be right-handed. 
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We can understand the m\ dependence in another way. The p n coming from 
the n~ current results in a matrix element that is proportional to the divergence of 
the lepton current. This divergence vanishes in the massless limit. The symmetry 
breaking, which generates the masses, also causes the current to be imperfectly 
conserved, and the nonconservation is proportional to m/. 

We now complete the rate calculation and also check what charged lepton he- 
licity is allowed. Squaring 

r 2 f- - 
I M fi | 2 - FJ * mi Tr|u^p(I + Y5)u,ui(\ - y 5 )]cos 2 c . 

Summing over v spins (although only one helicity gives a nonzero result) and 
fixing the / helicity to be given by the spin vector .s/, we have 

^ VyVv = fc while uiuj = {fa + mi) f - — — — 

spins ^ 

Inserting these and calculating the trace, the matrix element squared is 

| Mji | 2 = G 2 F f~mj [p v - pi + mi(p- v - s { )] cos 2 6 C . 

In the pion rest frame, for an / helicity =bl, the various 4-vectors are 

pi = (£/, | pi |n), pv = (1, -h)\ pi I, misi = (| p\ |, Ejh)(s - h). 

Here h gives the direction of the charged lepton. The term [p v ■ p\ + m\p^ ■ s\\ s= 
pv - P/(l + ■? • '?)■ Thus we see that s ■ n = 1 (right-handed /) is allowed, while 
the result for $ • h = — 1 (left-handed /) vanishes. This is the one type of reaction 
where our expectation that all particles produced are left-handed, which is an 
mi — relativistic limit, is wrong. It does allow us to create fully polarized muon 
beams by selecting muons from n decay. 

Using p$ • pi = ^ m \ ~ m ?)> integrating over the phase space, and dividing 
by 2m n , we get 

8tt y mi J 

Since the other constants are known, we can measure f n = 0.94/72^ = 131 MeV 
from the measured n~ lifetime and the branching ratio into pTv }l . Note that f n 
has dimensions of mass. 

The current-current form for the matrix element can be tested stringently by 
comparing the rates for e~ v e to pT v fi . For an accurate comparison, radiative cor- 
rections should be included. The result of this calculation is 



Vjr - >ev ( m e \ I m£ -mi 



^n->i±v \"W \ m 7r~ m i 



16.9a' 
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The theoretical prediction for the ratio is 1.233 x 10~ 4 . The measured value is 
1.230 ± 0.004 x 10~ 4 . 

8.5.1 ■ Conserved Vector Current 

The dominant n~ decay rate to leptons was written in terms of a product of fac- 
tors, G 2 F cos 2 B e f£. However, since f n is not known a priori, we cannot easily use 
this expression to measure cos C . We look next at the decay tt~ — > 7t°e~v e . This 
decay, called a semileptonic decay, will be seen to allow just such a measurement. 
We now write the matrix element as 

Gf / Q, | _\ _ 

Mfi = — COSO C ^l J tl \7l J UeYfj.il ~ Y5)Vv. 

J lL is again J^ 4- J[} . However, the matrix element 

(*v>-) = o. 

since we do not have three independent momenta to dot into e livap to make an 
axial vector in momentum space. We define 

(^\j,\n-) = (n*\jv\n-) 

= n (V) (pf + pf) + f- (V ) {pT pf) ■ < 8 - 23 > 

Here the momentum transfer q tl is p* — p n . The expression above for the cur- 
rent, which is the most general vector we can write, involves two invariant func- 
tions called form factors. In the limit of a perfect isospin symmetry we can show 
that /f = 0, and for q 2 = calculate f?, which is V2. Thus the matrix element 
is completely determined since q 1 , which varies from m 2 < q 2 < (m n - —m n o) 2 , 
is always very small, allowing f+(q 2 ) to be taken equal to /+(0) to good ap- 
proximation. We can then use the experimental rate to measure cos~6 c , giving 
cos 2 c ~0.95. 

Before turning to the rate calculation, we consider the constraints on the pion 
current matrix element. The vector current that contributes at the quark level is 
V^y^Y/j, which is conserved in the isospin symmetry limit. Current conservation 
means that if we dot the momentum of the W into j}f we set zero, that is, 



(rl -pt)[AJ v »\*-) = *- 



In the symmetry limit (pj t - p n )(pj l 4- p% ) = m 2 __ - ra 2 = 0. Thus we 
must take f* = 0, so that the second term in Eq. 8.23 does not spoil the current 
conservation. 

We can, however, go further and predict f+ at q 2 — 0. The two states n~ and 
;r° are in the same isospin multiplet and the current operator is just the isospin 
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raising operator, if we consider only isospin transformations. Applying the rais- 
ing operator between the pion states, which are in an / = 1 multiplet, gives y/l. 
This result is analogous to the situation where the matrix element for the electro- 
magnetic current at q 2 = is completely determined for a particle in terms of its 
electric charge, which equals the sum of the constituent charges for a composite 
object. The importance of having no momentum transfer is that the particle con* 
stituents are in the same spatial wave function before and after the W emission. 

8.5.2 ■ Charge Operators 

The value of the current matrix element at q 2 = can be derived in a more 
formal way. The calculation illustrates more clearly what is meant by the particles 
carrying a non-Abelian "charge." To prove that f±(q 2 = 0) = \fl we determine 
the current and charge operators. For a Lagrangian with a continuous symmetry, 
we can introduce a conserved current J c [ for each symmetry generator of index a, 
where 

This implies that the associated charge Q" = f c1*xJq(x) is independent of time. 
For example, using the quark field operators, 



r-f 



where i// is a column vector of quark fields and T a is a matrix representation 
of the generator. Using the commutation properties of the field operators we can 
show (although we will not prove this), that the Q a operators are generators of the 
symmetry group [Q° , Q h ] — if a bcQ L ■> where f a i )C are the structure constants for 
the specific group. These relations, based on quark field operators, are true even if 
the space of states does not look like the free quark spectrum. For n~ decay, the 
charge operator related to the decay is the isospin raising operator <2+ . In general 
we know the effect of the raising operator on a state of given isospin (where we 
suppress the other labels for the state, which remain unchanged): 



G+ |/. /3> = v /(/-/ 3 )(/ + /3+ 1)|/, h + 1> ■ 

This relation follows from the commutation relations for the charge operators. 
Taking a matrix element between a n~ of momentum p (for which 7=1, 
73 = — 1 , in the formula above) and a final n° with momentum p\ 



(rr \Q + i n-) = V2(n ,p'\n ,p 



In the matrix element calculation, we are as usual using a normalization of 
2E particles per unit volume. Thus the corresponding state normalization is 
(7r D , p I 7T°, p) = 2EV for p = p' , otherwise. We can write this normal- 



8.5 Charged Pion Decay 279 

ization in another way, making reference to the momenta only. Noting that for a 
large volume: 



/. 



i(?-r>)-x d i x - \ V forp' = p, 



1 otherwise, 



v 

and that this integral can be written as (27r) 3 ^ 3 (/5 / — p), we can write the state 
normalization as 

(it , p' | tt°, p) = 2E(2jt) 3 8\p' - p). 

We now look at the current matrix element directly: 

(;r | Jf(x) \n-) = ,'V-p)-/* (q 2 ){E + E 1 ). 

This is the generalization of Eq. 8.23, for which x = 0, to a general point in 
space-time. The exponential factor comes from writing the operator J^(x) as a 
translation applied to J^(0) and then applying the translation operators to the 
states. Integrating over d 3 x to turn this into the charge matrix element gives 

(^°| <2 + \n-) = fl{q 2 )(E + E') f <*&-»+* d*x. 

In the isospin symmetry limit, Q + is independent of time so we can just take 
/ = in the integral. This gives 

(tt | Q + \n-) = /*(0)2E(27r) 3 a V - p). 

Comparing to the relation above for (jt°\ Q+ \n~), we have 

ft(q 2 =0) = y/2. 

The determination of the current matrix element of the vector current (arising 
from the d — > u transition) between states in an isospin multiplet in terms of the 
raising operator is quite general. For example, in neutron decay, n -^ pe~v e ; we 
have for the vector current for q~ near zero 



\P\ J ?± \ n ) = gv(q 2 )u P YnU n - 



The conserved vector current (called CVC for short) then implies immediately 
that gv(q 2 = 0) = 1, the value of the matrix element of the isospin raising 
operator for the p and n doublet. This type of relation works also for nuclear 
beta decay linking nuclear states in an isospin multiplet. Such nuclear decays, 
in cases where only the vector current can contribute, provide the most accurate 
determination of cos r . 
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8.5.3 ■ Rate for tt~ Semileptonic Decay 

Returning now to the n~ — > 7V°e~v e decay and using f+{q 2 ) = V2 (that is, 
ignoring the very small q 2 variation of /+) we can complete the rate calculation. 
The 7T° is very nonrelativistic in the n~ rest frame. Defining 

m l ~™l<s+ in l m e 1 

A = maximum e energy = and x — — — -, 

2m n ~ A 9 

it is reasonably straightforward to do the calculation in the limit where we ignore 
m e . In this case the e~~ energy spectrum and rate are given by 

dV Glcos 2 c 9 9 G 2 cos 2 c A 5 



dE e - 7T 3 c e ' 30tt 3 

Unlike the decay spectrum for e~ in fi~ decay, the e~ spectrum here is symmetric 
about the average energy. 
An exact calculation gives 

G 2 cos 2 c A 5 



r = 



30* : 




(8.24) 



The factor in the brackets = 0.94. Using the measured value of the branching 
ratio, which is 1 .025 ± 0.034 x 10~ 8 , and the predicted rate above, we can extract 
cos 9 C = 0.975 with an error equal to 0.016. This is in good agreement with the 
value for cos 6 C presented in Section 8.4. 1. 



8.6 ■ STRANGENESS CHANGING CURRENT OPERATOR AND KAON DECAY 

We turn next to the kaon system. This system has a rich set of decay phenom- 
ena, many of which have historically generated key ideas or tests of the Standard 
Model. We might expect to find two pairs of related kaons: K + and K~ that have 
similar decays and lifetimes; and a second similar pair, AT and K {) . The first sur- 
prise is that there are three kinds of kaons from the point of view of weak decays: 
K + and K~, which decay similarly, and K® and A^, that are linear combina- 
tions of K° and K°. The weak interactions, as a consequence of the CKM mixing 
matrix, allow /T° and K° to make transitions to the same final states. In quan- 
tum mechanics, initially degenerate states will mix completely even due to small 
perturbations, and this happens in the K° and AT system. In the limit where CP 
is conserved we can immediately derive the K° and K° mix that makes up the 
K® and K®: Namely, the CP even and odd linear combinations of K° and K° 
cannot make transitions into each other and so must be the eigenstates. We calcu- 
late the CP transformation based on the states defined in Section 5.2 and with the 
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same phase conventions as for the G parity discussion in Section 5.5 . 1. The CP 
relations are then, for a few states: 

CP\K°)=\K°), CP\ji + ) = \ii-), 

CP\K+) = -\K~), CP\n°) = - \tv°). (8.25) 

It turns out that K® (short lifetime) is the (nearly) CP even state and Ar^ (long 
lifetime) the (nearly) odd state. Thus: 

\ K o\^\ 1__\ / and \ K o\^\ 1_^ /_ 

i si J} ' Ll V2 

The lifetimes of the three types of kaons are: 

t k . = x K - = J.24x I0" 8 sec, r K a = 0.894x JO" 10 sec, r A ,o = 5. I7x l(T 8 sec. 

The K {) L and K® also have a slight mass difference: m K o — m K u = 3.49 x 10~ 12 
MeV. This is a tiny number ~ ^P K i\. 

The mean flight distance for a decaying particle is $yr, where 

P E 

($ = velocity = — , y = ~ . 
E m 

For fiy = 1 , the K® flies on average about 3 cm, while the other kaons fly a much 
longer distance. These distances are large enough to allow the creation of kaon 
beams and many detailed experimental measurements. 

We list some of the interesting branching ratios for the various kaons in 
Table 8.4. First, notice the decays where the current-current matrix element in- 
volves a lepton pair for one current and a hadronic matrix element for the other 
current. At the quark level the hadronic current is 

[tuYn ( 1 " Ys) ir s ] sin C = (j* + j£) sin 9 C . 

Within the SU (3) flavor space the current transforms the s — » u. This corresponds 
to one of the 5/7(3) raising operators (the V spin operator of Section 5.6). This 
weak isospin current operator is therefore an 5/7(3) flavor current in the same 
octet as the current responsible for n~ decay. It generates analogous decays to 
those in the n~ system. 

The simplest decay is given by the annihilation of the quarks in the K~, which 
is an \s, u) state. This is determined by the axial current, as in the n~ system. The 
rate for K~ — » Ivj can be obtained from the n~ decay rate formula by replacing 
nijr with m/c, and f n cosO c by f& sin 6^. We again expect that e~v v is heavily 
suppressed relative to \i~\) iX , in agreement with the data. Using the measured K~ 
branching ratio and the value of sin 6 C = 0.221 allows the extraction of the value 
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TABLE 8.4 Some Interesting K Decay Branching Ratios. 
K Type Mass (MeV) Channel Branching ratio 
K~ 493.7 



K° L 497.7 



K° s 497.7 



M V VL 


0.634 


e~v e 


1.55 x 10" 5 


7t°e~v c 


0.049 


n°fu,-v fl 


0.033 


TT-Jt 


0.211 


7T + 7t~7t~ 


0.056 


n-jt°n° 


0.017 


7T ± ^V jJL 


0.272 


7t ± e Zf v e 


0.388 


7r + 7T _ 


2.08 x 10" 3 


7T 7r° 


0.94 x 10" 3 


TZ+71-K 


0.126 


Tr 7T°7T° 


0.211 


YY 


6.0 x 10" 4 


n + n~ 


7.3 x 10" 9 


n + n~ 


0.686 


n°n 


0.314 


n ± e Zf v e 


7 x 10^ 4 


n ± fi T v II 


5 x 10" 4 


YY 


2.5 x 10" 6 



for //c , which is 

fir 

— = 1.22, or f K = 160 MeV. (8.26) 

fn 

For perfect 5/7(3) symmetry, we expect the ratio in Eq. 8.26 to be = J . We 
cannot use this decay rate to make a precise measurement of sin0 r , unless the 
degree of 5/7(3) violation can be calculated. Calculations using the lattice gauge 
technique, briefly described in Section 7.6, predict both meson decay constants 
with uncertainties of a few percent. As such calculations are improved, they may 
eventually lead to the most accurate value for sin & c . 

The next simplest decays are the semileptonic decays analogous to the n~ —> 
7t°e~v c . decay. There are several such analogous decays, for example: 
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To be specific, we will focus on K — » n^e v e . For this decay, 

,(1 - ys)vv e 



V2 



: sin C (it 1 J* I K "J u e y lL { 



(8.27) 



The most general Lorentz Invariant result for the current matrix element is 

(jt°| J* \K~) = /* (q 2 )(pf L + pi) + f5~(q 1 ){p^ ~ Pi). 

We can predict f+ (q 2 = 0) in the limit of exact SU(3) symmetry. This matrix 
element of the appropriate SU(3) raising operator can be evaluated, as was done 
for the analogous pion transitions in Sections 8.5. 1 and 8.5.2. It is simple to figure 
out the value by just looking at what happens in the symmetry limit at q 2 — » 0. 
In this case the current just changes one quark type to another, leaving the state 
unchanged, so that the system emerges as a different meson in the same multiplet. 



The processes for n — > 7T°, K 
In the SU(3) symmetry limit, /_£ 



7T°, and K° — » 7r + are shown in Figure 8.6. 
(4 2 =0)= 1/V2. 





K~ -> 77° 




K [] 



FIGURE 8.6 Analogous transitions responsible for meson semi-leptonic decays. Final 
states must be projected onto n = (\u,u) — \d,d))/*/2 or 7r + = —\u,d). Note that 
K — —\s f d), and there is a minus sign in the u —* d transition for n~ — > n since 
the antiquark isospin states are — \d) and \u). Adding the two tt~ — > jt terms coherently 
gives the SU{3) symmetry predictions /J = 75, f* " = 1/V2, /*° = I. 



8.6.1 ■ Vector Dominance Model for Kaon to Pion Current Matrix Element 



<7m 

'WX* 

W K* 



FIGURE 8.7 Vector domi- 
nance picture for current ma- 




trix element for K ~ 



.0 



We can make a more detailed model for the K~ 



77"° current matrix element 
using vector meson dominance. This model was used for the electromagnetic cur- 
rent coupling to charged pions at low q- in Chapter 6; we now extend it to the 
full SU(3) multiplet of current transitions. The relevant diagram for the current 
matrix element is shown in Figure 8.7. 

The ingredients to calculate the current matrix element are: 

1. W, K* vertex, which is gwK* e a m \*< 

2. K* propagator. 

3. K ■ vertex coupling for K~ — > 7r°, which is gK i K-jr oe } < i (P& + Pfi)- 

4. Sum over intermediate K* spins. 



Chapter 8 Weak Interactions of Fermions 
Putting these together: 



n°\J*\K- 



gWK*m K *g K * K -x» 



= gWK*gK*K-7r {) 



+ 



QliQv 



(p? + pZ) 



l K* 



X \(pji + Pi) ~ im * 2 m *\ p* ~ Pi) 



In the SU(3) symmetry limit, at q — 0, we expect from CVC that 



*>wk*8k*k-xQ = 



J 

71" 



We can check this relation if we assume that the couplings don't change from 
q 1 — rn 2 K , to q 2 = 0. The couplings involved can then be measured separately 
using other processes. We can measure gwK* in the decay r — > AT* v T provided 
$m$ c is known separately. Using the analog of Eq. 8.13: 



r r - 



>K*v t - 



G F$WK* ( m K 



L6tt 



"U" \ / 2 2 V 

"^7 J V* -"»*•) 



/M T + 



2/tti 



sin 2 9 c . 



The measured £* branching ratio is 1 .29 ±0.05%. Taking sin ft = 0.221 ±0.002 
gives gv/K* ~ 0.24 ± 0.01. Using the values from Table 5.5, we can calculate 



8k*k- 



3.17. The product gw k^Sk'K-tt — 0-76 ± 0.03 is very close to 



1/V2, which is a nice consistency check. Note that the near equality of gwK* 
and gyyp is an additional check on the value of sin ft., within the uncertainties of 
SU(3) breaking. 

The vector dominance model predicts the q 2 dependence of both form factors: 



fF(q 2 )^fF(0) 



1 + 



nr t 



fovq^ <<C mx* 



and 



ff (<? 2 ) 



(mi 



■»£) 



= -0.28. 



n (v 1 ) 



Both of these are in fairly good agreement with the experimentally measured pa- 
rameters in the decay. Note that the predicted dependence on q 2 is quite weak, 
since q 2 is <<C tn\* over the whole decay phase space. 

Given our specific model for the hadronic current matrix element, we now 
return to the full matrix element of Eq. 8.27. The term involving f_ (q 2 )q/t does 
not contribute in the limit where the leptonic current is conserved. For finite lepton 
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masses it gives a term proportional to m/, which is completely negligible for the 
electron. Thus f* (q 2 ) is actually measured by looking at the iiv (l final state. 

Since q 2 = m 2 K 4- m 2 — 2ra kEji, it is convenient in calculating the rate to 
integrate over the electron and neutrino variables, leaving E n (and therefore q 2 ) 
fixed. It is adequate to assume the electron is fully relativistic. Carrying out the 
integrals over the lepton variables gives 



cIV Gisin 2 r ( m K 



dE n 6;r 3 



( ,Uk \ i - |3 



/+ V) 



The q 2 dependence of f+ can be measured from this expression using data. 
The vector dominance model, which we use below to calculate the rate, predicts 
(including the CVC constraint at q 2 = 0) 



f+~(r)\ 




to lowest order in q 2 . We can get a rough estimate of the rate by assuming that the 
n is always relativistic, that is, taking 



2 



\p 7T \ = E 7T and E™ 
With this approximation the integral over E n is simple, giving 



G 2 F s\n 2 c 
48tt 3 



(?) 5 



i + 



2 mi 



5 m- K> 



The second term in the brackets comes from the term proportional to q~ in the 
form-factor and increases the rate by about 12%. Doing the integral over E n ex- 
actly: 



>*»*-*<= - 578 -^ 



G% sin 2 B c /mk\ 5 

s \ 2 ) 



i + 



.4 nr. 



m 



K* 



G\ sin 6 C /mi(\ 

0.628^ r-^- ( — ^ ) 

48tt 3 \ 2 J 



(8.28) 



Using the measured K lifetime, the branching ratio into n°e v e , and the pre- 
dicted rate in Eq. 8.28, gives the measured result 

sin 2 6 C = 0.0490 ± 0.0007 and sin C = 0.22 1 ± 0.002. 



To extract these numbers, an estimate of the radiative corrections and the small 
effect of SU(3) violation on the rate is included. 
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We used the SU(3) flavor symmetry in deriving the value of f+ (q 2 = 0). 
To measure s\nO c in several other processes will give us more confidence in the 
method, which is based on the SU(3) version of CVC. We can do this using the 
semileptonic decays of the strange baryons. We will discuss these very briefly. 

If we consider a semileptonic baryon decay B\ — > Bi + e~ + v e , we can write 
the matrix element: 









ByjlleY^X - ys)Vv e 



cost 
sin 6 



Here cos9 c arises for d —> u transitions and sin# c for s —> u transitions. Ex- 
amples of the latter are A — » pe~v e and 2° — > lL^e~v e . Leaving out terms 
proportional to q f , = P fi ' — P fl 2 in the hadronic current, since they yield terms 
which are proportional to m e after dotting into the lepton current, and small mag- 
netic moment type terms, we can write in general: 



Bn 



J v + J A 



B\) = L(B 2 Yli(gV - gAY5)UB\ 



The vector and axial form factors gv and gA are functions of q 2 and depend on 
the baryons B\ and £?- Since q 2 is reasonably small, we can approximate gy and 
gA as constants that depend on the baryon choices B\ and Bi. 
In the #| rest frame the B2 is rather nonrelativistic. In this limit: 



_ G 2 r (m B] -m-B^ 



8v + 3gA 



cos 2 C 
sin - ^. 



The constant gv can be predicted using CVC. It depends on the appropriate 
isospin or V spin raising operator matrix element within the octet of baryon 
states. Unfortunately the various gA cannot be predicted. We can, however, use 
the Wigner-Eckart theorem to write the gA in terms of Clebsch-Gordan coeffi- 
cients and two constants. This comes about because j£ transforms as an octet, and 
in the coupling octet — > octet via an octet operator, two reduced matrix elements 
come from the two different octets that arise in the decomposition of 8 <8> 8 into 
irreducible SU(3) representations. Since there are several semileptonic baryon 
decays, we can fit the rates in terms of the two octet couplings needed for the var- 
ious gA, and sindc, the constant we want to measure. These decays give a sin0 c 
value in good agreement, with the value extracted from kaon decay. The theoret- 
ical uncertainties in extracting sin# c from the various measurements limits the 
comparison to about the 3% level. 

8.6.2 ■ Operator for K Decay to All Hadronic Final States 

In Table 8.4, we see that K mesons also decay into final states containing only 
hadrons. These arise through the piece of the weak effective Hamiltonian with 
current-current operators involving only quarks. Because of the CKM matrix, 
there are 9x9 such terms in J^/J after expanding in terms of individual quark 
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fields (to be summed also over colors). The current pairs relevant to a given phys- 
ical process are determined by the change in flavor in the process, since the weak 
interactions are the only ones that change one quark flavor into another. However, 
in addition to the flavor change, we will have strong interactions between the con- 
stituents as the system evolves from the initial to the final state. This makes it 
difficult to actually calculate the rates. 

For hadronic kaon decay we expect the relevant currents to change «$ — > u (or 
s — > u; to be specific we look at s — » u) with the resulting W absorbed at a 
second vertex involving only quarks and antiquarks. The choices for the second 
vertex provide three types of diagrams: 

1. W creates a new pair, du, as constrained by charge and energy conserva- 
tion in the final state. The light antiquark in the kaon does not participate in the 
short distance W exchange. This diagram is called the spectator diagram and is 
analogous to the diagram for /x decay or K~ — > n®e~v e . 

2. The light antiquark within the kaon is involved in the short distance process, 
either by absorbing the W or annihilating the s quark. These are called weak 
scattering and annihilation diagrams, respectively. For the annihilation diagram, 
the W will produce a du pair if we require only hadrons in the final state. This is 
analogous to the K~ — > \i~v iX process. 

3. The W can reattach to the same quark that emitted it, with the quark making 
a transition to a new flavor. Since the quark states we are using are mass eigcn- 
states, they propagate with no flavor change unless external interactions intervene. 
This diagram therefore only provides a real transition if we internally attach an- 
other interaction, for example, the exchange of a gluon with the light antiquark in 
the state. This diagram does not follow the simple expectation that only s — » u 
contributes. 

These three classes of diagrams are shown in Figure 8.8 for both K~ and K° 
mesons. Also indicated are the final isospins that are allowed by each diagram. We 
can calculate the isospin by just adding together the isospin of the various quarks 
and antiquarks that appear in the final state. Diagrams (I) and (2) in Figure 8.8 
come from the term in the weak effective Hamiltonian: 

—7= [^/K/ t (l - ys)V'/<] [VW//0 - YsWs] sin r cos ft. (8.29) 

We must add the effect of strong interactions to get the real initial and final stales 
and the full interaction during the evolution of the system. Diagram (3) has some 
of the strong interactions already indicated; in this sense it is already a higher- 
order diagram. Since the gluon interactions are strong at the kaon mass scale, this 
type of diagram is not necessarily small. It is called a penguin diagram. 

The hadronic final states produced in K decay are 27r or 37r final states. The 
discussion in Section 5.4. 1 indicates that both types of decay can occur only if par- 
ity is violated by the decay interaction. By angular momentum conservation, the 
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FIGURE 8.8 Types of diagrams at the quark level contributing to hadronic kaon decay. 
Diagrams differ by how the exchanged W is absorbed. 



In system has 7=0, which is a fully symmetric state. The isospin states that are 
possible for 2n are / =0, 1 , or 2. Bose symmetry for the pions then tells us which 
isospin state can go with a particular spatial! state. Since J = is symmetric, we 
must choose symmetric isospin states, which for liz are the states with / = or 2 
(the / = 1 state is antisymmetric). The specific decay channels are K~ —> tt~7t°, 
K° — » jt + tc~ and 7r°7r°. Since 7r~7r° has 1$ — — 1, this final state cannot have 
/ = and it must be in an / =2 state. 

The decay to 3n must yield a J = final state with very little available phase 
space. The form of the matrix element is similar to that of r\ —> 3n, but the phase 
space is even more limited. Therefore, we expect a fully symmetric s-wave fi- 
nal state to dominate the amplitude. In this case we can again find the final state 
isospin, since the isospin state needs to be fully symmetric . In addition, based 
on the diagrams in Figure 8.8, it must have / < 2. The only state of 3n satisfy- 
ing this is an / = 1 state. The expectations for 27T and 3tc decays are listed in 
Table 8.5. For 3n we assume the fully symmetric s-wave final state, which is a 
good approximation. 
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TABLE 8.5 Isospin Properties of Hadronic K Decay. 
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Decay type 


Final isospin 


Contributing operators 


K° -+ TtTt 


0,2 


A/ - 1 ^ 

l\l — 2 , 2 


K~ -> 71-71° 


2 


A/ = 2 


K° -► 3tt 


I 


^/ — 2 > 2 


K~ -+ 3tt 


1 


A/ - 1 ^ 



Last, we can write the weak effective Hamiltonian as an operator with spe- 
cific isospin transformation properties by adding the isospins of the two currents 
vectorially. The operator specified in Eq. 8.29 transforms as a mix of A/ = ^, 



(that is, like an / 

3 A 7 1 



h 



state under isospin rotations), 



A/ 3 

and A I = | s A/3 = — ^ operators (given by the top two processes in Fig- 
ure 8.8), while the penguin operator (the bottom process in Figure 8.8) trans- 
forms as A/ = |, A/3 = — A. Since strong interactions conserve isospin, the 



change in isospin that is possible in the process is governed by the weak opera- 
tors. For a kaon doublet, for example K~ and K , the same operators are respon- 
sible for the decay and we can use the Wigner-Eckart theorem to write the full 
amplitudes in terms of two reduced amplitudes (for A/ = ^ and A/ = |) and 
Clebsch-Gordan coefficients for the 27r or the 3tt channels. Denoting the operator 



as O = O 



AI = 



.A/ 3 = 



+ 



A/ = 



A/ 3 = 



1 , the Wigner-Eckart theorem gives: 



0\K~)= O 



i = - r h 



o 



K u )=0 



All 



A/= 



■D+^jf |2.-1) + -^|1,-1> 



2 2 



A/=J 

~V2~ 



,i=i 



11,0) 



V2 



,/=2 



,/=J 



A '-|0,0) + ^l|2,0>-^i|J,0) 



V2 



V2 



(8.30) 



Each a will be an amplitude when matrix elements are taken with given final 
states. 

To project onto the 2n states, we use the isospin decomposition: 



|2,-l} = ^(|7r-,7r°)+|7r .;r-)) 
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12,0) 



j_ 

V6 



(|7r + ,7r-)+|;r-.7r + ))+y||7r ,7r ) 

7T ,7T ). 



|0,0) = ^(|7T + ,7r-)+|7r-,7T + }) 



1 

V3 



Using these, we now write the kaon to 2tt matrix elements in terms of two com- 
plex amplitudes (which we label by the isospin of the final state): 



M k 



yCl 2 



M 



K°- 



= V3«2 + 



M fr^nW = T^ 2 



%ao 



OQ. 



(8.31) 



We take the conventional choice of signs for ai, #o in this expression. The am- 
plitudes are symmetrized for 7r°7r° and, therefore, when integrating over the final 
phase space, we must include a factor of ^ after integrating over all directions 
because of the identical particles in the final state. We look at the 3tt decays in 
Section 8.9. 

We will next look at a simple model for the 2tt decays. It is what one might 
try, given knowledge of the decays involving leptons. It will not give the correct 
result, but provides an interesting example for comparison. The model assumes 
simple factorization of amplitudes for each current and that Eq. 8.29 provides the 
full weak effective Hamiltonian density, whose action to lowest order gives the 
decay matrix element. The diagrams are shown in Figure 8.9 for K~ decay. 





FIGURE 8.9 Simple factorization model for K decay. The second diagram vanishes 
by CVC in the isospin symmetry limit. 



The only diagram that contributes, if we ignore the tc~ — jt° mass difference, 
is the diagram where K~ —> n° for one current matrix element and jt~ is cre- 
ated from the vacuum by the other. For simplicity, since the model will not be 
adequate anyway, we will take (tt°\ J fl \K~) 2^ f£ (q 2 = 0)(p* + P* )• Also, 



<t~I^|0) 



fnPu ■ Using these current matrix elements in Eq. 8.29 gives: 



M k 



9z 

V2 



sin0 c cos0 c f„f*~ (0) (m\ - m 2 ^ 
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An analogous calculation for A^o_ >7r - h7r - would replace f+ (0) by f£ (0). This 
model predicts that Mgo^^o^o = 0, which corresponds to a specific relation 
between the isospin amplitudes, namely ao = -Jlai in Eq. 8.31. Making this 
substitution uives the relation 



M if0-**+ 3r - 



V2, 



which agrees with a direct calculation using the ratio 



/f(Q) 

/-T(0) 



= 72. 



Thus, this model contains both isospin changing operators with a fixed relation- 
ship. 

Taking m\ — ra 2 cz m 2 K and integrating over the phase space we get from this 
model: 

G\ sin 2 C cos 2 C flm\ 
p ,, ^ __L l JTr a 



Using 



* AT-->/u-[v — 



8tt 



we get the prediction: 



r A-->/z,-^ 8 \f K 



fa/ \"W 



cos 1 Or ~ L.5. 



The real answer for this ratio is 0.33. The matrix element we are using for this 
A/ = | process is too large by a little more than a factor of two. The real A/ = | 
operator is therefore suppressed by the strong interactions relative to the model. 

For the K° decays, we see that the striking prediction of the model that K° — > 
7r°7r° is absent, is not correct. This prediction comes about through the cancel- 
lation of two real, in phase, 7=0 and 1=2 amplitudes. Including strong in- 
teractions, we expect that the amplitudes will not be real, which can spoil such a 
cancellation. In the present case this is, however, not the primary reason for the 
nonvanishing of the Tt°7t amplitude. The model predicts that 

r K°->7r+7r- _ - 



1" K-^ir-7T {) 

The actual ratio is about 225, where we use the average of K^ and K () L to 7r + jr^ 

to extract the K° rate. This large ratio implies a large enhancement in the matrix 
\_ 

2 



element of the A/ = ~ operator compared to naive expectations. From Eq. 8.31 
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and the measured rates, keeping only the A I = j part for K° —> n + 7t , we can 
estimate 

If we compare the measured amplitudes to the factorization calculation, the ai 
amplitude is suppressed by ~ 2.5 and the a.Q amplitude is enhanced by ~ 8. 

Ignoring the ai amplitude, we predict that r^o^^o^o = ^r y ^n_ >7r + 7r -. This is 
quite close to the measured ratio of about 0.46 for both A^ and K®. The presence 
of the small ai amplitude reduces the 7r°7r° rate relative to the n + n~ rate by 
- 10%. 

A large enhancement in a given amplitude can arise as a result of a hadronic 
resonance. This is not the case here, since there is no low mass 7=0 resonance 
in the nn system. Exactly how the strong interactions produce this enhancement 
is not understood quantitatively. It occurs in all the low energy hadronic weak 
decays involving the strange quark, not only kaon decay but also strange baryon 
decay, for example A -> tc~ p or n°n. It is called the A I = ^ rule since it is 
always tied to this operator. 

Although we are unable to calculate the rates, we can deduce some interesting 
general constraints on the phases of the amplitudes. We turn to this next, con- 
sidering a general weak decay of a pseudoscalar meson. We will return to the K 
decays later. Note that our discussion so far has been for the decays of the K~ , K° 
isospin doublet; the more general discussion below will be needed to relate these 
to the /^ + , K° doublet decays. 



8.7 ■ GENERAL FRAMEWORK FOR WEAK DECAY 
OF PSEUDOSCALAR MESONS 

We look at the general framework for describing the weak decay to hadrons of a 
pseudoscalar meson P in its rest frame. By angular momentum conservation and 
energy conservation the final state has 7=0 and E — mp. The S matrix elements 
for the decay include strong interaction effects among the final state particles, 
resulting from the fact that we produce final state hadrons and not noninteracting 
quarks. We write generally: 

S = So-iM. 

Here So is the S matrix for the strong interactions, ignoring the weak inter- 
actions entirely. M is the contribution to S from the weak interactions acting to 
lowest order only, including, however, strong interactions acting to all orders. 
In the language of the iteration expansion for S of Chapter 2, Sq is the sum of 
the terms containing the strong Hamiltonian to all orders, and M is the sum of all 
terms where the weak effective Hamiltonian appears only once. In cases where 
several weak diagrams contribute, as in Figure 8.8, each diagram makes a separate 
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contribution to M . We have dropped terms in which the weak interactions appear 
more than once. Although this is a weak perturbation expansion, it is meant to be 
exact with regard to the strong interactions so that the outgoing particles interact 
significantly. Although we cannot solve the strong interaction problem, unitarity 
and the simplicity of the initial state provide constraints that allow some insight 
into the solution. 

From the unitarity of 5 and So, we get to lowest order in M, by calculating SS^\ 

MS\ = SoM 1 " or M = SoM^So. 

We next note that the pseudoscalar mesons that decay weakly (AT, D, B mesons 
for the s, c , b quarks, respectively) are all eigenstates of the strong interactions — 
they would be stable in the absence of weak interactions. Thus, (P\Sq\P) = 1 
and (/i|Sol^) = for \n) ^ \P). We can therefore ignore the last So provided 
we are looking at an initial state \P). This gives M = SqM 1 ' . Note that M is not 
Hermitian (as it would be for weakly interacting particles only). 

We next exploit angular momentum conservation for a final state basis of 
hadronic states with J = 0, E = m />. We have not typically used angular 
momentum states, except for occasionally noting that the angular distribution 
in a decay could be understood from the point of view of angular momentum 
conservation. We specify the states produced in the decay with given particle 
content (for instance, some number of kaons and pions of given charges) and 
J — as |m/>. These correspond to a spherically symmetric wave diverging 
from the origin. We normalize the flux of outgoing particles to correspond to 
the same event rate for each |m,). We also consider a related set of states that 
correspond to a spherically symmetric wave starting in the distant past and con- 
verging on the origin. We write these as |m,-, in). The strong interaction S matrix 
(So)ij = (nij | irij, in) — (mi\S®\mj). Thus So is a unitary matrix that relates 
the two bases |m/> and \mt,in). If only elastic scattering is allowed, unitarity 
tells us that the flux in equals the flux out; therefore, So = £ , where we have 
considered only one state. This corresponds to the partial wave solution in non- 
relativistic quantum mechanics, where S is called the phase shift in the J = 
angular momentum channel. 

Relativistically, particles are destroyed and created so that the So matrix will 
not be diagonal. However, by considering linear combinations of the states \mi) 
we can find a new set \n.j), which diagonal ize So. We call |m/> the physical states 
(with particle content we detect) and \rij) the strong scattering eigenstates (which 
contain mixtures with different particle content, however constrained, so that all 
\m.j) that mix into a given \m) have the same conserved strong quantum numbers). 
In the \n-,) basis, (ni\So\nj) = e Ki S ninj . Note that the eigenvalues of a unitary 
matrix are all just phase shifts, as above. 

We now return to the weak scattering matrix and expand the relation between 
M and So in the \n\) basis. This gives 

(m \M\ P) = e 2i *"i (n { |Af f '| P) = e 21 ** (P \M\ni)* . 



1 
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We next use the CPT theorem, which M satisfies, giving (in the notation of Sec- 
tion 3.9) 

(P\M\n f )* = (CPTnj \M\CPTP)*. 

To simplify the notation, we write 

\CPTP) = \P) and \CPTn,-) = |;?/> . 

Since \P) is a pseudoscalar at rest, \P) is its antiparticle at rest. \h;) is obtained 
from \n t ) by changing all particles to antiparticles and reversing all helicities. 
Thus, 

(m \M\ P) =e 2i8 "> (hi \M\ P)* . 

We can repeat our entire analysis above starting with the state \P). The CPT 
theorem applied to So implies that \h- { ) are eigenstates with the same phase shifts 
as \rij). This gives the complex conjugate of the equation above: 

[hi\M\ P) = e 2iS "i {n; \M\P)*. 

These equations imply that |(/7,|M|P)| = |(n/|M|P)|, which we write as A )}j . 
Using A nj , we can write in general: 

(n-i \M\P) = e iS »i A ni e i4> »; 

(hj\M\P) = e i(S "iA nj e- i(l >»i. (8.32) 

The factor 8 rli is called the strong phase, <f> nj the weak phase. Having only an 
outgoing wave for the case of P decay, the strong phase shift is only half as 
great as for the strong scattering situation, which involves incoming and outgoing 
waves. 

Although our expression above involves a number of unknown factors, its form 
allows some general conclusions: 

I . We can show, from Eq. 8.32 above, that the lifetime of \P) and \P) are the 
same. Normalizing |A, ?/ | 2 to give the partial width for \P) —> \n,-) directly, we 
have 



r> = J2\(m W\ p )\ 2 = J2 K"< |yW| ^)! 2 = r 



p- 



Here \n- t ) form a complete set, which we sum over to get the total rate. In reality 
the states we detect are |m/>. These are, however, related by a unitary transforma- 
tion to the |/2/>, so the result is the same if we sum over partial widths to |w,). 

2. The expressions given by Eq. 8.32 imply the same partial widths for \P) -* 
\rij) and |P> —> |n/). However, if we make a transformation to physical states, the 
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amplitudes for P or P will involve the same unitary transformations applied to the 
appropriate terms given in Eq. 832. The presence of the weak phase <p ni implies 
that the magnitude for sums involving amplitudes for \P) or \P) will differ unless 
(/>„; is the same, or 8, }j is the same, for all channels summed over. 

3. If CP is conserved, we can organize the decays for \P) or \P) to corre- 
sponding physical states with identical partial widths or branching ratios. With 
CP conserved, we have directly for the weak amplitudes (for scattering states or 
physical states; we look at the former first): 

(m\M\P) = {CPni\M\CP P) , 

and \CP P) = \P) for a single pseudoscalar at rest. 1 We write \CPn,-) = |n,). 
Therefore 

(ni\M\P) =(nj\M\P). 

In an experiment we detect the states 

\mi) = ^2 U 'J \ n .i) or \™*) = XI U 'J \"j) ' 
J 

The CP invariance of the strong interactions implies that the matrix relating |m/> 
and |/z/> is the same as that for \mt) and |/?/>. These relations then imply 

(m, \M\ P) = Y J U ij [n j \M\ P) = (m, \M\ P) 
j 

and equal partial widths for |P> -^ |m/> and |P> — > |m/>. The effect of the matrix 
Ujj is called strong rescattering, since it (combined with the phase shifts) amounts 
to a mixing between physical channels due to strong scattering. 

A difference in partial widths for \P) — » |m/> and \P) -+ \m;) is called direct 
CP violation. It can only come from the weak phases (p fli . [f CP violation arises 
from the CKM matrix only, then these phases are in principle determined from 
the angles and nonzero phase in this matrix. 



8.8 ■ AMPLITUDES FOR KAON DECAY TO TWO PIONS 

We can constrain the parameterization of the K decay matrix elements in light of 
the discussion on strong scattering and weak phases. The final states are simple, 
limited to 2n and 3ti by energy conservation. Unfortunately, the actual values 
for the amplitudes still remain incalculable due to the complexities of the strong 
interactions. 

Nole that \P) can be + or — the physical slate; for | A ) il is + for our phase choice. This leads to a 
+ or — sign between amplitudes for physical slates, which doesn't change the partial width relation. 
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The strong scattering eigenstates can be determined from the strong symme- 
tries. These imply (ignoring the small isospin violation): 

1 . There are no transitions between In and 3;r because of G parity conserva- 
tion. Thus we can look at 2tt individually. 

2. For 2tt with 7=0, the possible states have / = or 2. By / spin conser- 
vation, these states scatter among themselves. Thus, for 2tt there are strong 
phases Sq and 82 for the two isospin channels. 

3. If we assume that weak phases come only from the CKM matrix, then 
the weak effective Hamiltonian in Eq. 8.29 provides no weak phase (this 
is true using the exact CKM matrix, Eq. 8.17). Thus, weak phases can 
arise only from the penguin diagram, mainly via the sequence of transi- 
tions s — » t — » d, where the t — ► d transition brings in the phase factor 
in our convention for the CKM matrix. This is a A/ = ^ operator, so the 
weak phase occurs mainly in this term. This allows a rewriting of the ma- 
trix elements in Eq. 8.31 in terms of specific phases for each amplitude ao 
and A2- 

4. The CP properties for the states are determined by Eq. 8.25 for a J = 
state. 

Using these implications, we can parameterize the amplitudes for each kaon 
to decay into two pions. Based on Eq. 8.32 for each isospin channel and the sum 
over isospins in Eq. 8.3 J, the matrix elements are 

Mg-^-xO = M K+ _ >1T+7rU = fie^A 2 

Wjco_«o ff o = f/ h A 2 - yfl^Aoe- 4 * 
M&^ ^ = fy h A 2 + J\e^A e^ 

Mft^nono = 7T /SM 2 - Jl&Aoe 1 * (8.33) 

Aq and A 2 are real and <5o, <$2 have been independently measured to be about 35° 
and —7°, respectively, in scattering of pions on virtual pions emitted by nucleons. 
Note that the strong phases are indeed nonnegligible. The weak phase violates 
CP invariance, leading to direct CP violation. The phase <p has been measured to 
be ~ 10~ 4 , in rough agreement with estimates based on the CKM matrix and top 
quark penguin contributions. The direct CP violation is thus measured to be very 
small. 

If the K° and K° mesons had been the propagating mass eigenstates, we could 
directly measure <fi by the difference in partial widths for decays to the tt + ti~ or 
7t°7T {) CP conjugate final states. Since the K° and K® mix, we have to measure 
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decay branching ratios for the eigenstates generated by mixing. We will therefore 
have to come back to these measurements after the mixing discussion in Chap- 
ter 9. Note, finally, that the rate for the sum of tc + tc~ and 7t°7t° is the same for 
K° and K° (that is, both are independent of 0) as required by the CPT theorem 
for a sum over a complete set of states that scatter into each other. 



8.9 ■ AMPLITUDES FOR K DECAY TO 3n 

We look at all 2n decays within the following two good approximations: 

1. Symmetric s-wave final state. This implies an / = 1 final state. From 
Eq. 8.30, keeping only the / = I terms, the K~ and K° amplitudes are: 



j=\ 



A/ = 



0\K-) = a' = l =if |l, -l) + —^11,-1) 

O \K° ) = — ^|1,0) + — ^|1,0). 

2. Dominance of the Al = * amplitude. This is implied by the data, as we 
will see below, and is a strona interaction effect. The data indicate that 



A/=i 



0.06. 



Keeping only the A/ = ^ amplitude, we have: 



0|*-) = <7i.n.-i> 



o 



A/ 



*°>-^".o,. 



This implies that F^-^-^ = 2F^o^^, where all combinations of 3tz are 
summed over and we have ignored the mass difference between pions. 

[f CP is a good symmetry, then the amplitude ci , = ] _ ] has a phase e ' wherever 

it occurs. This phase has not been measured but drops out of the rate calculations, 
since only the one isospin state is involved. In principle, there is also a very small 
CP violating weak phase (as in the 7r7r case), which changes sign when we go 
from the amplitudes for the K~ , K° doublet to the K + , K° doublet. We ignore 
this since it has no effect on the rates for only one final isospin state. Finally, 
given the CP transformations in Eq. 8.25, there is an overall minus sign between 
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analogous decays of K + , K~ or K°, K°, for example, 

We can calculate the rate into a given 37r channel in terms of one amplitude 
by using Clebsch-Gordan coefficients for the symmetric / = 1 states. Table 8.6 
summarizes the predictions and data. Included are the significant phase space 
corrections, which are large because 3m 7r is not small compared to /iu' and the 
pions do not all have the same mass. The K® L rates are taken to be twice the K° 
rates in order to use the data. 

TABLE 8.6 Predictions and Data for K -> 3tt. 

Relative phase space factors are: 

K z °^37r° : K Q L ^jr+n-jt° : K~ -> Tr"^ : K~ 

' 1.48 : 1.31 1.24 : LOO 

Prediction based on symmetric s-wave: Data: 

4| - -| =3.23 3.23 ±0.04 






?&+** 3 VI -48 



Prediction based also on A/ = ^ rule: Data: 



r K-^TT~jr--7r^ + "n24 r A'--*7r-7r ,n 7r° 



\.3\ r K° L ^7T+7T-7T + Fffi r Kf^37T 



0.82 ± 0.02 



"1 

The measured ratio not equal to 1 indicates the presence of a small A/ = 4 amplitude. 



8.10 ■ RARE K° DECAYS 

Included in Table 8.4 are a few of the interesting rare decays for K® and K®. The 
rare decays listed are to the yy or /x + /x~ final states. We will not try to calculate 
the rates, but rather just state the physics behind the rates. 

The electromagnetic processes leading to yy or (x + \x~ are of higher order than 
the other decays in Table 8.4. As such, they illustrate the expansion of the time 
evolution operator into successive processes for small couplings. They serve to 
check that we have not left out any physics to the level that we understand the 
rates. Both K® and K® decay into yy, but through mechanisms that are quite 
different. 

We begin with the diagrams in Figure 8.8 and consider the higher-order effects 
that can occur. The scattering and penguin diagrams for K° yield, at the quark 
level, final states with 7=0 and uu or del quark content. The simplest such 
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states at the hadron level are just the neutral pseudoscalars jt°, rp , rj' '. The weak 
interactions will therefore provide a very tiny mixing for the neutral kaons with 
these pseudoscalars. Rather than considering K° and K°, we start with the states 
K^ and K®, which are very close to CP eigenstates. The light pseudoscalars are 
CP odd so that we expect a tiny bit of mixing of K {) L and 7T°, 77, r\' . Since the latter 
decay to yy, we expect to find a small decay of K® into yy in a final state that 
has J p = 0~. A calculation following these ideas gives a reasonable estimate of 
the branching ratio for K^ -» 2y. 
The mixing with the tt° 



*?,*? 



shouJd be absent for K® in the approximation 



that it is even under CP. The primary K® decay is to nn. This, however, provides 
another mechanism to produce yy, since the charged 7t + ti~~ will scatter to yy. 
The photons produced by this mechanism are in a state with J p — + , which 
is the state for the initial n^7t~ system. A calculation of K s — » n+n~ -+ yy 
gives a good description of this rate in terms of the measured rate to 7r + 7r _ . 
The rescattering mechanism can be taken one step further by considering 
for the J p = O* states above. The branching ratio for K^ — » 



yy -> fx '//, 

lx + ix~ is too small to be measured, given the short K s 



lifetime. The K° L 



Ll + fJL 



decay can be seen and the rate is as expected for K® -» 2y -» f.i + pT . Note 
that in calculating such a rate, the imaginary part, which is expected to dominate 
the rate, can be calculated using unitarity in terms of real intermediate photons, 
whereas the real part can only be estimated. 

The measured branching ratio for K® — > fx* ii~ is 7.3 x 10 -9 . The small- 
ness of this number is an impressive example that strangeness changing neutral 
currents do not occur in the weak Lagrangian directly. The rate for this decay is, 
however, so small that we should verify that it is consistent with expectations from 
second-order charged current weak processes. The second-order weak diagram is 
shown in Figure 8.10. This is called a box diagram. If we calculate this diagram 
for a virtual u quark alone, we get a result that is considerably larger than the 
measured branching ratio. The CKM coupling factor for the u quark is V^V^. 
However, since the intermediate quark is virtual, we need to include intermedi- 
ate states of larger mass, as also shown in Figure 8.10. The state with the largest 
coupling is the c quark. Its CKM factor is V cs V* r In the two-generation approx- 
imation, V us V*. + Vcs V*. = sin C cos C — cos C sin C = 0, by the unitarity of 




FIGURE 8.10 Box diagram contribution to K® -> fx + fx~ . A similar diagram con- 
tributes for the A' . Virtual w, c, t interfere, with amplitudes for each quark dependent 
on quark masses and CKM factors at the two vertices. 
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the matrix. Thus at large invariant masses for the virtual quark (^> tn c ) the am- 
plitude given by the box diagram is cut off by the cancellation between u and t\ 
and in fact we get a result that is much smaller than the yy contribution. Such a 
cancellation in the box diagram is called the GIM (Glashow-Iliopoulos-Maiani) 
mechanism, and was used to predict the existence and approximate mass of the 
c quark. In the three-generation case, the «, c cancellation at large masses is still 
very accurate. The / quark has a very small CKM factor, V^VA, and therefore 
does not contribute much to the amplitude. For box diagrams involving initial b 
quarks instead of s quarks, the CKM factors are much larger for the virtual / quark 
contribution. As a result, virtual / quarks typically provide the dominant ampli- 
tude, compared to u, c exchange, for processes in the B meson system when box 
diagram contributions are important. 
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FIGURE 8.11 Top quark 
decay. 



The weak interactions are the source of flavor changing decays for the lightest 
hadrons containing heavy quarks. We expect these hadrons to be pseudoscalar 
mesons and spin ^ baryons. The decays are analogous to the kaon and strange 
baryon decays; however, many more final states are possible, given the greater en- 
ergy released in the underlying quark transition. Summing over these final states, 
the total decay rate can be predicted more accurately as the heavy quark mass 
increases. 

The most accurately-predicted decay is expected to be that of the / quark. Since 
it is heavier than the W, it decays via the weak single vertex interaction rather 
than the higher-order weak effective Hamiltonian. The diagram is shown in Fig- 
ure 8. 1 1. Given the values of the CKM matrix elements, the decay is completely 
dominated by the / — > b transition. The emitted W is real and subsequently pro- 
duces a mix of states with probabilities typical of W decay. Ignoring small mass 
and radiative corrections, and small CKM matrix elements, the W decays into (in 
the ratio shown): 



e v e , 
1, 



1, 



ud, 
3, 



cs. 

3. 



Including the small CKM matrix elements, (j/, cl) is replaced by 

95%(u,d) l 5%(u,s) 



and a very tiny amount of (w, b)\ (c\ s) is replaced by 95%(c, s), 5%{c, d) and a 
very small fraction of decays into (c\ b). 
The / decay matrix element is 



M fi = Z-^E e T Uhy ^ ~ Y5)U ' 



(8.34) 



8.1 1 Weak Decays Involving the Heavy Quarks c, b, t 



301 



allowing a straightforward calculation of the decay width. Summing over all spins 
and dividing by 2 for an unpolarized t quark: 



Z>/'-l 



spins 



e^ (k)e v (X) 



_A=I,2.3 

Tr[(rf h + m h )y IJL (\ - y 5 )(^, +^ / )y u (l - y 5 )] - 



If we ignore m&, keep only terms with an even number of y matrices, and com- 
mute 1 — ys through to the right: 



2 

spins 

We see that 



,2 i_ 

16 



oEI^/'l 



5») e rw 



Tr[/^y,<^Ku(l - ys)] • 



E^w«, r w=-^+ 



Ml 



is a symmetric tensor, so we need only keep the symmetric part of the trace, which 
means the y$ term does not contribute. Using Tv[fi b y^^ f y v ] ~ 4[/?^// u + p[ L pt — 
Rttvipb ■ Pi)] we get finally: 



*I>/* 



|2 # 



spins 



(/ty ■ Pi) + 2 



(PW ■ Pb)(PW ' Pi) 



M 



w 



Using p w ■ Pb = (Pi ~ Pb) • Pb = Pi ■ Pb ~ ml - Pi • Pb, 



1 V^ i |2 <? 2 



spins 



i + 



2(Pw ■ Pi) 



< 



Completing the calculation in the t rest-frame: 
m? - Ml, 



-w _ "? 2 + My, 
Pb ■ Pi = m, E\, = , p, ■ p w = m, E w = . 



if we ignore mh therefore: 



jEl^/'-l = T K-"*> M 2 



spins 



Putting in the phase space factor: 

g 2 (m 2 -W 2 v ) 2 (/« 2 + 2M 2 v ) 



r, = 



4;r 



l6W^m? 



(8.35) 
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Using 


,,2 [ 








*— = — , m = 175 GeV, 
4tt 30 


A% 


= 80.4 GeV 



gives r, = 1.5 GeV. 

This width is large, in fact so large that the / quark will decay before it really 
can bind into a hadronic system. Thus we are justified in talking about f -quark 
decay, rather than meson or baryon decay as for the other quark systems. 

Given the very heavy /-quark mass, it has so far been produced only at the 
highest energy colliding beam machine, a 2 TeV proton-antiprolon collider. It is 
studied in events containing t and I quark pairs, each of which decay as above. 
Each resulting b quark from the t —> b transition really produces a hadronic jet 
over longer time scales, and each W decays into final states with probabilities 
given earlier. 

8.11.1 ■ Weak Decay of Charm 

We study next the case of charm. The c quark transition, like that in t decay, is 
dominated by the charged current term within one generation, in this case c — > s, 
However, the off-diagonal term c — > d is not as suppressed as t — > s or / -> d, 
so we have measurably small (~ 5% of total) Cabibbo suppressed decays. The 
lightest charmed meson types are D + = — \c,d), D° = \c t u), and D^~ — \t\~s). 
along with their antiparticles. A rough estimate of the decay rate can be derived 
by treating the c as a freely decaying fermion (like the r) and ignoring the masses 
of the lighter fermions. This gives 



1 U/ 



-^r r , 



assuming m c /m x — 0.9. The lifetime of the charmed particles is therefore ex- 
pected to be ~ 6 x 10~ 13 sec. Table 8.7 lists the lifetimes of the charmed mesons 
and one charmed baryon (A + made of «, c, d) for completeness. The naive esti- 
mate is therefore good to a factor ~ 2. 



TABLE 8.7 Charmed Particle Lifetimes. 



Particle 


Mass (GeV) 


Lifetime (sec) 


D + , D~ 


1.869 


10.51 ±0.13 x 10~ 13 


D°, D° 


1.865 


4.12 ±0.03 x 10~ 13 


t>t^7 


1.969 


4.90 ±0.09 x 10~ 13 


K 


2.285 


2.00 ±0.06 x 10" 13 
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Unlike in the kaon system, the neutral meson mixing, which now involves D° 
and D°, does not result in strikingly interesting phenomena and the two neutral 
D lifetimes are equal to very good approximation. Neglecting CP violation, the 
mass eigenstates will be 

\D°)±\D°) 



V2 ' 

However, initially produced |D°) or |D°) states will not mix noticeably while 
propagating if they decay before they can mix, and if the lifetimes of the two 
mass eigenstates are close to the same value. This is exactly the situation for D° 
and D°, as discussed in Chapter 9. 

The free quark calculation for the charmed lifetime assumes that the charm 
version of the spectator diagram of Figure 8.8 dominates the hadronic decays, 
and, moreover, that the final quarks produced by the virtual W do not interact sig- 
nificantly with the remaining quarks. These assumptions would result in a single 
lifetime for all the weakly decaying charmed particles, which is seen not to be 
true. 

The assumption that the spectator diagram is the dominant weak term in the 
time evolution of the system is likely to be a fairly good approximation. The pen- 
guin diagram is Cabibbo suppressed and the resulting decay rate is estimated to 
be very small compared to the spectator decay rate, which is Cabibbo allowed. 
Looking at the other diagrams, the D° has a Cabibbo allowed weak scattering 
diagram while the D+ has a Cabibbo allowed weak annihilation diagram. If we 
consider the decaying charm quark mass as a variable, then these diagrams be- 
come less significant as the quark mass rises. This can be understood by looking 
at a leptonic decay (annihilation diagram) versus a semileptonic decay (spectator 
diagram). The rate for the latter, if we can ignore all masses except the heavy 
quark mass, is proportional to m^, while the leptonic decay is proportional to 
m c fpmj based on the analogous calculations for K and n decay (see, for ex- 
ample, Eqs. 8.24 and 8.22). The constant fp, which depends on the details of the 
bound state, is not expected to change dramatically with the quark type and is 
expected to be ~ Jk- Therefore, the spectator decay rate is much larger than the 
annihilation decay rate for a large charm quark mass. Explicit estimates of rates 
indicate that the nonspectator diagrams contribute ~ J0% of the rate for the D° 
and Z)+. 

The assumption that the final quarks produced by the W in the spectator dia- 
gram do not interact significantly with the quarks from the initial charmed hadron, 
requires that the invariant mass between these two systems be large compared 
to A.QCD- This is not the case for charm decays, but is a better approximation for 
the heavier b quark decay. 

For D mesons, most of the charm decays are to 2-body systems composed of 
light pseudoscalar and/or vector mesons in low angular momentum states. Con- 
sidering only the Cabibbo favored currents, the quark level spectator diagrams for 
D° and D + involve the following sets of quarks: 



304 



Chapter 8 Weak Interactions of Fermions 



1. For D°: (c, u) — > (5, w) + W + — » (s, u) + (w, J), which can make meson 
pairs with quark content (s, u) + (w, d) or (5, J) + (w, w) if the systems interact. 
Both combinations are found. 

2. For Z) + : (c, J) — ► (>s\ J) + VV + — > (s, d) + (w, d), which can make meson 
pairs with quark content (s, d) + (u, d) for both pairings of quarks with antiquarks. 
Thus, for D + we have not only the strong interactions but also interference be- 
tween paths followed to the final state, since both pairings yield the same flavor 
choices. Destructive interference between the amplitudes for the two pairings is 
believed to be the major reason for the lifetime difference between the charged 
and neutral D. 

The strong interactions spoil the naive expectation that all charmed particles 
have the same lifetime, as would happen for a spectator process with no final state 
interactions. The hadronic effects are, however, already much smaller than for the 
kaons, where 



Ks 



= 139, while for charm 



1 po 



2.5. 



The D meson hadronic decays also allow a nice check that the CKM structure 
applies to the currents that participate. We show in Figure 8.12 the full set of 
processes that take place through the spectator diagram once we go beyond just 
the Cabibbo favored flavor transitions. To be specific, the spectator quark is taken 
to be u, but it could equally well be d ors. There are four possibilities after writing 
out all the terms in the currents. The CKM factors, which can all be written to 







FIGURE 8.12 Set of spectator diagrams for D° decay. The CKM factor at each vertex 
is indicated. 



8.11 Weak Decays Involving the Heavy Quarks c, 6, ( 305 

good approximation in terms of cos C and sin# ( , are indicated for each diagram. 

The diagrams yield amplitudes that are Cabibbo favored (^ cos" O lead- 
ing to strangeness = —1), singly Cabibbo suppressed (~ cosfy. sin<9 c , lead- 
ing to strangeness = 0), or doubly Cabibbo suppressed (~ sin 9 C , leading to 
strangeness = 1). Decays of each of these types have been observed with approx- 
imately the expected rates. Examples of final states for an initial D° are K~7t~*~ 
(Cabibbo favored), K + K~ and 7r + 7r~ (singly suppressed) and K + n~ (doubly 
suppressed). Unfortunately the strong interactions, combined with the violation 
of the SU(3) flavor symmetry, preclude a careful quantitative comparison of the 
rates as a test of the theory. 

While the rates for specific hadronic final states in D decays cannot be accu- 
rately calculated, relations between amplitudes for D° and D + can be calculated 
based on isospin symmetry, as was done for specific K~ and K decays such as 
K — > 2tt . Within the framework of the spectator diagrams in Figure 8.12, we 
can also ask whether we expect CP violation when comparing amplitudes for the 
doublets D + , D° to those for D~, D°. Using the approximate form of the CKM 
matrix, Eq. 8.18, which provides the couplings in Figure 8.12, we get no weak 
phases. Only through the very small terms, which are included in the exact matrix 
in Eq. 8.17, can we get direct CP violating effects. This will happen only when 
two amplitudes with different strong and weak phases contribute to a given final 
state. This can occur for the two singly Cabibbo suppressed diagrams, which can 
lead to the same final state. This is also the channel to which the penguin diagram 
will contribute. To date, however, no CP violating effects have been seen in the 
D system. Finally, we mention that approximations such as factorization of the 
two currents into separate simple hadronic matrix elements, which worked poorly 
for the K~ decay in Section 8.6.2, give a better approximation for D decays. The 
factorization approximation will still not provide the hadronic scattering phase 
and hadronic rescattcring phenomena for specific physical final stales. 

8.11.2 ■ Weak Decay of b Quark Systems 

The final heavy flavored systems that decay weakly are the lightest mesons and 
baryons containing a b quark. The lightest mesons are B° = — \b,d) 9 B~ = 
\b, u), B® = \b,s), and their antiparticles. 2 We also expect a heavier B~ = \b,c), 
for which both b and c quark weak currents will contribute significantly to the 
decay. Table 8.8 lists the lightest particles with b quarks, including the lightest 
baryon, and their lifetimes. Note that the B mesons live longer than the D mesons, 
despite their larger mass. This comes about because of a much smaller CKM 
factor in the decay matrix element. The b transition involves either a change from 
the 3rd — » 2nd or the 3rd — » 1st generation, while the D decays are dominated 
by transitions within the 2nd generation. 

For the b spectator diagrams, a wide variety of final states are produced, fol- 
lowing the b — > c or b — » u transition, since energy conservation allows the W 

2 Note that the B meson is defined as the state with a b anttquark. This is analogous to the convention 
for the kaons. For the D meson, the D has a c quark. 
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TABLE 8.8 Bottom Particle Lifetimes. 



Particle 


Mass (GeV) 


Lifetime (sec) 


5°, flO 


5.279 


1.54 ±0.02 x 10" l2 


B , B~ 


5.279 


1.67 ±0.02 x 10" 12 


B^ is 


5.370 


1.46 ±0.06 x 10~ 12 


a2 


5.624 


1.23 ±0.08 x 10~ 12 


B+.B- 


6.4 


0.46 ±0.16 x 10" 12 



to produce e~v t > fjL~v /jL , z~v z , ud 9 cs (Cabibbo allowed) and us, cd (Cabibbo 
suppressed). These decay types can be experimentally separated based on the fla- 
vor content of the final state. In addition, the penguin diagrams for the b system, 
shown in Figure 8.13, are small but not negligible. In particular, the product of the 
b — » t — » s CKM factors is the same as that for the dominant b — » c transition. 
Note that the penguin diagram will lead to a different flavor content in the final 
state than that for most of the spectator diagrams. 




5 or d 




s or d 



u or d 



u or d 



u or d 



u or d 



FIGURE 8.13 The penguin diagrams: (a) mediated by the strong interactions; (b) medi- 
ated by the electromagnetic interactions. Not shown is the diagram where W radiates the 
y for (b). 



Included in Figure 8.13 is the electromagnetic penguin, which yields a real 
photon and predominantly a strangeness —1 final state. This provides a rather 
distinct final state that has a branching ratio ~ 3 x 10~ 4 . For the hadronic penguin, 
the diagram is drawn with the gluon unattached to the other quark. In reality, the 
two quarks and gluon interact strongly, producing a range of multi-particle final 
states. Given the rate for the electromagnetic penguin, we can expect the hadronic 
penguin to have a branching ratio ~ 1%, which is a small fraction of the total 
width. 

The near equality of the B meson lifetimes indicates that the spectator diagram 
provides a good approximation for calculating the overall decay width, which 
involves a sum over all the many specific decay channels. Except for a few percent 
of the decays that occur through the b — > u transition or the penguin diagram, the 
spectator transitions that account for the bulk of the width are given below. 
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Decay b — »■ ce~v e b — » c\i~v ]X b — » cr~v T b —^ cud b —> ccs 

Relative Rate 1 1 0.3 4 2 

The expected relative rates are shown, where estimates have been made for the 
decrease in the branching ratio due to the phase space reduction for the heavier 
r and c. The calculations include an estimate of the QCD corrections that in- 
crease the hadronic branching ratio, for example, increasing the b — > cud to & — > 
ce~v € ratio from the factor of 3 coming from counting colors alone. Including the 
Cabibbo suppressed processes, we should replace (ud) -> 95%(ud) + 5%(us) 
and (cs) -> 95%(cs) + 5%{cd). 

The factors above imply a branching ratio to ce~v e of about 12%, a little larger 
than the measured value, which is about 1 1%. The semileptonic decays provide 
a way to measure the CKM matrix elements \V c b\ and \V u b\< The semileptonic 
decay rate formula, except for the square of the CKM factor, is the same as for 
r~ — > e~v e v T , where we replace m T by nib and m Vf by m c or m u . In the rate, 
we sum over all final state hadronic systems. This is called an inclusive measure- 
ment and is expected to give an accurate result for quark mass differences in the 
transition ^> Xqcd> The rate predictions are limited by the uncertainty in the b 
and c quark masses, which are about 4.9 GeV and 1.5 GeV, respectively, with 
an uncertainty of about 100 MeV for each. In addition, the b — * u coupling is 
small enough that it has not been possible to make a very accurate measurement 
of the inclusive semileptonic decay rate for this quark transition. The measured 
semileptonic rates have led to the values 

|V,. /; | =0.041 ± 0.003, 
\V ub \ =0.0036 ±0.0005. 



In terms of the CKM parameterization, 

s'm0 c y p~ + ?? z , 



\ V "b\ I Jl , „2 



\Vcb\ 



so the above values imply V ' P 1 + ^ 2 = 0-40 ± 0.06. 

We have not mentioned neutral B meson mixing as yet. For the B system, two 
pairs can mix: B° — B° and B® — B®. The mixing does not result in states with very 
different lifetimes, so we have not had to worry about mixing when discussing the 
lifetimes. The mixing effects are, however, large and interesting, and will be an 
important topic discussed in Chapter 9. 



8.12 ■ HEAVY QUARK EFFECTIVE THEORY 

The extraction of \V c b\ using inclusive semileptonic decays suffers from the un- 
certainties in the quark masses. If we could find a method that involves the mea- 
sured meson masses instead, we could reduce this uncertainty. This was done, 
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using CVC, in the case of semileptonic K decay. The b — > c transition involves 
heavy nonrelativistic quarks in the meson rest-frame, rather than the very rela- 
tivistic s -^ u quarks for K decay. The spectator quark in both types of decay is 
a reiativistic light quark. 

The heavy quark limit for b — » c allows a prediction of the semileptonic B 
decay amplitude to a pseudoscalar D or vector D* meson in terms of \V c b\ at a 
specific point in phase space for the decay, as we will see below. To understand 
this, consider a meson made of a very heavy quark of mass hiq ^> Xqcd and a 
light antiquark of mass m q <C Xqcd- The heavy quark acts as a static source of 
the color field, generating a bound state with the light antiquark. If we replace 
one heavy quark with another we generate a new bound state, for which the light 
antiquark can be expected to have the same wave function. But the overall mass 
for the bound state, determined mainly by the heavy quark mass, will change. An 
additional feature of the heavy quark interaction is the suppression of the spin 
interaction between Q and q, as expected from the constituent quark model for 
the meson masses in Chapter 6. Thus, the 0~ and I ~ ground state mesons are 
much closer in mass than mesons in the light 0~ and l~ SU(3) multiplets, and 
the assumption that they have the same spatial wave function should be a good 
approximation. 

For the weak decay of a B meson, consider the transition b -> c + W. If we 
start with a b at rest and emit a W that leaves the c at rest, then the spectator 
has precisely the correct wave function to be in the same bound state with a c 
as it was with the b. It is for this point in the phase space for the decay that the 
matrix element for the semileptonic decay can be calculated in terms of | V,./, |. 
This configuration corresponds to the maximum q 2 that the W can carry. 

The hadronic matrix element we need in order to calculate the full amplitude 
is (D\jV + J^\B). For the case of no recoil we can ignore the light quarks and 
just calculate the matrix element between the heavy quarks at rest. Evaluating 
K/liG ~~ Ys) between spinors at rest gives y/(2mb)(2m c ) for /x = 0, and for the 
three other indices. The mass factors come from the covariant normalization of 
the spinors. In the heavy quark limit, these are equal to ^Jlmulmo, and when 
squared, will cancel the same I /2m factors in the rate formula. Note that the 
y,, (1 — ys) also has a nonvanishing matrix element for a final spinor flipped in 
direction relative to the initial spinor. This leads to a predictable matrix element 
for a D* final state when the D* is produced at rest in the B rest-frame. 

Returning to the D, we can write the matrix element calculated above in a 
covariant notation: 




where /z+(l) = 1 from the foregoing discussion. This is not the most general 
current matrix element, which, from general considerations, can be written as 
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y/mBfnD 




where h + {\) = ] and h-{\) = in the heavy quark limit. 3 Analyses of the decay 
spectrum near the point where the D or D* is at rest provide a good measure- 
ment of V e b, yielding a value in agreement with that obtained from the inclusive 
semileptonic decay rate. Note that the decay to the D is proportional to |/5dI 3 (like 
the analogous K decay in Section 8.6.1), so that the D* decay, which is less sup- 
pressed for the kinematic region of interest, is actually the more practical choice 
for making the measurement. 

This discussion can be put into a more general framework by organizing QCD 
with heavy quarks into terms of increasing powers of i/rriQ. This is called the 
Heavy Quark Effective Theory. Using this approach, we can show that, in the 
heavy quark limit, h- =0, and h+ is a universal function that describes both the 
decays to D and D* completely. All the relevant form factors can be written in 
terms of this one nonperturbative function, called the Isgur-Wise function. 



8.13 ■ CONCLUSION 



In this chapter we have studied a large body of data for the weak decays of leptons 
and quarks. In the next chapter, we will look at mixing phenomena for the same 
systems. The data involve patterns of flavor transformations that are predicted 
very nicely by the Standard Model assumptions, which are primarily: 

1 . Universal SU(2) weak interaction involving left-handed fermions, 

2. Symmetry breaking generating a large W mass and the experimentally de- 
termined fermion masses, 

3. CKM matrix for three generations arising from a mismatch between weak 
and mass eigenstates of the fermions. 

Tn many cases we have been able to test the self-consistency of the picture with 
reasonably high precision. Some of the precision semileptonic decay measure- 
ments were, however, needed to extract the parameters of the model. The large 
number of these parameters point to the need for a more comprehensive theory to 
explain the symmetry breaking. 

3 Note that this formula is just another way to write the general matrix element that we used for the 
light mesons, which is 

D \jV i b) = f+{q 2 )(p£ + p£) + f-($ 2 Hpji - pg)). 
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CHAPTER 8 HOMEWORK 



8.1. What would the electron spectrum look like for \i~ — >■ e~v e v /ti for the case of 
a pure phase space decay? Compare to the real spectrum. In both cases ignore the 
electron mass and radiative corrections. 

8.2. Consider a matrix element that has (1 — iy$) appearing instead of y /t (I — ^5) for 
fx~ -> e~v e v (ji . Calculate the e~ spectrum in the \x~ rest frame for this hypothesis 
for the decay matrix element. Ignore m e . 

8.3. Suppose that, for the r doublet, the v T were heavy and r~ nearly massless. The 
decay would then be: 



(a) Assuming we can ignore m T and m e compared to m Vr , find the e + spectrum in 
the y T rest frame. 

(b) How does the shape of the spectrum compare to the e + spectrum in yu, + decay? 

(c) Calculate the v T decay rate for this decay. Note that the e^ spectrum provides a 
way for us to tell whether the transition involves particles or antiparticles for the 
v x% t~ doublet. The transition c — > 5 is an example of an analogous situation to 
the one considered here. 

8.4. Consider the reaction v^e~ — > \x~\> e , where a v j± beam hits a stationary e~ in the 
laboratory. Show that the v jJL laboratory energy must be 

mj - mi 



2m e 
for the reaction to occur. 

8.5. Several r decays can be predicted from other measured quantities. 

(a) Using the measured value of fn, calculate the decay width for r~ — > n~v T . 
Using the r lifetime, calculate the expected branching ratio for this decay. Com- 
pare to the measured branching ratio. 

(b) Calculate the expected ratio of branching ratios for r~ -^ K~v r versus z~ -» 

Tt^V T . 

8.6. If the i mass had been only 400 MeV, the predominant hadronic decay mode would 
be t~ — ► Ti + v T . Compare the rate you would get for this decay for a 400 MeV t 
to the rate expected for the decay into a noninteracting massless //, cl quark doublet. 
Would the free-quark calculation for rates work even approximately as an estimate 
of the hadronic decay rate at this very low mass? 

8.7. Consider the case of two families of quark doublets with the usual left-handed weak 
interactions and a new right-handed weak interaction with heavier gauge bosons. 
Assume the weak eigenstates, except for handedness, are the same for both interac- 
tions. When we diagonalize the general mass matrix, can we still get rid of all phase 
angles in the resulting 2x2 CKM matrices? 

8.8. G parity is an important constraint for r decays. 

(a) Based on the G parity properties of the currents, namely 
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GJ (1 G ~ = J ,x 

GJ i.i G ~ =- J /i< 
do we expect to see the decay: 

t~ — ► 7]n~ v T l 

(b) Because of isospin breaking, we expect a small component of the r\ to have / = 
I . Taking this small amplitude to be aj-\ , calculate the expected branching ratio 
for p~ — ► n~r)® in terms of | tf/ = i | 2 . Using this branching ratio, calculate the 
expected branching ratio for r~ —> )]tt~v t via the p~ channel. In Chapter 6, 
we estimated that cij = \ = 1.8 x 1CP 2 (r) — jt° mixing). Using this value, what 
is the expected value of the branching ratio? 

8.9. Consider the ground state of a fi+e ~ atom. Depending on the spin orientations, there 
are two nearly degenerate states with J r = 0~ and 1~, both with orbital L = 0. 

(a) These states can decay by fi + — ■ > £ + %v^ with the e~ a spectator, or by the 
weak annihilation process p/ r e~ — » v fl v e . Draw a diagram for the annihilation 
process. From general arguments show that the J p = 0~ state cannot annihilate 
to v fl v ( > for massless neutrinos. 

(b) For the J p = 1~ state, show that 



T(n + e -> v fl v e ) 

T T— — = 647T 



(Me} 3 Q.3 



(Note that you can use the nonrclativistic character of the initial state and the 
methods of Section 4.7). 

8.10. Suppose hadrons were made up of very heavy quarks that are weakly bound (like 
the /x + <?~ above). For this model, calculate in terms of particle masses and the wave 
function at the origin: 

(a) /jr, jt decay constant in n — ► piv. 

(b) gwpi coupling of the p to the charged W. 

8.11. The 7i ~ -> n°e~Vr allows a measurement of cos0 c using CVC. Writing 

and using vector meson dominance through the p~ , what is 

/+(<7 2 ) 



,/+(0) 



at the largest q of the process? What is 

/-(q 2 ) ? 

8.12. Consider the weak vector current matrix elements for q 2 — ► for states in the 
vector meson octet. Calculate {fr\J^\p~) and (afi\J^\p~) at g 2 = 0. Assume 
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ideal mixing, that is. 



__ |w, it) + \d, d) 



co - 

Since these mesons decay strongly, we cannot determine these experimentally. 

8.13. In the approximation that the A/ = k rule gives the whole decay amplitude, we 
can calculate the Clebsch-Gordan coefficients for K decay by using quark decay 
diagrams, starting with an initial weak transition that guarantees only A/ = \ oper- 
ators. Starting with the penguin diagrams and assuming that two qq pairs are created. 
calculate the ratio of the various rates for K -* 3jt. (Be careful to include an n\ in 
the amplitude due to exchange for identical bosons in the same s -wave state and 
\/n\ when you integrate over all final momenta). These coefficients were used to get 
the ratios in Table 8.6. Show, using the decay diagrams, that K~ — > tt^jt^ vanishes 
for the penguin diagram, as expected. 

8.14. A simple way to find isospin states for states made only of pions is to use our knowl- 
edge of ordinary vectors. In particular, for two or three vectors we can make sym- 
metric combinations: 



/, ■ hd = 0) and /|(/ 2 - / 3 ) + / 2 (/| • / 3 ) + / 3 (/| • h) (1 = I). 
To turn these into pion states, we need the correspondence: 



m •--(*#) ■•'-*■ 



between the components of / and the pion states (these are the same as the relations 
between the Cartesian basis and the circular polarization states). Using this corre- 
spondence, find the / =0 2n combination used in K — > In decays to arrive at 
Eq. 8.31. [Note that the antisymmetric final states in p -> 2zr and co -> 3rc can be 
calculated from l\ x 7 2 an d I\ • (h x h)> w hich transform as / = I and / = 0, 
respectively]. 

8.15. Consider the decays D s — > z~v r and m~v m . These can be calculated in terms 
of one constant, f$ s . Calculate the ratio of the two branching ratios. Using the 
measured D s lifetime, calculate the expected branching ratio to r~v r , assuming 
/ Di = 280 MeV. 

8.16. Consider the D + meson. Which weak hadronic currents (that is, vector, axiaL or 
both) are responsible for these decays? 

(a) £>+ -> fi+vp 

(b) D+ -► K°fi^v /1 



(c) D + -> K*°- 



8.17. D mesons have both Cabibbo favored and Cabibbo suppressed semileptonic decays. 
Draw the quark-level Feynman diagrams for these two decays. 

8.18. Draw the quark- level Feynman diagrams for hadronic D decays using 

(a) Annihilation diagrams, 

(b) Scattering diagrams, 

(c) Penguin diagrams. 
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Weak Mixing Phenomena 



9.1 ■ INTERPLAY OF PRODUCTION, PROPAGATION, AND DETECTION 

In this chapter we look at a number of quantum mechanical mixing phenomena 
that arise ultimately from a mismatch between the quark and lepton weak interac- 
tion eigenstates and mass eigenstates. The mixing phenomena occur in neutrino 
processes and also for neutral mesons that decay weakly. They provide beauti- 
ful examples of quantum mechanics in action in the particle world. In the case 
of neutrinos, production and detection involve weak interactions, while propaga- 
tion involves mass eigenstates. The weakly produced neutrino state is generally a 
mix of mass eigenstates. Coherent interference between the propagating neutrino 
mass eigenstates affects the position dependence of the final weak detection of 
a given neutrino type and is called neutrino oscillation. Hadrons, such as K , D, 
and B mesons, result from particle collisions that yield flavor eigenstate quarks 
that bind into hadrons. The lightest charged mesons of a given flavor (or any of 
the lightest baryons containing heavy quarks) propagate as mass eigenstates, sub- 
sequently decaying weakly if no interactions occur with intervening matter. For 
neutral mesons, the weak interactions contribute to create the true mass eigen- 
states, which are mixes of particle and antiparticle mesons. These propagate with 
fixed masses and lifetimes. An initial neutral meson state, produced, for example, 
in a hadronic collision, is a mixture of these true mass eigenstates. 

The mass pattern for the neutrino mass eigenstates (analogous to the quark 
masses) is not understood, but a crucial feature for observable oscillations is 
that the mass splittings are sufficiently small. For the mixed neutral mesons, the 
mass splittings are very tiny, arising from weak interactions. The magnitude of 
these splittings can, however, be understood once the quark masses and CKM 
matrix are specified. These very small splittings produce very large mixing of 
states because of the complete degeneracy of the initial particle and antiparticle 
meson states. 

The existence of observable interference and oscillations in the propagation of 
the states requires an uncertainty in energy and momentum of the source of the 
particles, related to the localization in space and time of the particle production. 
Thus, the uncertainty principle, which has not played much of a role in earlier 
discussions (for example, we typically used perfectly defined momentum eigen- 
states for all the particles in a process), is a necessary ingredient for oscillations 
to occur. To understand this, we look at the case of two neutrino mass eigenstates 
that can mix in the case of ic + decay to (jl^v^. We specify the mass eigenstates 
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as \vy) and |i>2) so that the decay involves n — » /zi>|, 7r — > (jl\)i in the mass 
eigenstate basis. We do not indicate helicities, since only one belicity is produced 
to very good approximation. For a n at rest we can calculate the possible neutrino 
energies in terms of the particle masses: 



£„, 



2 i 2 2 2 i ? 2 

m£ + m^ - m£ _ m£ + m" 2 - m~ 



2m ^ 2m jr 



If m V] , m, )2 are sufficiently large and different from each other, we can tell which 
one was produced and there are no oscillations. In general: 



E - E - —^ 



2 ? 

mi. - m~ 



2m jr 

For the measured neutrino parameters discussed later in this chapter, this is ap- 
proximately \0~ u eV, and an initial smearing uncertainty (large compared to this) 
leads to coherent interference between the amplitudes for the two neutrino types 
at distances and times large compared to the uncertainty in the space-time loca- 
tion of the production point. For comparison to the energy difference above, the 
7T+ width is 2.5 x 10~ 8 eV. 

Writing \v fI ) = \v\) cos 9 4- \vi) sin#, the state produced from an individual n 
decay is given by 

\i/) = ^2 Aiipv^pp) \p Vl )\pn)cosO + A2(Pv2* Pn) \pv 2 )\Pn)s\nO. 

The amplitudes A \ and A 2 carry the information specifying the wave-packet prop- 
erties of the correlated v and /x state. In general, predictions for subsequent mea- 
surements on the neutrino state, where a measurement is a weak interaction in a 
material, are specified by a density matrix obtained by projecting over the muon 
degrees of freedom. Thus the density matrix p is given by 

hi 

If A 1 (p V] , p (L ) and A2(/3 U2 , /V) are ' ar g e on ly at different values of p V] and p v ,< 
for a given p M , then the neutrinos behave incoherently; that is, the interference 
term in p between V[ and \>2 can be ignored. If the slight difference in the mean 
neutrino momentum for A\ and A2 is negligible compared to the width in the 
neutrino momentum variable for a given p lt , then we are in the fully coherent 
limit where we can take A\ = A2. The latter is true for the mass differences of 
states that we are looking at in this chapter. We can then discuss the oscillating 
states themselves, without reference to the other particles in the event that created 
the neutrino. 

Although the uncertainties in energy and momentum play an important role in 
providing the fully coherent condition, they have essentially no effect on the actual 
final result. For example, if the width of A \ and A2 in the neutrino momentum is 
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small compared to the mean neutrino momentum, smearing over the tiny width 
has almost no effect on any measurements far away from the particle source. 
The primary smearing will come from the event-to-event variation in the mean 
momentum and flight path, which comes from summing data over many decays. 



9.2 ■ MIXING FOR WEAKLY DECAYING PSEUDOSCALAR MESONS 

Consider first the mixing for mesons. We indicate the neutral meson states as 
| P°) and \P°). These are each eigenstates of the strong and electromagnetic in- 
teractions. While propagating, these mesons experience weak interactions that can 
create transitions to other states, such as the decays discussed in Chapter 8, but 
also transitions between the two can occur. The amplitude matrix describing the 
transitions between the two is tzjj = My, where My is calculated in principle 
in the usual way using Feynman diagrams. Here the indices / and j specify the 
neutral meson or its antiparticle. 

Including the interactions during the propagation gives for the propagator 
the perturbation sum drawn in Figure 9.1. We discussed this previously in Sec- 
tions 5.3 and 6.4.3 and will study the mixing phenomenon more thoroughly here. 
The propagating mass eigenstates are those that diagonalize 777/. We can sum the 
set of diagrams, giving the corrected propagator: 



M VI 
JTOV 

mm 



p 2 -m 2 8ij -7iij(p 2 ) 



2\- 






FIGURE 9.1 Perturbation expansion for propagator. The indices i y j, k — 1 or 2 indicate 
a \P °) or \P ). The initial mass m is independent of index /. An overall factor of / has 
been left out and a factor of — / multiplying n- t j has been cancelled with a factor of/ in the 
following propagator. 



Since 7tjj(p ) is due to the weak interactions, the mass is not significantly 
shifted and we can take ttjj = 7ry(m 2 ), where m is the P° or P° mass, when 
calculating the eigenstates. In addition, since | jtjj \ <£ m 2 , 



■m 2 5ji 
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We can write a general matrix in terms of two Hermitian matrices. Defining: 



(n+nl) 



\(7Z-7l<) 
I 



jr (+ >-i*<-\ 



tc^ and 71 ( * are each Hermitian. Dividing by 2m, we get the matrix that gets 
added to m8jj in the propagator: 

iV 7r (+) Iji^ 

Am = . 

2 2m 2m 

The matrices Am and T are called the mass and width matrices, respectively. 
They are each Hermitian by construction. 

The matrix tt gets contributions from virtual and real intermediate states that 
can link |P°) and |P°). The term 7r (+) is due to virtual states and 7T (_) is due to 
real states. The latter follows from unitarity, as we show next. 

The S matrix, S/t = 8/i — l(27r) 4 S 4 (pf — p/)M/-/, satisfies S^ S = <$//, which 
implies that: 

i(M fi - Mf f ) = i(M fi - M} { ) = (27i) 4 J2^(Pn ~ Pi)M? lf M nh 

n 

Within the subspace of states spanned by the two pseudoscalar mesons, M is the 
matrix n , so that we have: 

27t}7 ) = (2tt) 4 J2 sA (P" ~ PiXf M »i 

n 

and 

Here / is the initial pseudoscalar meson, and / is the final pseudoscalar meson. 
If there were no mixing (that is, Am and T diagonal), the formulas would give 
the usual mass renormalization and total width that characterize each individual 
decaying state. With mixing, the off-diagonal terms in V get contributions from 
real decays (since p n = p\ due to the ^-function) that both |P°) and |P°) share in 
common (that is, for which both M n \ and M'\ are nonzero). Note that for / = /, 
all states n contribute a positive term to Y\\\ for i ^ f the terms can contribute 
with different signs. 

The form of the mixing matrix can be simplified using CPT symmetry, where 
the states related by the symmetry transformation were discussed in Section 3.9. 
For the present case, this relates the matrix elements itn — 7tcPTj*CPTi> For 
/ = j — 1 (IP ) meson) and / = j = 2 (|P°) meson) this gives tt\ \ = 7T22- For 
/ = l,y = 2 or / —2 y j — 1 , it gives no extra information. Thus we can write in 
general: 
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Am 



/T 
T 



'Aran - 2 1 Araj2 

Ara : [ j 2 ^ m l l 



2 



(9-1) 



Here Arai i and T] ( are real. 



We have an additional relation for the case of CP invariance, which is Tin = 



50 v 



Am* 2 and Ti2 



r* 2 . The 



KCPi.CPj- Now taking / = 1(|P )) and j = 2(\P U )) we get tz\i == 7r 2 ], that 
is, 7T is a symmetric matrix. In this case Am 12 
eigenstates of Eq. 9.1 are then automatically 

\P°)±\P°) 



V2 ' 

Note that the CP symmetry expectation is spoiled by phases in either Am 12 (from 
virtual states) or V\2 (from real transitions), as we expect to get from the three- 
generation CKM matrix. 

The general solution for the eigenstates, as we show below, is 

\P ] ) = p\p } + cj\p°) 

\P2)=p\P°)- 

The complex constants p and q satisfy | p | 2 



»). 



(9.2) 



+ l<7 

2 



are not automatically orthogonal, that is, | p \ l 7^ \q 
about because the combination Am — (/T/2) is not Hermitian 
The matrix in Eq. 9. 1 is of the form 

A B 
C A 

which has eigenvalues k\^% == A ± V ' BC, with eigenvectors 



1. Note that |P|> and \P 2 ) 
2 in all cases. This comes 



*/B 

V|£| 2 + |C| 2 \</C 



and 



V\B\ 2 + \C 



JB 

-Vc 



The ratio 



P 




Am* 2 -try 2 

Am 12 — /T12/2 



(93) 



This ratio will be 1 if CP is conserved. It will be a phase factor e 1 ^ , that is, have 
magnitude 1, if |Ami2| ^> |T|2| or IT^I !» |Arai2|. 

The states \P\ ) and | P2) will propagate in space-time in their rest-frame as 



\P\(t)) 



_ -imit-ryi/2 



\P\(0)) or \P 2 (t)) = e - im *- r * 12 |P 2 (0)) , (9.4) 



-r?/ 



which gives a probability of finding the state at time t equal to e r,/ or e 
respectively, if we are initially in a mass eigenstate. The eigenvalues are (with 
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J, 2 corresponding to the upper and lower signs, respectively): 



m]2 = m + Ami i ± Re / ( Am )2 - *— - ) ( Am* 2 - — - 11 



Pl - 2 r " t Ma ir ^\f A * ' T 'i2 

— -^ Tim/ A, l2 - y Am* 2 -- 



T Im t / ( Am ,2 - -^ ) ( Am] 2 - -^ ) (9.5) 



If we can ignore CP violation, these simplify to: 



m 1,2 = m + Am) i db Am 12, 

r,.2 = r l i±r 12 . (9.6) 



9.3 ■ k°,k° system 

Although the mixing formalism is the same for each pseudoscalar meson pair, the 
visible results are quite particular to each flavor. We will look first at the K° and 
K° system, which we discuss in the most detail. CP violation is a small effect for 
this system, so we will look initially at what happens in the limit of CP symmetry. 
We discuss the widths first, which are easiest to understand, involving real decay 
states. 

For CP symmetry, the eigenstates (sometimes called K\ and Ki) are: 



Ac 



3) = *^. |U) 



K» - K l 



V2 ' L l V2 ' 

Of the predominant decays, both K° and K^ decay to 2tt and 3tt states. These 
final states are CP even and CP odd (in the fully symmetric s-wave approxima- 
tion for 3jt), respectively. Therefore, we have for the individual amplitudes, as 
discussed in Chapter 8: 

M/C0->2,t = M K^2n> M K^3n = ~ M k^^' 

The semileptonic decays are not common decays for K° and K°, since in one 
case we get 7i Jr c~v e and in the other n~ e + v e . Thus we can write, ignoring the 
very rare decays, 

F\2 = ^2n — r^jf. 

Here 1^ and T^ n are the K {) or A' widths to the given final state. Using Eq. 9.6, 
we get to good approximation: 

1 f< ( \ = ^1 2n t 1 semileptonic? 1 j^o = ^1 3n H~ 1 semileplonic- w-') 
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We thus see that T^o ^> V k d because T27T ^> V^. This is, however, due merely 
to the much greater phase space for the 2n decay. We would not expect such 
a large difference in decay rates between CP even and odd final states for the 
pseudoscalar mesons made of heavier quarks. 

The mass difference between K® and K® is not as easily predicted, stemming 
from all possible virtual transitions that link K° and K°. We define 



Am % 



-2A/T? |2- 



(9.8) 



Am k is measured to be positive and equal to (0.474 ± 0.001 )Vs> 

If we think in terms of hadrons (called long-distance contributions), some con- 
tributing terms to Am^ are 



K) 






/ 

^virtual 

-^virtual 



► A7 (CP odd contribution). 
K® (CP even contribution). 
K L (CP odd for small virtual mass). 



We do not, however, know how to calculate such hadronic amplitudes. We can 
also look at the mixing in terms of quarks (called short-distance contributions, 
since this is expected to be a correct description at distance scales much smaller 
than the hadronic size). In this case, the mixing is due to box diagrams, shown in 
Figure 9.2. 



W\ 



u, c, t d 



>W 



u, c, t 



d 



W 
u, c, t 

W 



u, c, t 



FIGURE 9.2 Box diagrams involved in K^ , K° mixing. We can also have penguin dia 
grams with two loops linking the K and K () states; these are very small. 



For these diagrams, the GIM mechanism (the cancellation at large virtual 
masses between diagrams with propagating u and c quarks, discussed in Sec- 
tion 8.10) and the small CKM elements for the t quark contribution limit the 
value of the box diagrams. An estimate of their contribution to Ara^ is 



Amic — — -A? f% m k m% cos 2 6 C sin 2 C . 



(9.9) 



Using m c = 1 .5 GeV, Eq. 9.9 gives a value for Am# that is about 15% smaller 
than the measured value. This approximate agreement indicates that we under- 
stand, at least qualitatively, the value of Am^. 



320 



Chapter 9 Weak Mixing Phenomena 



9.3.1 ■ Kaon Oscillations 

In the approximation of CP conservation, the K® and K^ decay patterns are 
simple for final states that are CP eigenstates. If we look at decays to 2jt we 
see only one amplitude, that of the rapidly decaying K®. Similarly, if we ohserve 
3;r we see only the slowly decaying K®. However, there are also decays, primar- 
ily the semileptonic decays, to which both K® and K® L contribute. In this case, the 
decay at a given time exhibits an interference, containing contributions from both 
propagating eigenstates. We consider this situation next. 

To keep track of the K® and Af£ components over time, we need to know the 
initial state. This state is determined by the production process for the kaons. A 
K® state can be produced via low energy it~ + p scattering into states contain- 
ing a strange baryon. Thus, for example n~ + p — » A + K° produces a K ( \ 
To produce a K° requires more final state particles, which is disfavored at low 
energies and forbidden by energy conservation at sufficiently low energy. Using 
a production process that fixes the pseudoscalar's flavor at birth is called flavor 
tagging in production. A final K decay that can only come from one of K° or K {) 
is called flavor tagging in the decay. 

To look at kaon oscillations for a flavor-tagged initial state, we assume that at 
/ = we have a state that is \K°). For simplicity we assume CP conservation. 
Therefore, 



\K(t=0)) = 



K 



°> 



I *£) + !*?) 

V2 ■ 



This state, if undisturbed by collisions, will propagate in its rest-frame as 



\K(») 



v/2 



K 



1 



+ 



-(y+/'"s)' _ -(^H-wat)' 



2 



K°) 



(9.10) 



This gives for the intensities for the two kaon components: 



HK°) 



(k° I K(t)) 
I(K {) ) = |(k° | Kit)) 



2 _ J 

~ 4 

2 _ ' 

~ 4 



e -rs' +e -ru +2e^T^' 



<;-tV +e -rV _ 2e H"' 



cos(AmKt) 



cos(A//;^/) 



(9.11) 
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Tagging decays, indicating the presence of K° or K°, are observed to occur 
with a pattern in time given by the appropriate intensity above. If we start with a 
number of K° = N K o at t = 0, and the width to a given tagging decay is r tag , 
then the number of decays to the tagging final state is, for example, 

for a final K°. This is translated into a pattern in space if the K system is moving 
in the laboratory. The cos(A/w#f) term makes the pattern oscillatory. Since the 
state decays, the oscillations will be noticeable only if Amx is not small com- 
pared to (Vs H- I~Y)/2. This is the situation for the K system. 

Since we started with a AT , the degree of mixing is specified by how often we 
see a K° decaying rather than a K°. We can quantify this, over the whole time 
history, by the ratio 



//<*v/_ (^) 2+4 (T^y 



f l(K°)dt 



2- 



rs+r z . 



, 4 / Am K V 



(9.12) 



For the K system, V$ ^> T l\ in this limit r a 1, independent of Aitlk- 

9.3.2 ■ CP Violation in the Kaon System 

With CP not conserved, we must use Eq. 9.2 to express the K® and K® eigenstates 
in terms of K° and K°. For a tagged initial state (specifically K°) we can repeat 
the algebra leading to Eq. 9. 10. This gives the general propagation equation: 



\K(t)) 



e v l > + e 



fl ^+ 



tm L u 



K { 



L +ims)t 



^-Miwz.)' 



2 



K K 



(9.13) 



Thus the only change due to CP violation is the factor q / p in the second term. If 
we had started with a K°, we would get the expression for this case by exchanging 
|A:°> <* \K°) and q/p <+ p/q in Eq. 9.13. 

The intensity functions are now the same as for no CP violation, except for 
a factor \q/ p\ 2 multiplying the expression for / (^°) in Eq. 9. 1 1 . The combined 
effect of CP violation and kaon oscillations is often plotted by calculating the 
asymmetry: 



A(t) = 



I(K°)-I(K ) 
I(K°) + l(K )' 



(9.14) 
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The intensities are measured via the time distribution of tagging decays for K {} 
and K { \ for example, decays to 7T~e + v e and 7t^e~v e , respectively. The very 
beautiful data for A(t) are shown in Figure 9.3. From these data we can ex- 
tract | A/77 k I ■ 
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FIGURE 9.3 Charge asymmetry in the decay K® — » n z ^e ± v as a function of proper 
time. Both the K \, K$ interference and the CP violating offset are clearly shown. [From 
S. Gjesdal et al., Phys. Lett. 52B, 1 13(1974).] 

The result for A(t) is particularly simple for / ^> t$. Here K® has decayed 
away and we observe the K {) L part only. In this regime, A(t) is independent of 
time and is 



A = A(t » t s ) 



+ 



\p\ 2 ~\q\ 2 
\p\ 2 + \cj\ 2 



\p\ 2 -\q\ 2 - 



(9.15) 



For the kaon system, the CP violation is quite small. We can therefore, to first 
order, write: 



P = 



V2 



-. q 



1 -£ 

~7T 



With this notation, A = 2Re(£) to first order in e. This provides a direct measure- 
ment of Re(s). The result is 



ReO?) = (1.64 ±0.06) x 10~ 3 . 



(9.16) 



CP violation was discovered, however, not through observing the tagged de- 
cays, but rather through decays to the CP eigenstate 7T7T final state. Any nonzero 
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rate of K® to nit is a signal for CP violation. In the limit where CP violation 
stems only from virtual states, that is, from the mass matrix, the CP violating am- 
plitudes are easy to calculate in terms of e. In terms of the CP + and CP~ kaon 
states ( K () ± K°)/*s/2, we can write to first order: 

With no CP violation in the decay amplitudes \K® p+ ) — » CP even states, 
| K^p..) — > CP odd states and therefore for any given CP even or odd final states, 
we get amplitude ratios 

A A' <UCP + state A K%-+CP- state 

= = E. 

A *#-> CP + stale A K%^ CP state 

This gives a good, but not exact, description of the rates, as we will see below. 
Note that the two-family CKM matrix, which is sufficient for most decays, gives 
no CP violation in the decays; £, which comes from virtual states (with contribu- 
tions from all three families), violates the CP symmetry. 

Focusing on the 2n system, we define more generally, that is, also including 
CP violation in the decay amplitudes: 

V+- = -r^ , >?oo - -v^ (9.18) 

We can measure the magnitudes of these using the measured K®, K® lifetimes 
and their respective branching ratios to n n. For example, 

B(K° L ^7t+n-) fz s 



with a similar relation for 7r°7r°. From these we find 

toool - h+-l = (2.28 ±0.02) x 1(T 3 . (9.19) 

Using Eq. 9.17, we have for the amplitude ratios, including direct CP violation in 
the decay amplitudes for the CP odd kaon state: 

r ?+- = ~a ; — ~a ' ;?0 ° = ~a ; — ~a ■ 

Since the CP violation in the decay will be seen to be small, the product 
eA(j P - ^ n7l is very small and can be ignored. This gives 
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A CP 



V-\ 



e + 



A 



TT + JT- , n CP~ 

, TO) = £ + ~ 



Cp+^n+n- 



1 CP^ 



We next construct the various amplitudes using the formulas for the K decays 
from Chapter 8, Eq. 8.33: 



A 
A 



^A (*r^-^) 



cp--»****= -J-^Ao (e-V-e* 



12 Jh 



*CP+- 






-2/0, e'^ + e '^ — 2, and expanding to first order in the 



Taking e' 1 * - e ,(l> 

small quantity A2/A0, which equals 0.044, gives the result: 



?7 + _ = £ — i<j)+£ f , i]oo = £—/</>— 2s', where £ ; 



V2/\ C 



a /(5 2 -5o) 



(9.20) 



By very carefully measuring the relative rates for Ar2 to 7r°7r° versus tz + ti~, 
and assuming that s' is approximately in phase with /?+_, it is possible to deter- 
mine experimentally that: 



e — i(f> 



2 x 10" 3 . 



This gives for 0: 



2 x 10" 



x |t? + _| 



= 1.4 x 10" 



(9.21) 



v/2A 



Thus to good approximation 77+- = 7700 = s. Note that the phase of £' is 90° + 
82 — Bq — 48°. This is rather close to the measured phase of r/ + _, about 43. 5° , 
which justifies the assumption above of nearly equal phases. 

The phases of 77+- and 7700 a re measured by looking at the detailed interference 
pattern between K® and K° L as they evolve coherently in time and decay to 7t + n~ 
or 7r°7r°. The initial state for such an experiment can be a flavor-tagged state such 
as K°. These measurements also yield the sign and magnitude of Am*-. We look 
at the data after discussing the expectation for the phases. 

Within the CKM framework we can accurately predict the phase of /?+_ 
and 7700- To do this we look first at e. Since it is small, we can conclude from 
Eq. 9.3 that!m(Ami2) « Re(Ami 2 ) and Im(ri 2 ) « Re(ri2). With the imag- 



9.3 K°, l<° System 



325 



inary parts small we can solve for £ from Eq. 9.3, keeping only the first order 
terms: 



r*Im( 



Ara l2 ) + Im^ 



Re(Ami 2 ) - /Re^ 



(9.22) 



Using this formula for £ and ignoring the very small e' term in Eq. 9.20, gives 
r'Im(Ami2) 4- Im^ 1 



r)+- = 



Re(Ami2) - /Re^ 



/ [Im(Ami 2 ) - 2Re(Am I2 )0] + 



\m { - 



20Re^ 



2^Re(Am| 2 ) - /Re 1 ^ 



In the very good approximation that the 2n decay mode gives the entire value of 
Imri2, and ReTj2 and that we can ignore the A/ = ~ contribution to Reri2, we 
have from Eq. 8.33: 

Imrn = 20Reri2, 
so that the second term in brackets vanishes. This gives then: 

1 \_U{Amn) Lcp \ 

9 |~1 — /Rer i2 1 
Z [_' 2Re(Am, 2 )J 

Using Eq. 9.6 to replace ReTi2 by {r$ — T/J/2 and 2Re(Ami2) by — Am# in 
the denominator gives 



*?+- 



Im(Ami2) 

2Re(A»/, 2 ) 



2Am K ^ 



Im(Aw|2) 
2Re(Aii/]" 2 ) 



1 + 



2Am^ 



1 + 



\2Am K ) 



(9.23) 



We see that the phase of /?+_, 0+-, can be accurately predicted from the first term 
in brackets in Eq. 9.23: 



tan0+_ — 



2Am/( 

r s -r L 



It involves only directly measured quantities. The result predicted, 0+_ = 43.5°, 
is in excellent agreement with the measured value of 43.51 ± 0.06°. We can also 
use \rj+-\ to calculate Im(Arai2). Since is small, we neglect it, also 



r 5 -r L 

lAnifc 



^ 1, 



326 Chapter 9 Weak Mixing Phenomena 

so that from Eq. 9.23: 

Im(Am]2) 



Re(Ami2) 



2V2 |t7h I -6x 10~ 3 . (9.24) 



As a final topic, we investigate the expected time distribution for decay into 
tc+jt~ starting from a tagged K° initial state. This is used to measure + _. At 
/ = we have 

\K«=0)) = \K°)=^[W) + \*fl\- 

\K®) and \K® L ) evolve as mass eigenstates. Thus the amplitude to go to tt + tt~~ is 

^K(/)->7T L .T 2 n ^5- >jrl-jr " L " +^+"^ Z 

Squaring, we get the time dependent intensity: 



+ 2e V 2 ) \r}+-\cos(Am K t - 4> + -) 



(9.25) 



Figure 9.4 shows the very nice data. At small times, we have dominantly K^ 

decay. At times such that e *** ~ \ifa |, the oscillatory term is also significant, 

while at long times we have essentially only K® decay left. 

The mixing phenomena for the kaon system are characterized by a num- 
ber of observables: masses and widths of eigenstates, asymmetry in tagging 
decays, and interference in common decays. The measurable parameters are 
1^5, r^, Aitik, I p | 2 — ] q | 2 , r; + _, 7700- We can also consider other parameters 
such as the phase of p and q, which are not directly measurable. With a specific 
choice for the CKM matrix, these phases are calculable. Since other choices are 
possible, we can ask what would happen with another parameterization of the 
CKM matrix. The answer is that the unmeasured phases, such as those of p and 
q, are changed, but all measurable parameters are left unchanged. To get correct 
results we have to stick to a given choice for the CKM matrix for all parts of 
a calculation. We will always use the parameterization introduced in Chapter 8. 
Within this parameterization, we will treat all phases as meaningful — even if 
some are intermediate to arriving at the measurables — in order to be sure that our 
calculations are fully consistent. Since the CP violation in our CKM convention 
arises primarily from transitions from the 3 — » 1 generation, we conclude that for 
the kaon system, the phase arises mainly from the t quark in the penguin dia- 
gram and Im(Ami2) from the t quark in the box diagram. These are the diagrams 
in Figures 8.8 and 9.2 containing the / quark. The CKM element that contains 
the phase in both of these processes is V t d- It will occur again in B°, B° mixing, 
where the t quark dominates the box diagram calculation. 
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FIGURE 9.4 Intensity of tt^ji~ as a function of proper time r. Curves in the top figure 
show the two exponential contributions. These are modified by a sinusoidal term shown in 
the lower figure, where the curve gives the best fit to | r\ \ and 0. [From J. H. Christenson 
etal., Phys. Rev. Lett. 43, 1212(1979).] 



9.4 ■ D°,D° SYSTEM 

For meson pairs other than AT , AT , the mass eigenstates have nearly identical 
widths and the lifetimes are rather short. In addition, as we will see, we can take 
| p | = | q | to good approximation. For short lifetimes, the simplest observable 
is the time integrated mixing parameter r in Eq. 9.12. What is usually quoted as 
the degree of mixing is the fraction of tagged decays of opposite flavor from the 
initially tagged meson to the total number of meson decays tagged as \P) or \P). 
For \q/p\ = 1 this is 



1+r 
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Defining the mean lifetime T as 

2 
and the lifetime difference AT = V$ — T/,, we have that: 

,2 / AnX 2 



x = ^ J r 1 ^r- (9-26) 



+ 



if) 



This is quadratic in the various ratios, so small values of Am/f (often called x) 
and AV/ir (often called y) will give very small mixing fractions. 

The parameters Am/V and AT/2f for the D system are expected to be small 
and, in fact, no mixing (or CP violation) has yet been observed for this system. 
The present experimental limits are approximately 

Am D AV D 

— — and -^ — < 0.02, 
To 2V D 

although expectations are that they are each <£ 0.01. The mixing parameters for 
the Z)°, D° system are expected to be small for three reasons, as follows: 

1. Cabibbo Suppression: For AVq, mixing must involve common final 
states of D° and D°. The diagrams from Figure 8.12, combined with the analo- 
gous D° diagrams, provide four such mixing contributions at the quark level: 

(a) A Cabibbo favored D° amplitude x Doubly Cabibbo suppressed D° ampli- 
tude; 

(b) A Doubly Cabibbo suppressed D° amplitude x Cabibbo favored D° ampli- 
tude; 

(c) Two types of singly suppressed amplitudes for D° and D°. 

These mixing contributions to Ti2 all contribute with a CKM factor, which is 
sin 2 9 C cos 2 C — 0.05, whereas V does not have such a suppression factor. 

Evaluating the box diagram for the short distance part of Amp, we also get the 
same CKM factor of sin 2 C cos 2 6 C . 

2. GIM Suppression: In the box diagram we again have the GIM cancella- 
tion as for the kaons, but now between the nearly degenerate d and s quarks. In 
addition, the virtual quarks in the box d f s, b (instead of «, c, t for the K or B 
systems) give a small numerical result given the specific quark masses. 

However, we now also have a GIM cancellation for the real final states, since 
d and s can both be produced in the final state, by the heavier c quark. The di- 
agrams in Figure 8.12 have very specific signs for the CKM factors. In the limit 
of perfect SU(3) symmetry, the contribution to A To from amplitudes obtained 
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from diagrams of type (a) and (b) cancel the contribution from the two types of 
diagrams of type (c) that were described in (I) above. 

3. Phase Cancellation: Within a diagram type, for example type (c), the 
terms making up Ti2 have plus and minus signs when real hadronic final states 
are considered (analogous to Tj2 = T2tx — ^^n for the kaon system) and will tend 
to cancel. The final states for diagrams of type (c) can in fact be arranged into CP 
even and odd states, which give opposite sign terms in F12- Such a cancellation 
also occurs in the long distance part of Am/). 

Finally, we note that the CP violation in the D system should also be very 
small. The direct CP violation, which can occur for both charged and neutral 
D meson decay, is very small because the CKM elements for all major decay 
diagrams are very close to being real. In the mixing, the box diagrams containing 
the CKM phase are also small, involving the virtual b quark (instead of the/ quark 
in the K system) whose contribution is small because of the small value of V u b V* b 
and the small value of mt (compared to m t ). 



9.5 ■ ff°, ~B° AND B° S ,~B° S SYSTEMS 

We examine the expectation for the widths of the mass eigenstates first. For the 
B° meson, all decays that involve the dominant b — » c transition yield quark linal 
states that differ in flavor from those obtained in 5° decays via b — * c, provided 
the W makes a transition into a Cabibbo favored quark-antiquark pair. Mixing 
will result from the Cabibbo suppressed b — ► ccd decay sequence, which yields a 
cedd final state after including the spectator quark. Arising mainly from Cabibbo 
suppressed decays, we expect the mixing due to real common decays of B° and 
B° to be small, implying that AVq <£; r#. For the B®, B® system, common 
decays can arise from the larger Cabibbo favored b —> cos decay sequence, which 
at the quark level yields a final state cess after including the spectator £ quark. 
This decay sequence corresponds to about 20% of the decays, based on the relative 
rates in Section 8.11. We can, however, divide cess — » hadrons into CP even and 
odd final states, whose contributions will tend to cancel in AT# v . Thus we expect 
AV Bs /rB x to be less than 10%. 

In contrast to the width term, the mass mixing term is large for both meson 
pairs. Some of the diagrams for Z?° and B® mixing are shown in Figure 9.5. The 
dominance of the box diagram involving only / quarks makes the B system ideal 
for studying the physics responsible for both mixing and CP violation. We said 
earlier that high mass physics is difficult to see because it involves short-distance 
interactions. This is clear for the case of a propagator and also for the running 
coupling, as given for example in Eq. 7.14, after renormalization. In the broken 
gauge theory of the weak interactions, higher-order dimensional quantities, such 
as the value of the box diagram (apart from CKM factors) and the W mass shift 
discussed in Chapter 10, are largest for the heaviest quarks that contribute. The 
sensitivity to high-mass objects means that these higher-order quantities provide 
constraints on the existence of new physics. Any extra constituents must con- 
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b v th t v* u d b v, h t v t \ 
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D i agra m f or A m f 2 D i ag ra m for A m [\ 

FIGURE 9.5 One of two contributing mixing box diagrams for the £° and B® systems 
involving top quarks. The CKM factor for each vertex is indicated. 



tribute in a way that does not spoil the agreement (within the errors) of the mea- 
sured quantities and the Standard Model calculation of these quantities, which to 
date gives a good description of all of the data. 

For the B° box diagram in Figure 9.5, the product of CKM factors appearing in 
Amf 2 is (V*f) , since V t h — 1. Vtd involves the 3rd — > 1st generation transition 
and brings in the phase factor from the CKM matrix. This will have important 
consequences for CP violation, discussed in the next section. For the 5°, 5°, 
mixing is measured both through xb in EQ- 9.26 and by observing B oscillations 
in time. These measurements imply that 

Amp 

-^ =0.755 ±0.015. (9.27) 



The value of Amg, which for the B system ~ 2| Am?-|, can be calculated through 
the box diagrams involving t quarks, with about 30% uncertainties coming from 
QCD corrections and uncertainties regarding the B meson wave function. The 
measured value for the B° system allows a calculation of | V t( j | and is used as one 
of the inputs for determining p and r\ in the CKM matrix. 

For the B®, the CKM factors in the box diagram are ( V,*) 2 , for V t b — 1. In the 
approximation of SU (3) invariance, we can predict the ratio of mass differences 
within the two B systems in terms of CKM factors, since the rest of the calculation 
for Am is identical. This gives the prediction (using Eq. 9.5 with |Fi?| <<C | Amj^l 
in the calculation of Am): 



Am*, |V,. V | 2 



Am B \V td \ 2 sin 2 <9 r [(L - p) 2 + j] 2 ] 



(9.28) 



The ratio is predicted to be about 25. This gives, using the measured value of 
Am B r Bs , 

AmR 

--— ^ = 26, (9.29) 
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after including a 40% increase of the ratio in Eq. 9.28, expected from SU(3) 
violation. The mixing for the B® system is a very large effect, in particular, to 
very good approximation, xb s = \> the value for complete mixing. 

The predicted value in Eq. 9.29 has an uncertainty of about 20% coming pri- 
marily from the error on the CKM parameter p. A good measurement of this ratio 
would therefore improve our knowledge of p. The exact value for the ratio in 
Eq. 9.29 has not been determined, but the measured lower limit is close to the 
expected value. 

Finally, note that Am\2 for B s is expected to be nearly real since V ts , which 
appears in the box diagram, involves a 3rd^ 2nd generation transition. Therefore 
we expect that CP violation due to mixing is very small for the B s system. 

9.5.1 ■ CP Violation in the fl°, B° System 

For the B system, we expect CP violation whenever the phases from V l£ j or V u /, 
appear in the amplitude for a process; although observable direct CP violation 
requires in addition that the given process occurs through two amplitudes with 
different strong and weak phases, as discussed in Section 8.7. The phase from V L ,t> 
can affect the small fraction of decays occurring through the b — > u transition. 
The mixing through the box diagram introduces a significant phase, which comes 
from the b — ► t — > d transition sequence making up part of the box diagram. 
To measure this, we have to find an observable in which the phase remains, in 
order to have a tangible CP violating effect. To find such an observable, we first 
examine the mass eigenstates that determine the space-time propagation. 

For the £°, B° system, we can relate the coefficients q and p of the mass 
eigenstates through the relation in Eq. 9.3. Since V\2 <£ Aw 12, | q/ p 1 = 1, and 
we get no CP violation in the rates for tagged final states if we start with a tagged 
initial state. This can be verified by using the analog of Eq. 9. 13 for the B system. 
If we define the phase of Am 12 by Am 12 = —\Am\2\e 2l P, then from Eq. 9.3, 

We can thus take p — -W'^, q = -j=e~'^ . Using V t d — AA 3 (1 — p — irj) from 
Eq. 8.18, 




tan)8= f y^— )■ (9.30) 

which implies that tan ft ~ 0.43. 

To find an observable sensitive to p, we can look at common decays for B° 
and Z?°. Specifically, we assume that we start with a decay initially tagged as 
#°. Let / be a final state to which both B° and B° can decay. An example of 
such a final state at the quark level is ccdd, which at the hadron level can yield 
the D + D~ final state. Another example of a final state is ccsd, which does not 
mix with ccsd at the quark level, but does at the hadron level because of kaon 
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mixing. Examples are the final states J /\jfK$ and J/ip-K®, which are produced 
from either B° or B°. The final states mentioned above are all CP eigenstates 
(ignoring the small parameter e for kaon mixing). We define the two amplitudes 
A/ and A /■ as the amplitudes for B° — > / and B° -* f, respectively. In the case 
of the CP eigenstates above, no extra weak phases arise in the decay, since the 
transitions involve CKM elements for b — > c or b —> c, then Af — ±A/ with 
the sign given by the CP of the final state. 

Using Eq. 9.13 for the B system, with the assumption that both mass eigen- 
states have nearly the same lifetime and that the mass difference has the same sign 
as in the kaon system, results in the amplitude for the projection onto the state /: 



*fl(0->/ 



k Vim 1/ 



/ —4Amgt iAmgt 

e 2 +e~- 2 




q_Aj_ 

p A/' 



i sin 



Am/it 



(9.31) 



For example, for decays tagged in the final state as B° or Z?°, respectively, it gives 
predicted rates proportional to 



,2 _n 2 / Am Bt 
\Af\ e ' cos z 



or 



-Vi 



sin 



Am-Bt 



(9.32) 



which exhibits the #°, 5° oscillations but cannot be used to measure CP viola- 
tion. On the other hand, taking a CP even or odd common decay final state for 
which no extra weak phases arise in the decay, we get 



\AB«)->f\ 



\A f \ 2 e~ r ' (1 =Fsin(2/J)sin(Am fl /)), 



where the sign in the second term is determined by the CP of the final state. We 
can repeat the analysis starting with a tagged /3° initial state at / = 0. The result 
is 



\ A B(t)->f\ 



7 



-n 



(l±sin(2)8)sin(Am J B/)). 



This leads to a time-dependent asymmetry that is independent of | A /■ | 2 or T: 

I I 2 2 
A = - ■ = =Fsin(20)sin(A/M0f), (9.33) 



\A B (,)^f\ + 



^fiC/)-/ 
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which allows a nice measurement of the CP violating parameter fi. This is a direct 
measurement of the parameter /?, as opposed to extracting it from the difficult- 
to-calcujate parameter e from the kaon system. Note, however, that within the 
uncertainties in the calculation of e, both systems give consistent results for the 
phase in the CKM matrix. The experimentally-measured value for sin 2/3, 0.73 ± 
0.05, agrees very well with the value expected from other determinations of the 
CKM parameters. 

An experimentally convenient method for studying neutral pseudoscalar 
mesons is to produce |P°, P°) nearly at rest using the e + e~ annihilation re- 
action. This requires finding an e~^~e~ center of mass energy so that the produc- 
tion occurs through the decay of a convenient J p = 1~ resonance. This gives 
a high rate, with the resonant state produced in a significant fraction of all the 
e + e~ annihilation events. The fact that we start from a very specific two-body 
state for the P° and P° provides constraints on the final state decay pattern. 
This follows from the fact that the e^ e~~ reaction in the center of mass yields a 
p-wave, two-body system, which is antisymmetric under exchange. Thus, if the 
first decay tags the parent as \P°) we know that the other particle starts as \P°) 
at that time. It then evolves in time via the formulas we have discussed, where 
t — time difference from the first decay. In this way, the first decay serves to tag 
the second meson, which can then be studied. For the B system, the experiments 
are done at a center of mass energy of 10.58 GeV, which is the mass of the lightest 
resonance above the threshold for production of B and B. We anticipate further 
checks of the CKM framework for B meson CP violation in the next few years. 
This will include measurements involving final states produced through a vari- 
ety of decay diagrams, for example, penguin diagrams, or the b —> u transition 
that brings in an extra phase. Examples of interesting final states are (j)K^ and 



9.6 ■ NEUTRINO OSCILLATIONS 

We turn next to neutrino oscillations. In the Standard Model the neutrino lifetimes 
are very long, so only the mass differences and mixing matrix contribute to create 
oscillations. The masses and terms in the mixing matrix are not theoretically cal- 
culable at present, so the goal is to extract them from data. This is an area where 
rapid progress is being made through a variety of experiments. 

Neutrino production and detection using charged current interactions always 
involves tagging the neutrino as one of the three lepton flavor eigenstates. Neu- 
tral current interactions are the same for all flavors and do not allow tagging of 
the final state neutrino. Propagation between interactions occurs through the mix 
of mass eigenstates corresponding to the initially tagged state. Because of the 
very small masses, the neutrinos are generally very relativistic in the laboratory. 
Whereas the pseudoscalar meson mixing was conveniently calculated in the me- 
son rest-frame, neutrino oscillations are most easily calculated in the laboratory 
in the ultra-relativistic limit. 
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We indicate the lepton flavor eigenstates as \v a ) and the mass eigenstates as 
\vj) with masses m/. At / = we assume that we produce the state |u a ), which 
we expand in terms of |v,): 



k> = ^2 u ai Wi.) 



(9.34) 



U a i is the neutrino analogue of the CKM matrix. This gives at a later time, at a 
position x: 



\v(t)) = j2 u ^ e ~ iEi ' e ' f) ' rK \ v ^ 



(9.35) 



where we assume we can ignore the details of the wave-packet and use the cen- 
troid of momentum p. We assume the v state interacts weakly at time t and that 
we tag the state as the lepton flavor eigenstate \vp). This process has an intensity: 



ha = |(^K0)| 
In the ultra-relativistic limit: 



Y, u ° iU l 



,-iEit 



(9.36) 



P + 



2p' 



so that 



hot = lY^UaiUpt' ' 2 '> 



(9.37) 



For mj all equal, or all masses sufficiently small so that all the exponential factors 
are near unity, the unitarity of the U matrix gives h a = <V a , that is, no apparent 
mixing or oscillations. Eq. 9.37 is the basic mixing equation that we use here. For 
the case of propagation in a material, for example within the sun, this equation 
will be modified as discussed in Section 9.6.3. 

The discussion has so far been general. We now assume for simplicity that only 
two generations participate. Then: 



U 



cos <9 sin <9 
-sin <9 cos# 



Starting with the initial state specified by a 
which /3 = I or 2. Using U above, these are: 



= 1 , there are two intensities, for 



/ll = 1-/21, 
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l 2 \ = 4 cos 2 sin 2 sin 2 



(m j — m^)/ 



4/> 



= sin"2# sin" 



(m 2 - m\)t 

4/7 



(9.38) 



These equations have three regimes: 



2 ^ I * 

m, — mzlt 

— <<C 1. No oscillations are noticeable. This is the situation close 



2. 



4/7 
to the source. 

12 7 I * 

mf — m^ £ 



4p 



1. An oscillation pattern is noticeable as t (which for a 



relativistic particle is the length from the source divided by the velocity of 
light) or p vary, allowing a determination of |m 2 — mi\. 

12 21 * 

\m\ — mi\ t 
3. J — =- L - ^> 1. Very rapid oscillations occur with an experiment typi- 

4/7 

cally averaging over them. Since 



sin" 



(m 2 — m^)t 
4p 



averages to ^, we get: 



7 21 = i s in 2 (2<9), /,, = 1(1 + cos 2 (2<9)). 

A nonzero value for /2i provides evidence for oscillations but does not al- 
low a measurement of \m\ — m\\. 



Data using atmospheric neutrinos, which contain a mix of v jJL and v e (and their 
anti particles) created in cosmic ray showers through the decays n — > p + v M and 
p — > £ + y € + iv indicate that i^ and v z mix copiously, while v e does not mix 
very significantly for distances and momenta sensitive to \in\ — m\ 
The data for the mixing of v n and v r are in fact described well by choosing: 



> 10" 4 eV 2 . 



2.5 x 10" 3 eV 2 and sin 2 (2<9) 



1, 



or 0- 45 c 



A very large, deep underground, water Cherenkov detector is used to measure 
the flux of atmospheric neutrinos. The earth above the detector absorbs nearly all 
particles other than neutrinos. Using water as the interaction medium provides a 
minimum cost experiment. In this detector, the Cherenkov rings produced by rel- 
ativisitic charged particles travelling through the water are detected. Muons pro- 
duced by v u are registered as particles that slowly lose energy through ionization 
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only. Electrons produced by v e generate electromagnetic showers in the water. 
The incident neutrino direction and energy can be determined approximately from 
the Cherenkov rings for the particles produced in the event. To reduce systematic 
errors, the data are plotted as a ratio of downward-going neutrinos that traverse the 
atmosphere and a small amount of Earth (short baseline) to upward-going neutri- 
nos that traverse the atmosphere and most of the Earth (Jong baseline). The data 
for mixing of neutrinos produced in the atmosphere are shown in Figure 9.6. For- 
tuitously, the diameter of the Earth is exactly right for observing large oscillations 
of v jJL to v r for momenta of a few GeV. 
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FIGURE 9.6 Up-down asymmetry calculated from the ratio of detected \x (from fyj 
and e (from v e ) events produced by upward- and downward-going neutrinos. Muon events 
are divided into those fully contained in the detector, allowing an energy measurement, 
and those only partially contained, which typically have energies above 10 GeV. [From 
Y. Fukuda et al., Phys. Rev, Lett. 81, 1562(1998).] 



9.6.1 ■ Three Neutrino Generations 

Studies of v e oscillations use not only the data from atmospherically produced 
neutrinos shown in Figure 9.6, but also v e from nuclear reactions in the sun 
and v e from nuclear reactors. For three neutrino generations, the data for os- 
cillations can be described in terms of four angles, one of which is a CP vi- 
olating phase, analogous to the CKM angles, and three differences of masses 



squared: Amj 



m, — m| 3 Amy 3 



mj, and Am 



23 



ti, — m^, where 



only two are independent. The data for v e oscillations using atmospheric neu- 
trinos from cosmic ray showers, shown in Figure 9.6, as well as data from nu- 
clear reactors, indicate that two of the neutrino mass eigenstates are much more 
degenerate with each other than they are with the third. In this case we have 
|Am^ 3 | ~ lAra^] ^> \Am 2 {2 \. For this situation the oscillation Eq. 9.37 sim- 
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plifies, for a / $, to 

I ., i2 n /Am 2 A 

ha = 4 | [/ a3 [/* 3 1 sin 2 I -^- I . (9.39) 

To arrive at this equation, we use the unitarity of the three generation U matrix 
and 

Am| 2 r 

is assumed small, as appears true for the atmospheric neutrino oscillation mea- 
surements. 

Using the notation of the CKM matrix, given in Eq. 8.17, we can rewrite 
Eq. 9.39 as 

i i i /Am^A 
I (v e -> v M ) = sin #23 sin 2#i3 sin — 

/ i \ 
7(iV — ► v r ) = cos #23 sin 2^13 sin" ' 



I( VfJL -> v T ) = cos 4 0,3 sin 2 20i3 sin 2 ( -^- ] . (9.40) 



4p 

4p 



The data from Figure 9.6 indicate that 



Am 2 3 2^ 2.5xl0 -3 eV 2 , # 2 3 - 45°, 

and #|3 is small. These values for the neutrino parameters lead to a suppression 
of v e oscillations to both v^ and v r and allow u M to v T mixing at a rate given by 
the two-generation formula of the previous section. Unlike the situation for the 
quarks, where an approximate two-generation mixing formula requires one angle 
(the Cabibbo angle) to be much larger than the other two, for the neutrinos the 
third angle 0\2 is not constrained. Both small or large values are possible for the 
mixing angle #12. We will see that this angle is in fact large. 

The formulas in Eq. 9.40 apply to oscillations of atmospheric or accelerator 
produced neutrinos, where the energies are typically greater than a few hundred 
MeV. Reactor anti neutrinos have energies that are typically 100 to 1000 tunes 
smaller and can therefore show measurable oscillations due to A/rc 2 2 as small as 
— J 0~ 5 eV 2 , for distances between the source and detector (baseline) on the order 
of a few hundred km. For 9n ^> #13, a deficit of electron anti neutrinos, relative to 
expectations for no mixing, is given by an oscillation formula that can be derived 
from Eq. 9.37: 
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o o Am:-,/ 

/ii = I(v e -+ v e ) = 1 -sin 2 2^,2 sin 2 ^-. (9.41) 

4/? 

If ^12 is also small, then no appreciable oscillations can be seen. 

A number of experiments looking at reactor produced v g have been performed. 
The v e typically have energies of a few MeV and are detected through the reaction 
Ve ~r* P —* e+ + n - Experiments that are located within 10 km of the reactor % 
source see no deficit of v e relative to the numbers expected from a calculation 
based on the power generated by the reactor A very recent experiment, observing 
v e from a number of reactors in Japan, has an average baseline of 180 km. This 
experiment found a reduction in detected V e to about 61% of the calculated rate 
for no oscillations. Allowing for oscillations, a fit to the rate and v e spectrum gives 
a value of 



A 2 
A/77J2 



6.9 x J0" 5 eV 2 



and the constraint that sin"(26>i2) is larger than about 0.5. The 6\2 angle is 
presently better measured using the remarkable data for the detected v e from the 
sun, which we discuss in the next sections. More reactor data are being collected 
and will yield results of better precision over time. 

These neutrino oscillation results involve only differences of masses squared 
and do not give us a value for any individual masses. In fact, it is not known if 
the mass hierarchy (that is, which is heaviest and lightest) is the same as in the 
charged lepton case. The neutrino masses have not been measured; only upper 
limits have been determined. The most stringent limit comes from measuring the 
endpoint of the tritium beta decay spectrum, which indicates that the mass of the 
neutrino accompanying the electron is less than a few eV. 

9.6.2 ■ Oscillations of Neutrinos from the Sun 

The nuclear processes that produce radiant energy from the sun all involve the 
charged current weak interaction, and result in the creation of electron neutrinos. 
Thus solar neutrinos are tagged at production to be v e . The expected neutrino 
spectrum is shown in Figure 9.7, based on a detailed model of the nuclear pro- 
cesses taking place in the sun. The neutrinos are typically produced near the center 
of the sun and therefore have to traverse the sun as well as the intervening space to 
reach detectors on earth. Unfortunately, detecting low energy neutrinos is difficult 
and experiments cannot make measurements over the entire spectrum. 

Solar neutrino experiments are of two types. Both types are performed deep 
underground to minimize backgrounds. The first type of experiment uses a very 
large water Cherenkov detector, also used to study atmospheric neutrinos. These 
water Cherenkov detector experiments are sensitive to neutrinos of energy larger 
than about 5 MeV. They therefore mainly detect the neutrinos coming from 8 B re- 
actions in Figure 9.7. These experiments have the virtue that the neutrino energy 
can be determined and the events al low a rough determination of the incident neu- 
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Neutrino Energy, q. in MeV 

FIGURE 9.7 The solar neutrino energy spectrum predicted by the Standard Solar Model. 
Curves are labeled by nuclei involved in neutrino production processes. Fluxes from con- 
tinuum sources are given in units of number per cm 2 per sec per MeV at a distance of one 
astronomical unit; line sources are integrated over energy. [From J. N. Bahcall and R. K. 
Ulrich, Rev. of Modern Phys. 60, 297(1988).] 



trino direction, useful for separation of signal and background. Figure 9.8 shows 
the angular correlation of the electron neutrino signal with the direction of the 
sun, indicating very clearly that the sun is radiating neutrinos. 

The reaction detected in ordinary water is the elastic scattering on electrons, 
which has charged and neutral current contributions from v e and neutral current 
contributions from v (X and v r . By using heavy water containing deuterium, addi- 
tional reactions can be observed, which are used to isolate the event fraction due 
to v e . An example is the charged current interaction, which is sensitive to v e only: 

v e + d -> p + p + e~ . 

In addition, the neutral current interaction 

v -\- d — > p -\- n -\- v 

has the same cross section for each of the three neutrino types. It therefore pro- 
vides an absolute normalization of the v flux and also a check that the solar model 
is correct. Using these reactions on the deuteron, the flux ratio of electron neutri- 
nos to all neutrinos from 8 B is determined to be 0.34 ± 0.03. The neutral current 
data also indicate that the solar model provides a good description of the incident 
neutrino flux. 

The data on neutrino elastic scattering on electrons in an ordinary water tar- 
get further indicate the existence of oscillations. This measurement yields a rate 
that is 0.45 =b 0.02 of the expectation from the solar model without oscilla- 
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cose„ 



FIGURE 9.8 Distribution of the cosine of the event angle relative to the direction of the 
sun. The points are data, the histogram is a best fit to a solar signal, and the horizontal line 
is the estimated background. Data are restricted to energies between 5.0 and 20.0 MeV. 
The number of solar neutrinos detected is about 18,000. [From S. Fukuda et al., Phys. Rev. 
Lett. 86,5651(2001).] 



tions. Calculating expectations from the dominant v e cross section (based on 
0.34 v e after oscillations) and the smaller cross sections for v^ or v r (based on 
0.66 for the sum of these after oscillations) provides a very consistent cross check 
between the deuteron and electron scattering measurements. This provides good 
evidence that a significant fraction of the v e have turned into y M or v T between 
production and detection. The measured neutrino spectrum using elastic electron 
scattering is shown in Figure 9.9 as a ratio to the standard solar model without 
oscillations. The ratio is very constant, showing that we see the spectral shape 
from Figure 9.7 with an overall reduction, consistent with a constant factor over 
the whole energy range. This spectral shape is an important constraint on the 
oscillation parameters, as we will see in the next section. 

The second method to measure the flux of solar neutrinos uses large volumes 
of material containing nuclei that can undergo nuclear transformations when hit 
by v c . These reactions are sensitive only to the v e component and require a final 
state that can be separated reliably from the initial volume and also subsequently 
detected. The initial neutrino detection experiment used the conversion of 37 C1 to 
37 Ar and provided the first evidence for neutrino oscillations. These experiments 
do not determine the initial neutrino energy, and integrate over the product of the 
incident spectrum and the cross section for the nuclear reaction. The 37 C1 reaction 
is primarily sensitive to the 8 B neutrinos and gives a result that is consistent with 
the water Cherenkov experiments. 

A more recent set of experiments uses the transformation of 71 Ga to 7l Ge. 
This reaction is primarily sensitive to the more copiously produced lower-energy 
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FIGURE 9.9 The measured neutrino spectrum normalized to the Standard Solar Model. 
The data from 14 MeV to 20 MeV are combined into a single bin. The solid line shows the 
average, while the band around this line indicates the energy correlated uncertainty. [From 
S. Fukuda et al., Phys. Rev. Lett. 86, 5651(2001).] 



neutrinos. The reaction threshold is about 0.23 MeV for the neutrino energy. The 
data measured in the 7l Ga experiments, normalized to the soJar model without 
oscillations, gives a flux ratio of 0.60 ± 0.06. This is significantly larger than the 
value for the higher energy 8 B neutrinos. The consistency of all the neutrino re- 
sults requires a change in the oscillation pattern somewhere between about 1 MeV 
and 5 MeV Over this range, the fraction of initially produced v e detected as v e 
changes from about 0.60 to about 0.34. 

9.6.3 ■ Matter-Induced Oscillations in the Sun 

The sun is so far away that we expect the distance to the Earth to correspond to 
many neutrino oscillation lengths, unless the mass difference of the oscillating 
pair is extremely small, for example, of order 10~ 1() eV 2 . We will consider a 
different possibility, which is that the matter in the sun changes the oscillation 
probability. This is called the MSW (Mikheyev, Smirnov, and Wolfenstein) effect. 
It corresponds to the same phenomenon responsible for the index of refraction for 
light in a clear dielectric. The data on solar neutrinos indicate that this effect plays 
an important role in the oscillation phenomena. 

Consider the creation of an electron neutrino of given energy in the sun. In vac- 
uum, the amplitude for other neutrino components would build up during prop- 
agation if there is mixing, as we discussed before. The neutrino cross section is 
sufficiently small that the likelihood of the neutrino being absorbed due to the 
weak interaction with the solar material is very small, so we might imagine that 
the result for neutrino propagation in the sun is the same as in vacuum. However, 
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the elastic coherent scattering in the forward direction from the solar matter mod- 
ifies the propagating wave. This is the origin of the index of refraction for light 
in a dielectric. Taking the direction of motion to be the z axis, the amplitude for 
a given momentum p is modified by the material so that it varies as e'" pz , where 
the index of refraction is 

2nNf(0) 

n = 1 H z . 

P l 

Here f(0) is the forward scattering amplitude in the notation of nonrelativistic 
quantum mechanics, and N is the number of scattering centers per unit volume. 
Using the optical theorem, this formula gives the usual result for the attenuation 
of the number of particles due to the total cross section as they move along z. 

In the neutrino case, the elastic forward scattering amplitude for the neutral 
current is the same for each type of neutrino. The neutral current contribution 
to the index of refraction produces an overall phase shift that is the same for all 
neutrino types. Therefore, the neutral current process does not create any mixing. 
However, one additional process has a finite elastic forward amplitude. This is the 
charged current process for v e e~ scattering on the electrons in the sun. This pro- 
cess exists only for the v e component. The relevant Feynman diagram is shown 
in Figure 1.5 and the amplitude is given by Eq. 8.5. One subtlety in calculating 
Ma arises from the exchange property for fermions, and leads to an overall ex- 
tra factor of —1. For the forward amplitude, we want to calculate the transition 
for | v e , e~) going to | iv, e~). The amplitude in Eq. 8.5 is that for a transition from 
| iv, e~) to | g~, v e ), requiring an extra exchange of particles in the final state to 
arrive at the desired amplitude. The relativistic amplitude for forward scattering 
can be related to f(0) by the formula 

/(0) = -^-- (9-42) 

The relation in Eq. 9.42 follows from equating the expression for the forward 
cross section in the nonrelativistic and relativistic formalisms, with the correct 
sign convention given in Section 2.13. Ma for the charged current process is 
(2m e )(2E)V2G r, with the energy factors just resulting from the normalization 
of the spinors. This gives, for the charged current contribution to the index of 
refraction, 

27tN e f(0) -JlG F N e 

^— - = — -. (9.43) 

P z P 

The density N e is that for electrons only and E is set equal to p for the neutrino. 
If there were no mixing and the value of N e was constant, we would expect for 
the electron neutrino an amplitude of the form (we leave out the neutral current 
contribution, which is flavor-independent): 

e Hpz-JlG F N € z-Et) (9.44) 
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Including the neutrino mass to lowest order, this is 



je(z-i) -'-(s+^c^; 



(9.45) 



With mixing, however, v e is not a mass eigenstate. Propagation without mixing 
occurs for the eigenstates resulting from the combined effect of the index of re- 
fraction and the original mass matrix. To find these eigenstates we have to diago- 
nalize the matrix that appears in the phase in Eq. 9.45. After multiplying by 2p, 
the matrix is 



U 











u 







(9.46) 



where for simplicity we assume mixing primarily between two neutrinos only. 
The basis chosen is the lepton flavor eigenstate basis, not the vacuum mass eigen- 
state basis. The masses m \ and W2 are the two mass eigenvalues in vacuum and U 
is the two- flavor mixing matrix introduced before. It is specified by one angle 0. 
The presence of matter provides the extra term for v e only, where 



= 2VlG F N e p. 



(9.47) 



Using a value of p = 10 MeV and electron densities expected near the center of 



the sun, mk 



K)- 4 eV 2 . For \m\ 



mi | less than or of the order of this number, 



the matter in the sun will have a significant effect on the mixing. This is true 
even though the deviation from 1 of the index of refraction, given in Eq. 9.43, is 
very small. Since m^ is momentum dependent, the effect due to the matter in the 
sun will vary over the neutrino spectrum. 

We can diagonalize the matrix in Eq 9.46 in terms of a unitary matrix U, n , 
which equals U in vacuum. We can calculate the mixing angle in U m , resulting in 
the expression 



siir(20 lw ) 



sin 2 (2(9) 



Cm; -m r) 



cos(2(9) + sin 2 (20) 



ForraQ y> | m\—m\ |, 0, n — ► and v e is a mass eigenstate; for m^ <<C | m\ — rn\ |, 
6 m — » 0, the vacuum solution. 

We have assumed above that N e is a constant, which is not correct as the neu- 
trino moves through the sun. Therefore an exact solution requires propagating 
each energy component through the solar medium. We will look at a simple case 
that agrees with the data and does not require any complicated calculations. We 
assume that | m 2 — m 2 | is a few times \0~ 5 eV 2 . This was the value from the reac- 
tor data in the previous section. In this case the material in the sun has little effect 
on electron neutrinos produced with /; < 1 MeV. For these neutrinos we can just 
use the solution in vacuum to good approximation. The fraction of neutrinos that 
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are detected as v e in vacuum was given in Section 9.6, and is: 



(l + cos 2 (2(9)) 



Using the result from the 7] Ga experiments, we can estimate that I\ j ~ 0.60, and 
9 2^ 32°. If we consider three generations, then the present situation is the same 
as the reactor experiments, given by Eq. 9.41, with an extremely long baseline. 
The formula for 1\ \ is the same as for the two-generation case we have been 
considering, with the angle 9\2 appearing in place of 9. The angle 9 above is 
therefore 9 [2 in this case. 

For the 8 B neutrinos, the solar material dominates the mass matrix so that v c is 
approximately an eigenstate near the center of the sun in this momentum range. 
For the solar density varying slowly in space compared to the wavelength corre- 
sponding to the neutrino momentum, the neutrino remains in the one eigenstate 
that is continuously connected to the initial eigenstate as it traverses the sun. This 
is called the adiabatic approximation. Since v e is the heavier eigenstate, it will 
emerge from the sun in the heavier of the two eigenstates, which we assume is v%. 
Note that the state v^ is much heavier (or lighter, depending on the mass hierar- 
chy) than the other two states and plays no role. Since v^ is a mass eigenstate, 
the neutrino remains in this state until it is detected. Projecting this state onto v e , 
which is the species measured directly in the experiments, and squaring, gives a 
fraction of v c detected equal to sin 2 9. For #13 small, the mixing matrix for three 
generations gives the same result with 9 = 9\2- Equating sin - 9\2 to 0.34, based 
on the water Cherenkov experiments, gives the result 6\2 — 35°. The two mea- 
sured values for 0\2, using low momentum and high momentum solar neutrinos, 
are very consistent. Note that this result also resolves part of the mass hierarchy, 
namely that m? is larger than m \ . 

Before concluding this section, we want to mention that the phenomenon anal- 
ogous to the neutrino index of refraction also exists for kaons and has been used in 
experiments. If we allow a beam of neutral kaons to travel a long distance, the K® 
component decays, leaving a pure K° L beam. If we then pass this beam through a 
piece of material, the beam exiting the material contains a K® component. This is 
called kaon regeneration and comes from the different forward scattering ampli- 
tude of the A' and K°. While the amplitudes in the neutrino case are essentially 
real, the kaon amplitudes contain a real and an imaginary part. The real parts pro- 
duce phase shift as in the neutrino case, while the imaginary parts attenuate the 
K° and K° components by different amounts. After passing through the regen- 
erating material, the K® and K® parts of the beam interfere as they propagate, 
yielding a decay pattern characteristic of the interference. 

9.6.4 ■ CP Violation in Neutrino Mixing 

The data discussed so far indicate that we can approximate the neutrino mixing 
matrix as 
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/ cos#i2 sin #12 Qt$e iS \ 

JJ ~ [ — sin#|2COS#23 C0S#i2C0S#23 sin#23 ]■ 

\ sin #12 sin #23 — cos #12 sin #23 cos #23/ 



Here #12 — 35°, #23 — 45°, #13 < 10° based on analysis of all of the various 
types of data, and 8 is the CP violating phase. This is the CKM matrix of Eq. 8.17 
with the angle #13 taken to be small. We have also chosen the opposite sign for 
the phase angle 5. None of the experiments to date have been sensitive to <$, which 
will be difficult to measure because of the small value of #13. The neutrino matrix 
is very different from the quark-sector CKM matrix. None of the neutrino lepton 
flavor states are even approximately mass eigenstates. As in the quark sector, the 
results indicate that the Standard Model is incomplete. Still missing is the physics 
that determines the masses and mixing. 

To measure CP violation will require terrestrial experiments able to measure 
the small terms left out of the oscillation Eq. 9.40. These experiments will prob- 
ably require the controlled conditions of accelerator produced neutrinos and an- 
tineutrinos, where the difference in oscillations between the two indicates CP 
violation. The angle #13 will need to be either simultaneously measured or mea- 
sured in earlier experiments, if it is sufficiently large. Whether CP violation can be 
measured depends on having a sufficiently large value for #13. To perform these 
experiments will likely require building neutrino sources of very high intensity 
and using long baselines for the detectors. 

Expanding to second order in small quantities, the expression in Eq. 9.40 is 
modified to be 



I(v e -> v /t ) = sin 2 #23 (20| 3) sin 2 f 



\p 



/a 2 \~ 

+ cos 2 #23$in 2 2#i2 ' 



■ sin2#]2 sin2#232#]3 




2' 



x sin 



Amht\ ( Am\S 

^- cos « ^_ 

Ap / V 4/7 



The oscillation process involving antineutrinos has the same expression with 8 
replaced by —8. This difference, if it can be measured experimentally, would in- 
dicate CP violation. We note finally that, for a sufficiently large energy, the effect 
of the index of refraction due to the matter of the Earth will need to be taken into 
account. The forward scattering amplitude for v e and v c have an opposite sign, so 
the Earth will create a difference between the propagation of v e and v e . 
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CHAPTER 9 HOMEWORK 



9.1. Consider the kaon system in the limit of the two light generations only. Suppose we 
use for the CKM matrix the general unitary matrix: 

/ e 1 ^ cos0 c (? /( ^+^) sin(9c 
^-^sin<9 c e^^+^cosOc 

(a) What is the overall CKM factor in the various neutral K decays and in the various 
terms contributing to the box diagram? 

(b) Show that for T $, F^, Am ^ , | p \ — \ q | , the phase angles disappear and only 
C is relevant, when these measurables are calculated using the matrix above. 

9.2. Consider the box diagram with only virtual / quarks. We can write the contribution 
of this diagram to K, K and B, B mixing through Am 12, which is given by: 

G 2 

For K, K: -^\f\m K v} s (V* d ) 2 x box calculation 



6/r 2 
For B, B: — ^Ss m B^}h i^ul) x ^ ox calculation 



Assuming that the box calculation, which gives a real constant stemming from short- 
distance physics, is the same for both systems and that f$ ^ 1-3/k, calculate 



1m 



Re 



( A < 2 ) 
(Amf 2 ) 



for the AT , K system in terms of the measured values of Am g and Amj(. Note 
that we assume virtual / quarks (through the box diagram) dominate the value of 
Im(Am^) and are negligible in Re(Arap), while for # ( \ £° they dominate both 
real and imaginary parts of Am?.. 

9.3. The box diagram involving t quarks gives mixing terms between 

S°,fi°, B°,fl°, and fl°,B°. 

(a) Draw the box diagrams for these three processes, indicating the CKM factors at 
each vertex. 

(b) Is the diagram for 5°, B® larger or smaller in magnitude than for £°, £°? 

(c) If larger, why isn't £°, B® mixing a physically-observed process? 

9.4. Consider the set of strong scattering eigenstates in the mixing calculation. 

(a) Can states of opposite CP be part of the same strong scattering eigenstate? 

(b) For the case where (n\ and (/? | are the same state, show that the strong phases drop 
out, while the weak phases remain in a calculation of V\2- Show that F21 = r? 2 
for the contribution of these states to the mixing. 

9.5. Consider the two vector mesons j£*° and K*®. 

(a) Is the weak transition between the two nonzero? 
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(b) Ignoring CP violation, what are the mass eigenstates? 

(c) Why is it unnecessary to ever use these mass eigenstates? 

9.6. Consider the CKM matrix given in Eq. 8. 17. 

(a) Show that a good approximation for V ts that keeps both real and imaginary parts 



V /s = -A\ 2 (\+i\ 2 r)). 

(b) The CP violating angle J3, arising from mixing, was defined for the B® system 
in Eq. 9.30. The analogous angle for the B® system is called /. Show that 

tan/ = —X 2 r). 



How large is x? 
(c) CP violation from mixing in the B® system is given in terms of /. Give an 
example of a decay of B® where the decay asymmetry, Eq. 9.33, can be used to 
measure sin 2/. This requires that no additional weak phases occur in the decay 
amplitude and that the final state is a CP eigenstate. 

9.7. The penguin diagrams for B decay were shown in Figure 8.13. Assume that the t 
quark is the dominant contributor to these diagrams. 

(a) Are there any phases in the CKM factors for the transition b — > s + gl What do 
you expect for 

q_Aj_ 
p A f 

in Eq. 9.31 for the final state <pK^ produced through this penguin diagram? 

(b) Are there any phases in the CKM factors for the transition b -> d + gl What do 
you expect for 

p A/ 

in Eq. 9.3 1 for the final state rt~n~ produced through this penguin diagram? 

(c) Are there other quark-level diagrams that should lead to the same final state as in 
(b) above? Do these have the same phase in the CKM factors? 

9.8. For wj — m 2 = 3 x 10 eV 2 and /; ~ 1 GeV, find the distance at which the 
oscillation parameter 

(m\ -m\)t 

9.9. For the assumptions stated in the text, derive Eqs. 9.40 and 9.41. 

9.10. For sokir neutrinos arriving at the earth with nn energy of 10 MeV, what fraction of 
the neutrinos are v fl and what fraction v T ? 
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The Electroweak Gauge Theory 
and Symmetry Breaking 



10.1 ■ WEAK NEUTRAL CURRENT 

In the previous two chapters we explored the wide range of interesting phenomena 
arising from the charged current coupling of fermions to W + and W~ . From these 
we might expect additional phenomena calculable from the coupling of quarks 
and leptons to the neutral member of the W triplet. The neutral current terms in 
the interaction were given in Chapter 8; for each doublet we get a term 

f [fLY^L ~ #W£] K (» ai ) 

This interaction gives quite specific predictions for the coupling and for the he- 
licity of the fermions that interact. The exchanged neutral W might also have the 
same mass as that of the charged W, provided the mechanism that generates the 
W mass is the same for all members of the triplet. None of these expectations turn 
out to agree with what is observed for the weak neutral current interaction, which 
occurs through the exchange of the Z° whose mass is about 10 GeV greater than 
the W mass. What is remarkable about the deviations from the naive expectations 
is that the electromagnetic interactions are intimately related to the creation of 
these deviations. 



10.2 ■ NEUTRAL CURRENT MIXING 

To find the correct weak neutral current interaction, we have to introduce an ad- 
ditional interaction mediated by a gauge boson called the Z? . 1 Including this in- 
teraction, we have for the weak interaction Hamiltonian density, 

jy 

n = gJ l }1 %+g^B^ (10.2) 

The first term is the weak interaction from the last two chapters, so that 

for each doublet. The neutral current part is given by Eq. 10. 1. The second term is 
an Abelian gauge interaction and has a new coupling constant g' . The factor of ^ 

'This should not be confused with the pseudoscalar B mesons containing a b quark or b antiquark. 
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in this term is a convention. We do not yet know the handedness of the fermions 
for the current J*, since we have not yet connected the B° interaction to any phys- 
ical effects. The quantum number Y is called the weak hypercharge. This charge 
is associated with an Abelian gauge interaction and can therefore take on differ- 
ent values for the various fermions. The B° and W° can mix significantly when 
the gauge boson masses are generated, since they are initially degenerate. The 
number of gauge bosons matches what is needed for the weak and electromag- 
netic interactions. Requiring that we get the known electromagnetic and charged 
current weak interaction turns out to be enough to define the remaining neutral 
current interaction completely, after mixing, in terms of one mixing angle. We 
will go as far as we can here without introducing an explicit symmetry breaking 
mechanism. 

For the new interaction, we have to specify the value of the Y quantum number 
for each of the left- and right-handed fermion fields, which are separate fields 
prior to mass generation. We specify the states as |7, T$, Y), where 7, T^ specify 
the weak isospin quantum numbers and Y specifies the hypercharge. At this point, 
there is no electromagnetism, so we do not specify electric charges separately. We 
suppress the color label, which exists for the quarks, as well as the helicity (which 
is important) and momentum labels. The interactions in Eq. 10.2 have a gauge 
symmetry, which is, 

5/7(2) x [/(]), 

involving the product of the weak isospin (SU(2)) and weak hypercharge (U ('[)). 
We assume that the gauge transformations for the two groups commute. The W 
bosons carry no hypercharge and the B boson carries no weak isospin. If we 
include the SU(3) color group, the symmetry transformations are of the type 

SU(3) x SV{2) x U(\) 

acting on left- and right-handed fermions, which are independent states prior to 
mass generation. 

From J Y we can define a charge operator Q Y by integrating Jq (x) over all 
space. This was discussed in Section 8.5.1 for the weak isospin, when the con- 
served vector current idea was introduced. The hypercharge of a state is given 
by 

(7\ 7 3 ', Y'\ Q Y |7, 7 3 , Y) = Y(T\ 7 3 ', Y' | 7, 7 3 , Y). 

A very important consequence of assuming commuting transformation groups is 
that the value of Y is the same for all members of a weak isospin doublet (or more 
generally, any weak isospin multiplet). This follows from [Q Y , R) = for any 
weak isospin rotation (or isospin generator) R. Applying the commutator to the 
state 1 7 == ^,73 = ^, Y) and choosing R as the rotation, which takes the state 
with 73 = j to that with 73 = -|,we get 

[Yt^I/2 - *Wi/2] \t = ^,T 3 = -I, y) = 0. 
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FIGURE 10.1 Generic 

propagator coupling through 
amplitude tc, which is a 
matrix in the VV°, 5° space. 



Thus Y is the same for both states. Note that this property is not true for the 
electric charge, since the doublet members do not have the same charge; the weak 
isospin generators and the electric charge operator do not commute. 

We will now introduce mixing for B° and W° in a generic fashion, independent 
of the exact mechanism. We assume that after symmetry breaking the propagator 
contains an interaction that coupjes the W and #°, as shown in Figure 1 0.1. 
The interaction must involve particles that have both nonzero weak hypercharge 
and weak isospin, in order to couple to the two gauge bosons. Since the B° and 
W° are degenerate (both are initially massless), any common interaction will mix 
them, as was true for the K° and K° systems. After the mixing, we write the mass 
eigenstate fields as 



with inverses 



A /jL = Z? M cos#vv + W^ sin 0w 
Z^ — — B jX sin 6\y + W cos 0w , 

W* = sin 6w A^ + cos 0w Z^ 
B* = cos 6w A n — sin^vvZ^. 



(10.3) 



(10.4) 



The mixing angle is called the weak mixing angle. It is measured to be sin 0w = 
0.23 J 2, as we discuss in the next section. We choose A^ to remain a massless 
field, which we identify with the photon, providing the only unbroken gauge sym- 
metry. This requires a coupling of /\ M to the vector current only, since this is the 
only conserved current that occurs for massive iermions. The mixing will be con- 
strained to give the correct current interaction for electrodynamics, in order to 
agree with what is seen experimentally. 

Rewriting the neutral current interaction in terms of A^ and Z^ gives: 



84K+8' 



B n 



g sin W Jl + g' cos W -y- 



+ 



g cos 0w 4 - g' sin W -y- 



(10.5) 



However, we know how the electromagnetic interaction behaves and the structure 
of the electromagnetic current, so we can use this to constrain the terms above. In 
particular, we must take 



eJ, EM = 



g sin 0wJ% 



g cosQw-y 



(10.6) 



where the coupling e has been factored out of the electromagnetic current. 7^ 
has left-handed fields only, so J J must add the correct amount of left- and right- 
handed fields to make a pure vector current for J^ M . 
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We can use Eq. J 0.6 to derive a consistency check of the approach. We use 
the fact that K, for a weak isospin doublet, is the same for both doublet members. 
Writing the relation in Eq. 10.6 for the charge operators and subtracting the values 
for the 73 = ^ and — ^ left-handed states implies that 



[flg^-flgU]^^ 



-1 

~2 



g sin(9w = g sin^w- 



This says that the electric charge difference in all doublets is the same, which 
agrees with what is seen. For example, the charge difference is one unit for 

It thus explains the pattern of charge differences for the U and D doublet mem- 
bers. In addition, using the measured charge values in units of e, gives the relation 

e = gsir\0 w . (10.7) 

Note that for this to work, we must have e < g, as seen experimentally. 

Turning again to Eq. 10.6, we can relate the hypercharge and the electric charge 
directly for right-handed particles (for which the weak isospin is zero), and for 
doublets by summing the expression for the two doublet members. However, the 
value of Y and g' for the particles cannot be independently fixed in the absence 
of additional physics that relates the weak isospin to the hypercharge. We choose, 
by convention, 

e = £ sin#iy = g'cosflw, which implies J^ M = J* + \J*. (10.8) 

This fixes Y — — J for the left-handed electron, Y = — 2 for the right-handed 
electron, and also determines the Y values for the various other particles. 
We also find an interesting relation from Eq. 10.7: 



G F g~ e 



2 



V2 SM 2 V &Mfr sin 2 W . 

Since G f and e 1 = 4na are very well measured, a measurement of either Mw or 
sin 2 0\v constrains the other. Taking sin 2 $w = 0.23 J 2 gives the prediction 

M w = 77.6 GeV. 

This is wrong by a few percent. What should we conclude from this discrepancy? 
It stems from small higher-order corrections, the largest coming from our use 
of a = 1/137. The coupling is not independent of scale, and we should use 
a evaluated at q 2 — M 2 V . Choosing this scale, a(M 2 v ) = 1/128.9. Using this 
value, we get the predictions 

? 2 1 1 

and M w = 80 GeV, 



4tt m.9(sm 2 9 w ) 29.8 
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which are very close to the measured value. We will return to relations involving 
the mass later, since these offer a high-precision test of the Standard Model 
What about the other neutral current interaction? This term is 



g cos OwJ^ - g' s'mOw 



4 

2 



Replacing 



and 



gives 



-f With J™ -J* 



g' s\x\9w with 



gsin W 
cos Ow 



cos 



w 



[4-sm 2 e w j™]z IJL . 



(10.9) 



The term multiplying Z M gives the coupling to the neutral weak Z boson. We 
have managed to define the Z° interaction without knowing the details of the 
electroweak symmetry breaking. Both the helicity structure and magnitude of the 
coupling are modified from the weak SU(2) neutral current term alone, but com- 
pletely determined from our knowledge of weak isospin and electromagnetism. 
Note that the mixing model explains the coupling of the photon to the charged W 
as being due to the non-Abelian gauge coupling of the W^ piece of A^. 



10.3 ■ Z° PHENOMENOLOGY 

Equation 10.9 provides the coupling of Z° to the set of leptons and quarks. Com- 
bined with the Z° mass, it defines the low-energy theory for Z° mediated pro- 
cesses, analogous to the W mediated processes in the previous two chapters. 
The measured Z° mass is 91.19 GeV, which cannot be obtained from the general 
discussion in the previous section; it requires specifying the symmetry breaking 
mechanism. 

The Z° couplings to fermions do not have the universal behavior for quarks 
and leptons that the W couplings have. For a given fermion flavor, /, we have: 



4 = flYvWl 



^-toO-wW/ and J™ = Q f t,Y^f- 



Therefore, the coupling term in Eq. 10.9 is 

[iff ((7/ - 2sin 2 %e/) y M - 7/y^) iff] 



2 cos Qw 



(10.10) 



10.3 Z° Phenomenology 



353 



Defining Cy —T^ — 2 sin 0^/(2 A C A = T<jf , we have for the coupling: 



2cos$w 



^fYui{c f v-C f A ys)^f, 



which is a general mix of vector and axial vector currents. We can now form a 
general second-order weak effective Hamiltonian density describing low-energy 
scattering of two flavors, shown in Figure 10.2, analogous to the W interaction 
in Figure 8.1. Writing this as a matrix element analogous to Eq. 8.5, as would 
describe, for example, v^e~ — » v fi e~, gives 



M fi 



4 cos 2 0\ym| 



[^iY^Cy - c{ x Y5W\\ [hy^c-p - c%y 5 w 2 



(10.11) 




25iW^( c rW 



%(C*- C;( 1 y 5 ) 



FIGURE 10.2 Second-order weak neutral current process for q 2 <£C M|. 



In Table 10.1 we list the various coupling factors C y and C A . The numbers 
in the table are based on the value sin 2 #w = 0.2312. In reality, a careful mea- 
surement of the couplings allows us to determine sin 2 0w, which has now been 
measured with an uncertainty of about 0.0002. A test of the theory is then pro- 
vided by the consistency of a large body of data with this one value. These data 
include v neutral current scattering on e~ and on nucleons, very small weak neu- 
tral current effects that violate parity in e~ scattering on nucleons, and very de- 
tailed measurements on the final states produced from the Z° itself in the process 



TABLE 10.1 Weak Neutral Current Couplings. 



Flavor 


Qf 


7 3 - C A 


c f - 


= t{ -2sin 2 (9 iy Q / 


ve, v/x, »>t 





1 

2 




1 
2 


e~ , \x~ , x~ 


-1 


1 
2 




-0.037 


u,c,t 


2 
3 


1 
2 




0.191 


d,s,b 


1 
~3 


1 
2 




-0.345 
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e + £~ -» Z° -» ff. The comparison of theory to the most precise measurements 
requires higher-order corrections and a careful definition of parameters, such as 
sin" 9w> and their relation to a given renormalization scheme. 

From Eq. 10.8 we can also determine the hypercharge values for the various 
fermion types. These are given in Table 10.2. The vr has no interactions of any 
kind (ignoring gravity), other than whatever is responsible for generating neutrino 
masses. The electric charge is the only quantum number in common for the left- 
and right-handed members, which get joined into a mass eigenstate. Note also that 
the question of why the quark charges are fractional is transferred to the question 
of why Y is fractional for quarks. 

TABLE 10.2 SU(2) x U(\) 
Quantum Numbers. 



Flavor 


T 


?3 


Q 


Y 


»L 


1 

2 


I 





-1 


»R 














e L 


1 

2 


I 

2 


-1 


-J 


e R 








-1 


-2 


"L 


1 

2 


] 

2 


2 
3 


1 

3 


u R 








3 


4 
3 


d L 


1 


1 

2 


1 

3 


1 

3 


d R 








1 

3 


2 
3 



The Z° couplings in Table J 0.1 allow a dkect calculation of the Z° width. The 
decay matrix element to a given flavor-pair is: 



L COS C7VV 



f' 



Ignoring the fermion masses relative to A/z, this gives for the partial width 



g 2 Mz 
Vz ^ff ~ 48ttcos 2 £ 



w 



\C f 



2 



+ 



c f 



(1.0.12) 



Using Table 10.1 and summing over three neutrino generations, three charged 
lepton generations, three down-type quark generations x three colors, and two 
up-type generations x three colors gives: 

T z = 2.4 GeV. 
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FIGURE 10.3 Feynman di- 
igram for e~^e~ — » // via 
in intermediate Z resonance. 



Higher-order QCD corrections increase this prediction to about 2.5 GeV. The 
measured value, which is 2.495 ± 0.002, allows a measurement of a x (M 2 ) — 
0.1 2 =h 0.02 based on the size of the correction, which is a factor of 



cts(Mp) 



for each quark decay. 

We can also use Eq. 10.12 to evaluate the Z° branching ratios to the various 
fermion types. The smallest branching ratios (3.37%) are to each of the charged 
leptons, the largest are to each of the down-type qq pairs (15.2%). 

An analogous calculation for Vw gives: 

r w = - [ — | M w = 2.0 GeV. 
4 \ 4n ) 

Higher-order QCD corrections again increase the quark decay terms by 



+ 



<*s(Ml) 



for the W, so that the predicted width is 2.1 GeV. As in the Z° case, this is in 
excellent agreement with direct measurements, which are, however, not as precise 
as in the Z° case. 

High-precision studies of the Z° parameters have been carried out at e + e~ col- 
liders running at center of mass energies near Mz- A number of very interesting 
measurements can be made with high statistics, since the cross section is large 
because of the resonance. The process for production of an // pair is shown in 
Figure 10.3. The matrix element is given by Eq. 10.11, except that we need to 
keep the full Z° propagator rather than taking the q 2 <$C M^ limit. This gives 



M fi 



a fYv [ C v ~ c aY$) v f\ [ d e+YuL (Cy ~ C e A ys) u e -] 



4 cos 2 0w 



Mi 






(10.13) 



where the variation of the width with q 1 has been included in the denominator. 
The small nonresonant photon contribution has been left out. This matrix element, 
including its helicity dependence, serves as the basis for predicting the many mea- 
surements that can be made. These include the following. 



Measurement of Mz^z and the cross section by measuring rates versus q 2 . 

Individual branching ratios will also determine \C V \ +\C A |". The predicted total 
cross section for unpolarized e+e~ , prior to radiative corrections and excluding 
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the photon exchange contribution, is 



a(q z ) = Utt 



MJj (q2 ^ M 2 )2 + 0- 



(J0.I4) 






If we look at a single final state //, the Yz in the numerator should be replaced 
by r z _+ff. At q 2 — M 2 the total cross section is 



a (Ml) = \2n- 



M\Y Z 



The enhancement in the cross section due to the Z° is a factor — 10 3 compared 
to photon exchange with no Z°. 

The observed total cross section is actually smaller than the result given in 
Eq. J 0.14, since the events where Z° — > v/Vf produce undetectable final states. 
This is about 20% of the events for three neutrino generations. The determi- 
nation of the invisible cross section is the basis for saying that there are only 
three light neutrino generations. The invisible cross section still contributes to the 
width in the denominator in Eq. 10.14, which can be measured by scanning in 
q 2 . A scan of the cross section into hadronic final states is shown in Figure 10.4. 
The data are beautifully described by the Standard Model with three neutrino 
species. 



i i i i i-i m ti i i i I i i t i I i i i i I i i i i I i i i i I i i i i I i i r t 
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FIGURE 10.4 Cross section for e + e~ to hadronic final states as a function of the center 
of mass energy. Curves are the Standard Model predictions, after radiative corrections, for 
two, three, or four light neutrino species. IData compilation from the Particle Data Group, 
K. Hagiwara et al., Phys. Rev. D66, 010001(2002)]. 
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The unpolarized cross section comes from averaging over cross sections for 
left-handed electrons, which annihilate with right-handed positrons, and right- 
handed electrons, which annihilate left-handed positrons. The pairing between 
electron-positron helicities is true for any mix of vector and axial currents in the 
relativistic limit. These two cross sections are, however, not equal because the 
weak coupling contains unequal left- and right-handed components. These two 
components are, for a general flavor, 

cJ _ci + cl and _ci-c^ 

L 2 R 2 

respectively. We can exploit this feature to measure sin 2 0w, which appears in the 
couplings, by using polarized electrons and measuring the cross section difference 
for left-handed and right-handed electrons. Defining an asymmetry (called the 
left-right asymmetry): 



ilr 



A L r 



ol+cfr' 






\re r -\-\C c \ \C e h 4- \C e \ 

\^L\ + \^R\ l L Vl + l L '/\l 



This term measures the degree of parity violation, since it requires both vector 
and axial terms in the same current. We define in general for any flavor, 

Af = , / — 2 (10.15) 



C f 



+ 



C f 



which depends on sin 0\v through Cy. The measurement of Alr has provided 
the single most accurate value for sin 2 0w- 

The final state fermions are polarized for the same reason that Alr is nonzero. 

In practice, the polarization can only be measured for x by using its decay to 
analyze the degree of polarization. Taking x~ (r + has the opposite polarization), 
we define the polarization in terms of the difference of the number of left- and 
right-handed x~ produced: 

= N l -Nr 

1 N L + N R ' 

Using Eq. 10.13 this can be calculated to be, for an unpolarized initial e + e~: 

A r (l +cos 2 <9) +2A„cos0 



Pz 



(1 + cos 2 (9) + 2A r A e co$6' 



358 Chapter 10 The Electroweak Gauge Theory and Symmetry Breaking 

where 6 is the production angle relative to the incident e~ direction. The A T A C 
term is small, so if we sum events over all directions: 

P T ^ A Ti which should equal Air = A e . 

The measurement of P T is much more difficult than Air and it yields a lower pre- 
cision measurem 
value from Alr- 



cision measurement of sin 2 0vv» although it agrees excellently with the expected 



The parity violation in the coupling implies that a correlation exists between 
the direction of the final state particle f and the initial e~ (and the f with e + ). 

Using the matrix element in Eq. 10.13, the angular distribution for / can be cal- 
culated to be, for an unpolarized e^~e~ initial state: 

dcr f f 3 r 9 1 

1 n = o°7/ : K 1+C0S 0)+2A e A f cos9 . 

dcosO 8 JJ L J 

Counting the number of events where / has cos# > (forward production) and 
those where cos 6 < (backward production), we can define an asymmetry, called 
the forward- backward asymmetry: 

Nf _ Nb _ 3 

A ™~ N F + N B ~ 4 eAf - 

This can be evaluated for final charged leptons directly and gives an accurate 
measurement of sin 2 6w ■ Since the quarks produce jets rather than being detected 
directly, a measurement of A FB for quarks requires using the average jet direc- 
tions to define the quark direction and also tagging the jet type to know whether 
the parent was / or /. This can be done best for b jets and cjets. Despite these un- 
certainties for the quarks, we can still make a reasonably accurate measurement. 
The measurements discussed above can all be described in terms of g 2 (which 
is related to e 2 and sin 2 9w) and two input parameters, Mz and sin^w, arising 
from electroweak symmetry breaking. These two have now been measured with 
fractional errors of about 10~ 4 and 10~ 3 , respectively, allowing an excellent de- 
scription of all the Z° data, often with fractional errors of t0 -3 . 



10.4 ■ INTERACTIONS AMONG THE GAUGE BOSONS THEMSELVES 

A key distinction between an Abelian and a non-Abel ian gauge theory is that 
the gauge particles interact with each other in the non-Abelian theory. In ad- 
dition, this interaction is completely fixed in character by the gauge symmetry. 
The weak gauge particle couplings result from a Lagrangian analogous to the 
QCD Lagrangian discussed in Chapter 7, but now for SU(2). Recent data using 
e^e~ annihilation at energies up to a little more than 200 GeV allow a high- 
precision test of these predictions of the electroweak theory. The reactions here 
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FIGURE 10.5 Lowest-order electroweak diagrams for e + e — » W + W . 



are e + e~ -» W + W~ and e+e~ -» Z°Z°. The lowest-order diagrams for the 
W + W~ case are shown in Figure 10.5. 

The data for e+e~ -» W+U 7- are shown in Figure 10.6. These data provide 
a very nice verification of the full gauge theory structure. Also shown are calcu- 
lations of the cross section using only subsets of the diagrams, indicating that all 
diagrams are needed to get the correct cross section. Figure 10.7 shows the data 



theory. 



Z^Z . These are also nicely described by the electroweak gauge 
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FIGURE 10.6 W pair production cross section compared to the Standard Model predic- 
tion, and, for comparison, cross section calculated with only a subset of contributing di- 
agrams. [Reprinted with permission of the Electroweak Working Group, CERN, Geneva, 
Switzerland.! 
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180 190 200 

FIGURE 10.7 Observed Z pair production cross section compared to the Standard 
Model prediction. [Reprinted with permission of the Electroweak Working Group, CERN, 
Geneva, Switzerland.] 



10.5 ■ HIGGS MECHANISM 

We turn next to the symmetry breaking mechanism, which is the only element still 
lacking from the rather detailed discussion of the electroweak physics presented 
earlier. Symmetry breaking requires the addition of scalar fields that interact with 
both the fermions and gauge bosons, generating their masses. Since the interac- 
tions are local and the masses are always present during free propagation, we can 
conclude that the scalar must also always be locally present, that is, it is every- 
where. Thus the vacuum is actually uniformly filled with the scalar field. This is 
called a nonvanishing vacuum expectation value. This mechanism is called the 
Higgs mechanism, after Peter Higgs, who worked out this idea. 

The fields and their interactions for the Higgs mechanism provide the follow- 
ing set of renormalizable terms that we can have in a Lagrangian: 



1. Spin zero fields with interaction terms up to 4th order in the scalars. The 
scalar fields therefore have mass terms and self interactions. 

2. Spin 1 gauge fields. These are initially massless for a renormalizable theory. 
They interact with all objects that carry the "charge" of the gauge transfor- 
mation. 



10.5 Higgs Mechanism 



361 



3. Massless left- and right-handed fermion fields. These interact with both the 
scalars (called a Yukawa interaction) and gauge fields. 

Except for the scalar terms, we have discussed (2) and (3) extensively. We 
therefore focus on ( J ) and the scalar-gauge field interactions. We leave the scalar- 
fermion issues for later. We look at a simplified situation first in order to develop 
some familiarity with how the Higgs mechanism works. The simplest situation 
is one charged scalar field interacting with one Abelian gauge field. We write 
the scalar field 0(x) and the gauge field as A^ix). We use the terminology of 
electromagnetism because of its familiarity. The real situation involves a multiplet 
of scalars interacting with W' jjL and B fl . 

Since the scalar is charged, it is described by a complex field 



<PW = 



0i(x) + i<fa(x) 

V2 



We assume the charge of the scalar is — e and that of its antiparticle is e. The 
Lagrangian for the scalars and gauge field is 



C 



ir +M » 






-v 2 <t>*4>-H4>*(i>r--F^F, iV . 



(10.16) 



Without the gauge interaction, C describes a scalar theory, discussed briefly in 
Chapter 2, with a conserved current reflecting the global invariance under an over- 
all phase change for 0. The mass would be \x and the term involving X, in a per- 
turbation expansion, gives a charge conserving interaction involving four scalar 
particles at a vertex. 

The gauge interaction was introduced through the prescription 



id 
L 9-ty J 







id 



+ eA, 



0, 



and the free gauge field included in C through the field tensor term. With the 
gauge field present, the electromagnetic current is modified from 



-e[i(p icp- — 

dx }1 dx lt 



to 



J EM = -e 



0* 

icj>' 



id 

d(p 

BXn 



+ eA, 



icp 



90* 

Bx a 



id 

dX a 



-eA^ 



2* 2 0*0/V 
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The field equation for A M , including interactions in the Lorentz gauge, is then 

The generation of mass for A^ amounts to noticing that, if 0*0 / 0, then the 
propagation of A M is modified even if there is no dynamic scalar field present (that 
is, even if d(/)/dx /JL = 0, so no particles are physically propagating). A constant 
value of 0*0, written (0*0) , is called a nonzero vacuum expectation value for the 
field. Ignoring the dynamic term in J„ M , which involves propagating particles, 
and focusing on the second term, we have the field equation for A M : 

3 2 
-^A^ - V 2 /^ = -2e 2 (0*0)V (10.17) 

Looking at a plane wave solution, which represents a propagating gauge particle, 
we try 

A^^e- [kx =e i{lx '- CJt \ 

Substituting the plane wave into Eq. 10.17 then gives 

w 2 = P + 2e 2 (0*0). 

In this scalar-filled medium, the gauge field propagates as if it had a mass squared, 
given by 2e 2 (0*0) = m 2 A . 

We are used to the propagation of electromagnetic fields being modified in me- 
dia. For example, in a dielectric, the velocity of light is changed. The propagation 
of electromagnetic waves with an apparent nonzero mass occurs in a plasma, for 
example, in the ionosphere. These media, however, have other material properties. 
Since we are not otherwise aware of the presence of the scalar field, postulating 
such a mechanism for gauge particle masses is perhaps a surprise and, in fact, not 
all of its ramifications are understood (for example, what happens to gravitational 
effects and the geometry of space-time for the scalar-filled vacuum). 

The mass generation through the nonzero vacuum expectation value requires 
that the minimum energy for the field occurs when (0*0) ^ 0. This has to be 
true independent of any excitations of the field, so it is a property of the term in 
the Hamiltonian density involving the fields only and no derivatives. This term is 
called the potential energy term V (</)). It is, for Eq. 10.16, 

V(0) = /x 2 0*0 + M0*0) 2 . (10.18) 

We normally expect /x 2 to be the scalar mass squared and to be > 0. If, however, 
ix 1 < 0, then = is not the minimum. This is the mechanism envisioned for 
moving the minimum away from = 0. It is the simplest V(0) giving a nonzero 
vacuum expectation value, but not very well motivated by physics (other than the 
need to generate the particle masses). 
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With 11 < 0, A > 0, the minimum occurs for 



2X 
If we know the parameters — (i 2 and A, we can calcu]ate 

m * = Zf-^L- = e * v \ (10.19) 

A 

where we define v 2 — —/i 2 /X. The parameter v, determined by the vacuum ex- 
pectation value of the field, has the dimensions of a mass. 

If we write in terms of the two real fields, the global phase invariance is 
just a rotational invariance among the two fields <f>\ and 02. The minimum then 
corresponds to 

1 / .9 . ,9\ V 2 



(02 + 2^ = ^ (102Q) 



The actual ground state of the system can be in any direction in the 0| , 02 space 
and this direction is unpredictable a priori. The choice nature takes in a given 
case creates ''spontaneous symmetry breaking," since once the choice is made, the 
directions in the space are no longer equivalent. In this case the 0] , 02 rotational 
symmetry is still a feature of £, but not of the physics, which occurs relative to 
this ground state or apparent vacuum state. 

We will now put together all of the terms in L for the case where v ^ 0. We al- 
ready know what happens to A /z ; it has a mass m&. The question is, what happens 
to 0; what physics does it give, and can we see the physics? Prior to taking this 
step, however, we consider the scalar theory, without the gauge particle, to see 
what this simpler situation would be like in the case of a spontaneously broken 
global symmetry. In this case, we define the 0] and 0? directions so that v is along 
01. In addition, we reference the dynamic components to v, so that we can write 

<l> = -fi(v + h(x) + i0(x)). (10.21) 

Substituting this into C for the scalar fields alone, we get an equation in terms of 
the new real fields h(x) and 9(x): 

2 1 /-ii / x\ 2 



„ ^ I /d0(x)Y 1 /dh(x)Y 2 ^ 

-kvh(x) \h 2 (x)+6 2 (x)] - - (h 2 (x)+6 2 (x)) . (10.22) 



There is no quadratic term in 6(x) when we expand around the minimum. This 
C now describes two particles that are no longer degenerate. The h(x) particle 
has a mass ^ —2\± 2 = \r2Xv 2 (which is now positive) and the 0(x) particle is 
massless. The massless particle is called a Goldstone boson. There are still two 
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types of excitations, as was the case for a symmetric vacuum, but they are not 
degenerate. The cubic and quartic terms represent interactions between the two 
types of particles. Note that the number of particles at a vertex now does not 
have to be four. The cubic term involves the vacuum value v as the fourth field, so 
that three physical particles can interact at a point. For the cubic term, the vacuum 
does not bring in or take away any energy or momentum. It acts as a dimensional 
coupling factor. 

We now return to the full, locally gauge invariant Lagrangian. We will see that, 
for this theory, the massive scalar remains as a physical excitation, but the Gold- 
stone boson does not. The local gauge symmetry implies that we can transform 
and A IJL via 

<t>(x) ~> e iGix) 4>(x) 

1 30 (x) 
e cLv M 

resulting in the same Lagrangian. We will make use of the gauge freedom to make 
an explicit gauge choice. This means that we give up the freedom to make further 
gauge transformations in favor of an explicit Lagrangian where the physical par- 
ticle degrees of freedom are most evident. The gauge choice we make is to remove 
the imaginary part of </>(x). That is, we write 

^) = ^(H//W). (10.24) 

The physics of the imaginary part will thus be ascribed entirely to the presence of 
an A /X (x). We can thus rewrite C in this gauge as 



2 



2Xv 2 H 2 
dx u 



X 



XvH" --H q 



~ (^a- V " \* 2 v 2 4) + ^ 2// X + ve 2 HAl> (10.25) 
The terms include: 

1. A massive scalar particle //, called the Higgs particle. Its mass is m^ — 
V2l^2. 

2. A massive spin 1 A particle with mass m^ — ev. Note that the mass of 
the A particle cannot be predicted from that of //, since different constants 
enter. Both masses are, however, proportional to u, which is the primary 
mass scale in the problem. 

3. Interactions of H with itself, involving cubic (three H particles at a vertex) 
and quartic (four H particles at a vertex) terms. 

4. Interactions of A with //, which involve two A particles and one or two H 
particles. Note that the charge conservation pattern of the symmetric theory 
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is destroyed by the vacuum in the spontaneously broken case. For example, 
A M can radiate a single H. 

This theory thus contains significant new physics, particularly if we can reach 
an energy where the Higgs particle can actually be produced through its coupling 
to A^. Taking the interaction term with one H field, which allows H production 
at the lowest energy, H is radiated from A^ with a well-defined coupling ve 2 . 
This coupling is determined by m 7 \ itself and is therefore fully predictable once 
the mass of A is measured. In this sense, the primary uncertainty in predicting 
phenomena involving H are the particle masses. 

We comment on a few issues before turning to the SU(2) x U(\) version 
of the Higgs phenomenon. The first concerns the number of physical degrees of 
freedom. In the symmetric version of the theory, which describes the physics for 
particle eigenstates when v = 0, the degrees of freedom are the particle, its 
antiparticle, and the two transverse helicity states of the massless A. In the case 
of the spontaneously broken symmetry, the number of degrees of freedom for 
the particle states are the same, with the particle content being H and the three 
helicity states of the massive A particle. Both realizations of the theory have been 
shown to provide a renormalizable quantum theory. It is also possible to work in 
an arbitrary gauge, rather than our choice, but at the cost of greater complexity. 



10.6 ■ THE THEORY OF WEINBERG AND SALAM 

We are now ready to combine the SU(2) x U(\) gauge theory with the Higgs 
mechanism. This is the theory of Weinberg and Salam, which provides the sim- 
plest model for electroweak symmetry breaking. We focus again on the scalar 
terms and the scalar-gauge boson interactions, which are the crucial elements for 
the Higgs mechanism. We return to the other terms in the Lagrangian after work- 
ing out the gauge boson mass pattern. The part of C that generates the gauge 
boson masses is 



C 



scalar 



,y 



{ l i;- gTi <- 



V 



2 



V(0), where 



(0) = M V</> + X (V>) . (10.26) 

Quadratic terms in the gauge boson fields with constant coefficients correspond to 
mass terms when combined with the quadratic field tensor terms, which have to 
be added to Eq. 10.26. The field has both weak isospin and hypercharge, since 
we want it to mix W^ and B fl after spontaneous symmetry breaking. The form for 
C is obtained by replacing i(B/dx /jL ) with the gauge invariant derivative. Under 
gauge transformations, is assumed to transform as — ► e ia ' T '(j) for SU(2) 
transformations and -» e lY ^(p for the hypercharge transformations. The type 
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of 5(7(2) multiplet will determine the dimensionality and form for the matrix 
representation of the T, . 

The simplest choice for </> is to take a doublet of charged scalars, where charged 
now refers to hypercharge. Since Y is the same for the whole multiplet, we need 
to specify the single Y value. The electric charge of the members of the doublet 
will be: 

1 Y i Y 

273 = 1/2 = - + -, G73=-l/2 = -2+2" 

Choosing Y — 1 , we get the upper member of the doublet with electric charge = I , 
the lower with electric charge = (these are for the particles; the anti particles 
have the opposite charge). Since we want electromagnetism to remain unbroken, 
a member of the doublet must be electrically neutral. This member gets a non- 
vanishing vacuum expectation value after symmetry breaking. Nature has told us 
which direction in the space we need to assign the nonzero v. 
We will write 



_l_ / (p\ + i(p2\ A -u _ 
^2 \03 + '04 



f = \ (01 + 0f + 03 + 04) 



For /z~ < we again get spontaneous symmetry breaking, with the minimum 
given by 



>,2 




,,2 


V 


2 


M 


— 


V = 





2 




X 



Consider now a general <p(x) whose length is referenced to v. It can be brought 
to an arbitrary direction in the isospin space by a weak isospin rotation. Thus we 
can write in general: 

4>(x) = d BMTi v + H(x) j. 

The four parameters 6\(x),$2(x),0^(x), H(x) determine 0(jc) at a point x in 
space-time. 

We can, however, eliminate the weak rotation by using the gauge freedom. 
This will tie us to a specific gauge choice, but one where the propagating particle 
degrees of freedom are the explicit fields. In addition, we have chosen to put v 
into the component of 0(x), which is electrically neutral. Thus the vacuum will 
not be able to contribute electric charge in a given scattering process, and electric 
charge will be conserved among the physically propagating particles. 

To figure out the W, Z masses we need only take for the vacuum expecta- 
tion term, since the gauge boson masses are present even with no dynamically 
propagating scalar particles. Thus, choosing 
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4>{x) = I _^ 

\V2 



(10.27) 



and substituting into £ S caiar of Eq. 10.26, we get for the term involving the gauge 
field and the <p field, 



gT,W' + 



g'By. 



' 

v 

71- 



Using 



gives: 



Ti = 



g{K + iW l) -sK + s'b, 



-gWl + g'Bv 



2 2 

8 v 



(<f + (K) 2 } + j [{*< - g' B »)] 2 ■ ( 10 - 28 ) 



The interaction term maintains a symmetry between W^ and W*, which we can 

rewrite in terms of the charged W^ fields W^ and W^ of Eq. 8.2. Namely, we 
can rewrite the first term in brackets in Eq. 10.28 as 



(?) : 



2 V 2 



W (+) 



+ 



W 



(-) 



Thus the W^ and W^ fields have a mass term equal to 



gv 

— = M W . 



Therefore, 



M w = J4tt 



g 2 \v 



An 2 



which implies that v = 247 GeV, if we use the measured values of Mw and 
g 2 /4n. This new mass scale characterizes the electroweak spontaneous symmetry 
breaking. 
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The second term in brackets in Eq. 10.28 represents a neutral current mass 
term. To write it explicitly as a mass term, we need to define new normalized 
fields: 

with the orthogonal field being 

gBv+g'Wl 



A* = 



VFT7 



a 



The field A^ has no mass term; it remains an unbroken gauge symmetry. The 
field Z M has a mass term, which is 



f 2 - = M z . 



Our formulas for the fields are the same as written earlier in Eq. 10.3, after using 
g sin 0w = g f cos 9w from Eq. 10.8. Note that the symmetry breaking mecha- 
nism provides no insight into the value of sin 2 #vv, since g and g' are put in as 
parameters separately. However, it provides a relation for Mz and Mw, namely 



Mz = Mw 



cos^vv 
This is often written as 

.2 a... _■ ( M kY 



sln z 6 w = I- i-^-j , (10.29) 

a key prediction of the model! If we use the measured masses, we get from this 
formula 

sin 2 #vv =0.222. 

This is off by about 4% from the value measured using the couplings on the Z°. 
The discrepancy is due to higher-order corrections, which we will examine in the 
next section. 

The mass formulas depend only on gauge field propagation in the Higgs 
ground state. We can also observe interaction terms between the scalar H and the 
various gauge bosons. We get these by using, in the Lagrangian of Eq. 10.26, 



4>(x) = v + H(x) . (1030) 
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H 



H 




y 8 cos 2 8 W 
FIGURE 10.8 Feynman diagrams for H, W, 2 interactions. 



The interaction vertices and coupling factors are shown in Figure 10.8. The terms 
in ^scalar are 



— //(*) W, +) W ~ ] + - — ~ 

2 M " 4cos 2 ^w 



H(x)Z°X 



£ 



2u/(+)u/(") 



+ ^-H(xyw^ ) w- ) + 



8 cos- 6w 



Note that we can rewrite 



— = gM w 



and 



vg 



HW 2 zl2*. 



gM z 



4cos 2 #\y 2cos$vv 



so that the coupling factor for the emission of an H from a IV or Z is determined 
in terms of known constants and the W and Z masses. The main undetermined 
factor is the value of ra/y, which sets the energy scale needed to produce the H . 

We can also write the scalar self-interaction terms arising from C. These are 
identical to the scalar terms for the Abelian case given in Eq. 10.25. Thus mn = 
-sJlXv 2 , which means that we cannot predict the Higgs scalar mass from the 
known values of Mw and Mz- 

A few final points regarding the scalar-gauge boson terms: 

1. There are no H interactions with A^. The H particle therefore has no elec- 
trical charge and is electrically neutral. 

2. The number of degrees of freedom in the symmetric theory or in the spon- 
taneously broken theory is 12. In the former case, it is four scalars and eight 
transverse helicity states for the massless gauge bosons; in the latter case it is 
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one scalar, two helicity states for the photon, and nine helicity states for the three 
massive gauge bosons. 

3. The theory we have written has one doublet of scalars. We can get mass 
generation from a multiple number of scalar doublets, with the same quantum 
numbers for each doublet. But all vacuum expectation values must occur in the 
neutrally charged components of the doublets. In such a Lagrangian, the vacuum 
expectation values for the doublets are uj, . . . , u|, for n doublets. The mass for- 
mulas for the W and Z° are the same as for one doublet, provided we replace 
v 2 with v^ + i>| + • • • + v 2 . The theory can also be extended to doublets with 

Y = —1. In this case, the field with no electric charge is the upper component. 
A vacuum expectation value for this component again gives the same result as a 

Y = 1 doublet. Since we have used up the gauge freedom for one doublet, we 
cannot remove the extra scalar components in the other doublets in a model with 
extra doublets. Thus we would get more propagating scalar particles in this case. 
For example, for two doublets, we get in addition to H an extra neutral pair of 
scalars and a charged pair H+ and H~ . The success of the mass relation between 
Mw and M% cannot tell us how many doublets to expect. 



10.7 ■ CORRECTIONS TO THE WAND Z MASSES 

The calculations in this chapter have typically involved the lowest-order matrix 
elements, although we stated what the QCD corrections are for Yz and Vw> To 
implement the calculations, we need three electroweak parameters: g, g' (or 
equivalently e, sin 2 /9u/), and v (or one of Mw and Mz)- The data have now 
reached a sufficient level of precision that higher-order corrections, including 
a renormalization scheme, must be included in order to describe the physics. 
The resulting parameters of the renormalized theory are extracted from measured 
quantities. In practice, the three best-measured quantities area; = e 2 /An, Mz, and 
G /. (which, like a, is a q 2 c^ measurable). The three best-measured quantities, 
after including calculable higher-order effects, determine the other electroweak 
parameters, which provide predictions for various other measurements. 

The most reasonable scale at which to renormalize the theory is q 2 — My. 
At this scale a(My), which is larger than at q 2 = 0, is the relevant coupling 
parameter. Running down in q 2 from this point toward q 2 = 0, a(M 2 ) goes to 
its low-energy value, which involves about a 6% decrease. The interactions of 
W and Z involve, after symmetry breaking, a theory with massive gauge bosons 
for which the running is not described by a running coupling constant. Rather, 
the corrections involve vertex corrections and changes in the denominator of the 
gauge boson propagators. These changes turn out to be much smaller than the 
change in a(q 2 ), resulting typically in corrections ~ 1%. 

The present status of the electroweak data is that a number of measurements 
with fractional errors at the 1CT 3 level have been made, besides the very accu- 
rate measurements of a, G f, and Mz- These include Tz, r z _^+( : -, Mw, the 
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value of sin 2 0y/ extracted from the asymmetries in Z° decay, and a number of 
less-accurate measurements in neutrino scattering. All these measurements are in 
agreement with expectations, once we include higher-order corrections needed to 
provide predictions accurate to the 1 0~ 3 level. 

The higher-order predictions contain some contributions from aspects of the 
physics that are not constrained by the 5(7(2) x (7(1) framework alone. The mea- 
surements in this case serve as a test or constraint on these extra elements of the 
physics. We will look at one very interesting example, the relation between the 
gauge boson masses. 

The mass relation in Eq. 10.29, 

sin2 ^ = I -(^r) 2 ' 

is given by the Lagrangian after spontaneous symmetry breaking, but prior to 
considering the full quantum theory. In the quantum theory, the W and Z° are 
coupled to the other particles; this renormalizes the gauge boson propagators due 
to virtual states, as we have seen for other particle states. The process is shown 
generically in Figure 10.9 for the quark and lepton loops that we know exist. 





U, D 



FIGURE 10.9 Fermion loops contributing to renormalization of the W and Z° propaga- 
tors. 



The intermediate states provide amplitudes 7tw\y and ttzz that modify the 
propagator, giving, for the denominators in the propagators, 

q 2 — Mw — TTww and q 2 — M\ — tizz, 

respectively. Near the pole, the imaginary parts are determined by the widths V\v 
and F7. The widths in turn are determined by the decays to the light quarks and 
leptons, as discussed in Section 10.3. The W and Z° masses are measured ex- 
perimentally and are the masses from the Lagrangian modified by the real part 
of the virtual state corrections. They therefore are sensitive to the physics for all 
particles that couple, including those that might be too heavy to be directly pro- 
duced. In fact, calculating the loop contributions for the three fermion families, 
we find that the mass shifts are completely dominated by the t quark loops. For 
the Z°, these are tt virtual states; for W + , they are tb virtual states. The large dif- 
ference in mass between / and b makes the fractional mass shift different for the 
Z° and W bosons. In Figure 10. 10 we show the other lowest-order loop diagrams 
expected for a propagating gauge boson. 
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FIGURE 10.10 Gauge boson and Higgs particle loops. 



We can relate the measured gauge boson masses, the loop corrections, and 
the masses in the Lagrangian prior to the loop corrections (which we indicate as 
<,,Af°)via 



M w \ 2 1 
M z ) 1 + 8p ' 




1%. Both M^ and M\ are reduced 



This serves to define 8p. The value of 8p is 

by the loop corrections, with M| reduced by approximately twice as much as M™ 

because of the larger value of the tt loop than the tb loop. 

Including the 8p term, we can write the relation between the renormalized 
sin 2 0w and. the physical gauge boson masses as 



sin 0w 



i - r^v 

\MzJ 



I 



+ 8p 



(10.31 



The loop calculations for the / quark contributions result in 



8p, = 




- 0.0096. 



for m t 



175 GeV. To get an uncertainty in 8p t < 10 J requires a top mass 



measured to an accuracy of a few percent. Adding in the gauge boson loop terms 
we get a prediction, for m, = 175 GeV, 

8p = 0.0106 ±0.0006. 

Using sin 2 W = 0.2312 ± 0.0002 and the measured values of M w = 80.448 ± 
0.03 1 , M z = 9 1 . 1 88 ± 0.002 gives a measured value 8p = 0.0 1 2 ± 0.00 1 , from 
Eq. 10.31 . We see there is very little room for any contributions to 8p from physics 
other than the known fermions and gauge bosons. Note that these considera- 
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tions were used to determine the top quark mass before it was directly measured 
through the production of real top quarks in high energy hadronic collisions. 

In the calculation of 5p, we left out the term Spn coming from a Higgs boson 
in the loop. This contribution can be calculated to give 

. (Ofp) (^***\ log (auL) = -0.0015 log (auL) . 

If no extra physics contributes to 8p, other than the terms above, we can conclude 
that 8pu ~ 0, or iyih — Mw- This tells us that H is not too heavy! Note that the 
logarithmic sensitivity to mn results in a large error (^ M\y) on m#, given the 
present data. What the experiments will eventually find for run and the symmetry 
breaking mechanism is of enormous interest. These questions should be resolved 
in the next few years using the next generation of accelerators, which can search 
for H with a mass as large as several hundred GeV. 



10.8 ■ GENERATION OF FERMION MASSES 

The final piece of the theory is the generation of the fermion masses by spon- 
taneous symmetry breaking. This must be accomplished through gauge invari- 
ant couplings in the initial symmetric Lagrangian. Thus the terms involving the 
fermion-scalar interaction must transform as zero hypercharge, weak isospin sin- 
glets under the 5/7(2) x U(\) gauge transformations. 

We will use mass eigenstates, as discussed in Section 8.4, and look at one lep- 
ton generation first. The other generations provide an exact copy of the procedure, 
which unfortunately does not relate or constrain the various masses. Indeed, the 
various fermion masses do not reveal much of a pattern, although the very large 
value of rn t versus the other masses, and the very small neutrino masses suggest 
that there is more physics we do not yet understand. 

TABLE 10.3 Looking at the electron generation, we first list in Table 10.3 the relevant 

Quantum Numbers 5/7(2) x U(\) quantum numbers of the particles we wish to couple. To simplify 

for Fermion-Scalar the notation, 

Coupling. 

* = 4=fl l t l 'l 2 ) is written as (*" 

V / 2\03+/04/ \(I>D 

indicating the T3 assignments. Based on the quantum numbers in the table, an 
interaction of the type 

conserves all the SU(2) x U(\) quantum numbers (and therefore also electric 
charge). The second term comes from the Hermitian conjugate of the first term 
if we write an equation involving the fields. Including an unknown coupling con- 
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stant for the term ion-scalar interaction, and using a notation that can be extended 
to the other lepton and quark mass eigenstate generations directly, the fermion- 
scalar part of the Lagrangian is 



£ = ~gD 



{*"-*n)(t)*i**'(*i-*M*S 



(j)D J r K ■ r K yru^uj ^ 



(J0.33) 



We next assume that the scalar terms spontaneously break the symmetry 7 , as dis- 
cussed in the previous sections. Thus, the scalar fields for the gauge we are using 
are 

, v + H(x) 
4>u = u. 4>d 



V2 
Substituting (j> into Eq. 1033 gives 

c = -*-% i*M + ***?] ~ gJ 7T [*?+8 + *£< ■ 

The term in the first brackets is just \p- D \j/ D , so that this is just a mass term. It 
gives 

m D = ^, (10.34) 

allowing mp to be expressed in terms of the a priori unknown coupling constant 
go- We can rewrite this part of the Hamiltonian density in terms of mo as 

n = -C = m D ^ D if D + "^ H{fr D f D . (10.35) 

V 

The second term is an interaction term that gives the amplitude for the D fermion 
to emit a physical Higgs particle. The coupling is completely determined, as 
was the coupling for the gauge particle to emit a scalar. In the fermion case, 
the coupling is mo/v- Thus the light fermions have very small couplings for 
v = 247 GcV. 

The masses for the up fermions can be generated in an analogous way. In this 
case we need a doublet with Y = — I, which can be obtained by using the charge 
conjugate doublet formed from 0. We can understand this doublet by analogy 
with the antiparticle doublet derived from the strong isospin (u, d) quark pair. For 
the quarks, the antiquark doublet is (— d, u). For the <fi field we use 

^ \ / ^ \ / " + fr(*) \ 
after spontaneous symmetry breaking. Our mass generating interaction is now 
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This gives in L a term, using again the generation independent notation, 

St \ .. .. /.IrU 



£ = -gu 



(^^^)(_ ;J^+^^0o,-0,)(^ D 



(10.36) 



Replacing the held with its form after spontaneous symmetry breaking gives a 
term in the Hamiltonian density: 

V 

Again, the amplitude to emit an H is specified in terms of the U mass and v, and is 
small for a light fermion. For the top quark, however, this ratio is only somewhat 
smaller than 1 . 

An interesting variant of the above is a scheme where there are two different 
doublets with Y = 1 and — 1, respectively. The Y = 1 doublet can then generate 
D masses and the Y = — J. doublet U masses, via vacuum expectation values vp 
and vu, respectively. To get the correct W and Z masses requires vh + v 2 D = v 2 . 
In this scheme, the U and D fermions will couple to different physical scalar 
particles. 



10.9 ■ MAJORANA NEUTRINOS 

The neutrinos have no electromagnetic or color quantum numbers, which allows 
an entirely different mass scheme that is consistent with the conserved quantum 
numbers at low energies. The weakly interacting neutrino species are the left- 
handed neutrino and the right-handed antineutrino. These can be coupled together 
through a mass term, yielding a four-component spinor that mixes particles and 
antiparticles. Such a field is called a Majorana fermion. The right-handed neutrino 
and left-handed antineutrino can also be coupled together through a separate mass 
term. The masses of the two Majorana neutrinos do not have to be related. The 
field involving the right-handed neutrino has no electroweak interactions at all and 
need not exist. It is called a sterile neutrino. This scheme can be generalized, with 
the neutrinos having both Majorana and Dirac mass terms and mixing between 
the different species. 

We will not work out the Majorana spinor formalism. The neutrino mixing re- 
sults in Chapter 9 are the same for Majorana or Dirac neutrinos. An important 
difference between the two schemes is that a Majorana neutrino that is emit- 
ted can subsequently behave like an antineutrino when it is absorbed. In the 
massless limit, this effect vanishes because the emitted particle is exactly left- 
handed, whereas the absorbed antiparticle would have to be right-handed to get a 
nonzero amplitude. Thus these lepton violating two-step processes are very small 
for highly relativistic neutrinos. The most promising method for observing this 
effect is in the neutrinoless double-beta decay process in some nuclei. In this pro- 
cess, forbidden for a Dirac neutrino, two neutrons turn into two protons and two 
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electrons. The neutrino emitted in one neutron decay is absorbed in the second 
decay. It is thus virtual. Explicit decay rate estimates indicate that the rates are 
very small even for the most favorable choice for the nucleus. The experiments 
must look for a few decays in many tons of material. Experiments have not yet 
reached a sensitivity where we might expect to see an effect. 



CHAPTER 10 HOMEWORK 

10.1. Calculate the total cross section for 

v fi e~ -> v fl e~ and v^e~ -> v^e~ . 

Show that a comparison of the two cross sections allows a measurement of sin 2 0\y. 
You may assume in the calculation that E v ^> m e , so that you can ignore the 
electron mass. The initial electron is unpolarized. 

10.2. Calculate Yx and Tw to lowest order. Ignore fermion masses for the energetically 
allowed decays. 

10.3. For e^ e~ — > Z° — > //, ignoring all fermion masses, calculate 
(a) 

A LR = ; , 

°L +cfr 

using the left- and right-handed e~ cross sections, 
(b) For an unpolarized e + e~ interaction, calculate 

do f j 

and o . 



d(cosO) ff 

where these are the cross sections to a given flavor pair at the Z° mass, 
(c) Show that the q 2 dependence of the width in Eq. 10. 13 is correct, assuming that 
we can ignore all fermion masses in the decay of the virtual Z, which is a good 
approximation for a heavy Z. 

10.4. Draw the lowest-order Standard Model diagram for e+e~ — > Z®Z®. 

10.5. Consider the SU(2) x[/(l) gauge theory coupled to a triplet of real scalar fields. 
The SU(2) matrices that are the generators for rotations of the scalar field triplet 
are(7/)y* = -is ijk . 

(a) What is Y for the real triplet? 

(b) Suppose the symmetry is spontaneously broken. What are the resulting gauge 
boson masses? What are the degrees of freedom for the physical particles? 

10.6. Consider the SU(2) x(i(l) gauge theory coupled to a single Higgs doublet, which 
was discussed in the text as the simplest version of the Standard Model. Work out 
the physical theory we would get if the vacuum expectation value were 

I „ I instead of — — I 



V2V0 



instead of —= I | . 
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10.7. The width to lepton pairs, r 7 _ >e h c , has been measured to be 84.0 ± 0.1 MeV. 
From this measured value and the measured values tor Mz and sin~ 9\y, calculate 
i> 2 /4ir. Compare this value to the value obtained from using 



4tt sin 2 W 

where a is evaluated at the weak scale. (The small difference found is due to higher- 
order electroweak corrections). 



10.8. Calculate g-/4n using the relation 



G F Z 1 



V2 8A^ 

and the measured values of G f and M^,. (The small difference from the value in 
problem 10.7 is again due to small electroweak corrections). 

10.9. Why is the contribution of the diagram e + e~ —>//-> VV + W~ too small to be 
seen, when compared to the other diagrams in the electroweak theory? 
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Large Cross Section Processes 



11.1 ■ TYPES OF PROCESSES 

The interactions between particles provide two types of processes with large cross 
sections that do not decrease as the overall energy increases. The first large cross 
sections are for the strong interactions of hadrons. Given the confinement of the 
color degrees of freedom, the interaction is short range. The hadrons interact 
strongly only when they overlap physically, which gives a cross section that is 
roughly related to the size of the particles. For example, at a center of mass en- 
ergy of about 30 GeV, some of the measured total hadronic cross sections are 

o{pp) = 40 mb, 
o{np) = 26 mb, 
a(Kp) =21 mb. 

These cross sections grow slowly with energy. As an example, a(pp) doubles 
when going from a center of mass energy of 30 GeV to 2000 GeV. The total pp 
and pp cross sections are shown in Figure 11.1 over a large range in center of 
mass energy. 

The particles emerging from such hadronic collisions (which are predomi- 
nantly hadrons made of the light quarks), share the large initial energy in a charac- 
teristic manner. The initial particle directions define a collision or beam direction. 
The typical momenta transverse to the beam direction for the final state particles 
are governed by Xqcd> the primary dimensional parameter for the nonperturbative 
regime of the strong interactions of the light quarks. The large longitudinal mo- 
mentum of the initial particles is not turned into transverse momentum, and the 
particle motions are therefore mostly along the direction of the initial momentum. 
None of these features are calculable from first principles, but fit qualitatively 
with the idea of color confinement. The small fraction of the cross section where 
large transverse momentum jets are produced in the final state can be understood 
using perturbation theory, and will be discussed in Chapter 12. 

The strong cross sections listed above imply that a hadron passing through a 
solid medium will interact in a distance that is not too large. This feature provides 
our criterion for a "large cross section.' 1 As an example, taking a medium with 
I0 24 scattering centers (nucleons) per cubic centimeter and a cross section of 30 
mb per nucleon, gives a mean interaction length of 33 cm. 
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FIGURE 11.1 The pp and pp cross sections versus center of mass energy. [From A. 
Donnachie and P. V. Landshoff, NucL Phys. B267, 690 (1986). See also Pomeron Physics 
and QCD by A. Donnachie, G. Dosch, P. Landshoff, and O. Nachtmann (Cambridge Uni- 
versity Press, 2002).] 



The second set of processes that yield large cross sections are due to electro- 
magnetic interactions. Although the coupling is much smaller than for the strong 
interactions (yielding, for example, an extra factor of a^ in cross sections involv- 
ing two electromagnetic vertices), the range is very large so that cross sections can 
be large. They will be large whenever a process can occur with very small mo- 
mentum transfer. For example, a charged particle will elastically scatter off atoms 
in a material, in which case the range is given approximately by the size of the 
atom, beyond which the atom acts as a neutral object. This can be compared to the 
range for the strong interactions, which is ~ 1 Aqcd for color neutral hadrons. 
As a result, a high-energy charged hadron passing through a material has an elec- 
tromagnetic cross section larger than its strong cross section. The infinite range of 
the electromagnetic interaction also allows coherent interactions of charged par- 
ticles with an entire medium, where the idea of a cross section involving only two 
particles at a time does not apply. Examples are Cherenkov radiation, for particles 
traveling faster than the velocity of light in the medium, and transition radiation, 
when a particle goes from one medium into another. 

The large cross section processes provide methods to detect the presence of 
particles using a particle detector. Thus, colliding beam experiments are usu- 
ally arranged to create rare collisions involving the beam particles, detecting the 
emerging collision products through large cross section processes in surrounding 
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detector elements. Particles such as neutrinos, which have no large cross section 
processes, escape the detector volume undetected. 

The typical hadronic interaction length in a solid medium, discussed above, 
indicates that hadrons will have only a small probability to interact in a gaseous 
medium, which has a density typically about 10" 3 that of a solid, unless 
they travel long distances in the medium. Thus a gaseous medium where particles 
travel, for example, a distance of 1 meter, is primarily sensitive to the electromag- 
netic interactions of charged particles, From the Coulomb scattering calculations 
in Chapter 3, we get an approximate cross section for a high momentum particle 
of charge e to scatter electrons in the medium: 

e 4 250 mb 

a = = . (11.1) 

Snm e E m \ n E mm (MeV) 

Here E m - m is measured in MeV, the electron in the medium has been treated as 
a free particle initially at rest, and the cross section is the total cross section for 
final electron kinetic energies greater than E m \ n . To get a true total cross section, 
we must add the contribution from collisions that create atomic excitations and 
account for the range of binding energies for a real complex atom. The dominant 
part of the cross section will, however, involve the outermost, weakly bound elec- 
trons of an atom. We can very roughly estimate a typical cross section by taking 
E mm = 5 eV and a density of 3 x 10 2() electrons per cubic centimeter (a gas with 
10 easily-ionized electrons per molecule). This gives 15 electrons liberated per 
centimeter of gas traversed. These electrons typically all have small energies, so 
that the high energy particle is not greatly disturbed by the collisions. By mea- 
suring the positions of the electrons in the ionization trail we can determine the 
trajectory of the high momentum particle. In addition, the excitations produced 
will lead to the emission of light as atoms return to their ground states. This is the 
basis for the functioning of thin solid scintillators, which register the passage of a 
charged particle through the resulting light emitted in the material. 



11.2 ■ MULTIPLE COULOMB SCATTERING 

The simplest example of a large electromagnetic cross section is elastic Coulomb 
scattering of a fast charged particle in a medium. To get a large cross section, the 
momentum transfer must be small, so that the high-momentum particle is barely 
deflected. For simplicity we assume the medium is made of one type of atom. 

We look at the kinematics first. We assume an incident fast particle of en- 
ergy E/\ and momentum along the z direction equal to p^. The target particle is 
an atom with mass mg and is initially at rest. After the scatter, the atom has a 
small momentum ps and is scattered at an angle Ob- It therefore has an approxi- 
mate energy 



2m 



B 



1 1 .2 Multiple Coulomb Scattering 381 

and momentum along z equal to p B co%B B . After the collision, the incident par- 
ticle will have an energy 



2m b' 

momentum along z equal to p& — Pb cos#£, and transverse momentum of magni- 
tude ps sin## + Requiring that the energy squared minus the momentum squared 
for the incident particle is equal before and after the collision, we can solve for 
cqs&b* which is approximately 

cos 9 b = 



2/77/ 



Thus for a small momentum transfer (<£ m B ) the target particle is scattered at 
approximately 90° to the incident particle direction and the momentum transfer 
squared is approximately q 2 — — p\. 

To calculate the rate, we use the second-order matrix element given by Eq. 3.5 
in terms of two individual current matrix elements: 

-J A J B 
M fi - ^ , 

where A is the incident particle and B the target particle. Since the target particle 
is barely scattered, only the charge density is large for J^. Taking q 2 — — \q\ 2 , 
we therefore have, to good approximation, 

J A J B 



\q\* 



Taking an incident particle with charge e and spin ^ (the result is the same for 
spin zero) J ( A = euLui = €{2Ea) for very small deflection. Here the final and 
initial spins are equal. For the target, we factor out of the density a charge e and 
2m b for the nonrelativistic case, and write J^ — e2msPB(q)- The factor ps(q) 
is the Fourier transform of the target charge density. Therefore 

\ M fi\ = - L ^ L (2»n B ) 2 \PB (q)\ 2 , (11.2) 

H 

and the cross section is 

<? 4 (2ffljj) 2 d3 PA d *PB „ 4/ , fi i*x 

q^P \^r £zb 

The relative velocity is the incident particle velocity ^, and we ignore the energy 
change for this particle; E$ is the final energy of the target particle. Integrating 
over d* pa eliminates the three spatial momentum ^-functions. 
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We next write d 3 pg = PBEgdEgdQs- The integral over the azimuthal angle 
gives a factor of 2n; the integral over d(cosOg) will eliminate the last 5-function. 
This gives 



da 



4nq 4 P 



9 pglmgdEg 
\pB(q)V | wr — * 



d cos $b 



Since E A = Mp A - p B ) z +m\= J p\ + p z B -2p A pBCOsO B + m\, 



Therefore: 



dE A 



dcost 



PaPb 



= Ppb- 



da - 



4nq 4 p 



4R2 



\pg(q)\ 2m B dE B . 



Noticing that we can write q 2 — —2mg(Eg — nig), a result which follows from 
squaring the difference of the initial and final target 4-momenta, we have finally, 
for a relativistic incident particle with fi ^ 1: 



da 



e 4 \PB(q)\ 2 A 2 \PB(q)\ 2 
— — — = Ana - 

\q\" 



(11-4) 



d\q\ 2 ^ \q\* \q\ 

The total cross section is determined mainly by the region of low \q\ 2 . 

11.2.1 ■ Multiple Scattering Angle 

A fast charged particle usually experiences many Coulomb scattering collisions in 
passing through a material, since the cross section is large. This is called multiple 
Coulomb scattering. The primary effect of each elastic collision with an atom in 
the material is a slight deflection of the incident particle. We can calculate the most 
likely deflection for each collision by finding the average momentum transfer: 



For a small angle, \q\ 2 = p\0 2 \ therefore, 



.2 da 



d\q\ 2 . 






(11.5) 



Since the successive collisions are independent uncorrected events, the mean 
square value for 2 after n collisions will be n(6 2 ). This applies provided that 
n(0 2 ) is still a small number, even though n is large. The number of collisions 
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n = aNt, where /V = number of scattering centers per unit volume and t is the 
thickness of material traversed. This gives finally a mean square value from many 
collisions: 

P A J d m Pa J l?l~ 

We can separate these factors into a term that depends on the incident particle, 
a term that depends on the type of material, and the thickness traversed. An analo- 
gous material-dependent term occurs in other electromagnetic processes, such as 
pair production by a high-energy photon (shown in Figure 6.3) or photon radia- 
tion by a high-energy electron. These processes have an extra power of a in the 
rate compared to the Coulomb scattering calculation. We will use the normaliza- 
tion most suited to these higher-order processes and define a radiation length Xq 
as 

1 A/ (cl\ 2 f \p(q)\ 2 2 

— = Na I— ——d\q\. (11.7) 

X \m e ) J \q\- 

This gives then, for a relativistic particle, 

2 

— r 7V (2m e \ ( t 



° 2 = A7t) U.>- 



Measuring pa in GeV implies a value for 2 of about 



-2x2 



/ 



2 = (2 x i(T z ) z — ■ (1 1-9) 

VpA(GeV)7 \Xo) 

The typical scattering angle is indeed small for a relativistic particle passing 
through a material for which t/ Xq is not too large. The multiple scattering pro- 
vides a limit to how well we can determine the trajectory of a fast particle us- 
ing a gas, since the material changes the trajectory. The other Jimit is usually 
given by how well we can determine the location of the ionization trail of elec- 
trons left by the particle in the gas. These limits are generally much more re- 
strictive than the quantum limitation, which follows from having to represent a 
particle by a wave-packet rather than a state with a perfectly defined momen- 
tum. 



11.2.2 ■ Radiation Length 



Evaluating the radiation length requires an integral over the square of the Fourier 
transform of the spatial charge density, 



/ 



p{q)= / p$)e i '>- x d i x. (11.10) 
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The value of the form factor p(q) can be estimated for a range of q values. For 

\q\ « , 

'"atom 

where r arom is the outer radius of the atom, the whole charge of the system con- 
tributes coherently. Since an atom is electrically neutral, p(q) 2^ in this regime. 
For 

« | q I < 



''atom '"nucleus 

only the nuclear charge contributes, giving p(q) = Z. For 

— — «i9i. 

^nucleus 

the nuclear charge no longer contributes coherently and p(q) approaches zero. 
Therefore, approximating p(q) = Z for 

1 - 1 

<\q\ <" , 

^alom f nucleus 

and zero otherwise, gives for the radiation length in the multiple scattering for- 
mula: 

_L = 2Na (—) 2 Z 2 \og( -^=- 

^0 \«W \ '"nucleus 

This expression can be calculated more accurately by using a cutoff Coulomb 
potential (that is, a Yukawa potential, whose parameters are typically estimated 
using the Thomas-Fermi model for the atom) to evaluate the integral at small | q |, 
and a uniform charge density for the nucleus for the cutoff at high \q\. These 
result in fixing the parameters, to good approximation (except for very low Z 
atoms where somewhat larger corrections are needed), to values: 

1.4ao 

where the Bohr radius 

a = ; r nuc ,eus = 1.3 x 10" ]3 cm A l/3 cz 1.7 x 10" 13 cm Z I/3 . 

Using the classical radius of the electron, 



a 



-13 



2.8 x 10"° cm, 
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we can write 



Nucleus = 0.6 — Z' /3 . 



' nucleus 



The ratio 



/"nucleus 

With these approximations, 



'atom , v ? 



.4 ^ 2 



,2 1/3 



1 / a \ 2 o ( 190 \ 

= 4Ntf ( — ) Z 2 log — r-r . 



(11.11) 



This expression is, to good approximation, the same as that for the radiation length 
in pair production (which we look at in Section 11.3.1) so that we typically speak 
of only one such quantity. The near equality of these quantities is, however, an 
accident stemming from the value for the classical radius of the electron and the 
fact that the logarithm of a large number is not very sensitive to small changes 
in the number. The most important material-dependent factor in Eq. 11.11, for 
a given material type (solid or gas), is the factor of Z 2 . This makes Xq much 
smaller for high Z materials than for low Z materials. Some examples of the ra- 
diation length for a number of materials are given in Table 11.1. The value for 
hydrogen involves an explicit calculation and the small contribution from inco- 
herent scattering on the electrons in the material has been included to arrive at the 
numbers. 

TABLE 11.1 Radiation Length for a Few Materials, 



Material 


Z 


Xo 


H2 gas 


1 


7.3 x 10 3 m 


H2 liquid 


1 


8.7 m 


C 


6 


L8.8cm 


Fe 


26 


1.8 cm 


Pb 


82 


0.56 cm 



11.2.3 ■ Energy Loss 



The coherent elastic scattering off atoms, discussed in Section 11.2.1, results in 
very little energy loss by the incident particle. The transfer of energy is dominated 
by processes where the target is left in an excited state. These processes include 
excitation of atomic electrons into higher energy atomic levels and, for greater 
energy transfer, the ejection of individual electrons from the atomic target. We 
investigate this latter process, but still for a nonrelativistic final state electron. In 
this case the momentum transfer is small, resulting in a large cross section. The 
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calculation of atomic excitations can be done by using explicit wave functions for 
the atomic electrons. 

For the case where the electron is ejected with energy ^> ionization energy, 
we consider the initial electron to be at rest. We calculate the momentum transfer 
using the difference of the initial and final target four-momentum. This gives 

q 2 = -2m e (E e -m«), (11.12) 

where E e — m e is the final kinetic energy of the target electron assumed initially 
to be at rest. Using energy conservation, it is also the energy lost by the incident 
relativistic beam particle. For a given q 2 , the energy loss ~ l/m e , indicating why 
the scattering of electrons, as opposed to the coherent scattering of the whole 
atom, is the dominant mechanism by which the incident particle loses energy. 

We can use Eq. 1 1.4 for nonrelativistic electron scattering, with p(q) = I for 
the point-like electron. Substituting for q 1 from Eq. 11.12 gives finally 

da e 4 

— = k, (11.13) 

dE %7tm e E l 

where E = E e — m e is the energy loss of the initial fast beam particle. Integrating 
Eq. 11.13 over the energy loss gives the cross section to produce a free ionized 
electron, given earlier in Eq. 11.1. This single electron cross section should be 
summed over the different electrons in an atom to get the total cross section for 
an atomic system. 

To calculate the average energy loss per unit length of material traversed, writ- 
ten as dE/dx, we have to average E over the total cross section and multiply by 
the number of collisions per unit length. This gives, where TV is the density of the 
material, 



dE f da 

T X = N E J~E dE - ()U4) 



An exact calculation requires an understanding of the detailed atomic properties 
of the material. We will do an approximate calculation, which allows the material 
properties to be summarized in terms of one parameter, an effective ionization 
energy. 

Since q 2 is proportional to the energy transferred to the target, provided it is 
initially at rest, we can rewrite Eq. 1 1 . 14 as 



dE f 

57 = "/ 



,2 



da dq 



2 



n-riT-' (1L15) 

I dq L im e 



Integrating over a region of q 2 for a given electron in the atom gives a contribution 
of the given electron to dE/dx: 

4rra 2 N 1 




11.2 Multiple Coulomb Scattering 387 

Summing this over the Z electrons, fj^ax is nearly the same for each electron, 
while q 2 ■ depends on the initial electron state. Defining an average q~ ■ by aver- 

' m I n l «— t9 * TTT1TT •* 

aging the log(g^ jn ) over the Z electrons, gives 



dE 4na 2 NZ[ I q 2 \ 

log(^p). (11.16) 



dx m» 2 D I - 2 



To calculate the maximum of | q~ \ ~ 2m e (E e — m e ), we look at the maximum 
energy that can be transferred to the electron. In terms of the momentum and 
energy of the initial relativistic particle, a calculation of the maximum energy 
transferred in a forward collision gives: 

t e - m e = = -. (11.1/) 

2m e E A + nr A -\- m L e 

Since the electron is much lighter than all other charged particles, 

2 



m e — 2m P 



over the wide range of energies for which 



Pa 
m A 



l m<A \ 

Ea « m A 

\m e J 

(the exception to this is the case of an incident electron for which m A = nt € ). We 
assume that this is the case and use 



2 

?max 



= 2m e (E™ K - m e ) = (2m c Yy l , (11.18) 



where p A is taken to be equal to E A in the relativistic limit. 

Eq. 11.16 is based on the assumption of a nonreiativistic final electron. This 
is clearly not correct for <y^ ax given by Eq. 11.18. For a point-like spin \ beam 
particle incident on the target, the cross section can be calculated more accurately 
using the matrix element squared in Section 3.2.3. This gives a small correction 
to Eq. 11.16, whose calculation we leave to a homework problem. We will ignore 
this issue and use Eq. 11.16 for the energy loss, where |g 2 ax | is given by Eq. 11.18. 

For a free electron, q 2 lin can be zero. For a bound electron, the energy transfer 
is quantized and has a minimum value, implying a nonzero q 2 . Taking / to be 
the energy transfer between given atomic states, we can explicitly calculate q 2 
for the case of no transverse momentum exchanged, which gives the minimum 
magnitude for the momentum transfer squared in such a transition. In this case, the 
spatial momentum exchanged is absorbed by the excited atomic system, whose 
final direction is the same as that of the incident particle. Note that this is different 
from the case of coherent elastic scattering where the target recoiled at 90° to the 
beam. We can calculate the minimum q 2 in terms of the energy change of the 
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incident particle: 



q 2 = (AE A ) 2 - (Ap A ) 2 = (AE A ) 2 



dp a 
dE A 



(AE A y 



Ea 
Pa 



For AE A = I and a very relativistic incident particle, 

2 / 2 

q = 2" 

This gives then the smallest magnitude for the momentum transfer: 



TABLE 11.2 Ion Pairs 
Per cm Traversed. 



Gas 


Ion Pairs/cm 


H 2 


5.2 


He 


5.9 


2 


22 


Ar 


29 


Xe 


44 



2 
^min 



Y l 



Using Eqs. 11.18 and 11.19, we get finally from Eq. 11.16: 
dE Ana 2 NZ ( 2m e y 2 \ 

-7- = log — ■ 

dx m P \ I I 



(11.19) 



(11.20) 



The parameter / provides a compact way to summarize the atomic properties 
relevant to the energy transfer process. 

The generalization of the dE/dx formula to the case where the incident par- 
ticle is not necessarily relativistic is left to a homework problem. The resulting 
generalization to Eq. 1 1 .20 is: 



dE 
dx 



4jia z NZ 
m e p 2 



loe 



2m e f$-y 



2,,2 N 



P 



This equation shows that the energy loss is greater for a slow particle than for a 
moderately relativistic particle. It has a broad minimum near fiy = 3, and then 
rises slowly because of the factor of y 2 in the logarithm. The scattering of atomic 
electrons creates ion pairs in the medium. Table 11.2 provides some examples 
of the number of ion pairs created in various gases at standard temperature and 
pressure at the minimum of the ionization loss (fiy of about 3 for the incident 
particle). Note that the ionized electrons of the material will subsequently produce 
additional ions when they lose their kinetic energy. This typically increases the 
number of ion pairs by a factor of two to four. 

The calculation of energy loss has a long history. Bohr developed a classical 
theory in 1915; Bethe derived the quantum calculation in 1930; and Fermi worked 
out the reduction to the energy loss for highly relativistic particles due to the 
index of refraction of the medium (called the density effect, which we will not 
calculate) in 1940. Measurement of dE/dx for a particle traversing a gas volume 
is one of the techniques used (in conjunction with an independent momentum 
measurement) to identify the particle type, since it depends on ft of the particle. 
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11.3 ■ RADIATIVE PROCESSES FOR ELECTRONS AND PHOTONS 

The Coulomb scattering process yields very large cross sections, but the energy 
loss per unit length for a relativistic charged particle is typically rather small. As 
an example, consider an "average" solid with NZ = 10 24 electrons/cm 3 . So the 
first term in Eq. i i.20 is 

4na 2 NZ rt 

= 0.52 MeV/cm. 

m e 

Assuming that the logarithmic factor in Eq. 1 1.20 is approximately 20 gives a 
typical energy loss of 10 MeV/cm, or 1 GeV/m. In a gas the number would be 
smaller by a factor of about 1000. 

For relativistic muons, the dominant mechanism for energy loss up to very 
high energies is the Coulomb scattering of electrons in the medium, as calcu- 
lated in Section 1 1 .2.3. This allows the unique identification of muons as charged 
particles able to penetrate large thicknesses of absorber without hadronic interac- 
tions. Electrons also lose energy by Coulomb scattering and do not have hadronic 
interactions. However, they generate electromagnetic showers in a material, a phe- 
nomenon we look at next. These involve higher-order processes than Coulomb 
scattering, and therefore have smaller cross sections; however, they degrade the 
energy much more rapidly. This allows the identification of electrons using thick 
absorbers. However, Coulomb scattering remains the dominant process for elec- 
trons traversing moderate thicknesses of a gas (where "moderate" means small 
compared to the length scale given by the radiation length for the material, as we 
will see below). 

The creation of electromagnetic showers involves both the emission of photons 
by electrons and positrons (called bremsstrahlung) and the conversion of photons 
into e + e~ pairs in the field of an atom in the material. These processes must 
involve very small momentum transfer to the atom in the material in order for the 
cross section to be large. This in turn requires that the participating electrons and 
positrons are very relativistic. We will examine the pair production process in this 
section and then summarize briefly some of the results for bremsstrahlung. The 
diagrams for pair production were given in Figure 6.3. Those for bremsstrahlung 
are obtained by changing the outgoing c + to an incoming e~ and the incoming y 
to an outgoing y in this figure. 

We start by looking at the kinematics for pair production. Assuming that the 
recoil atom absorbs very little momentum, implies that we can ignore the en- 
ergy transfer to the atom. We specify the incoming photon four-momentum by 
k = (co,k) and the outgoing positron and electron four-momenta as /?+ and /?_, 
respectively. Energy conservation then implies that to = £+ + E-. The minimum 
momentum transfer to the atom for given E^ and E- values is derived from a 
configuration where the e + and e~ both travel along the initial photon direction. 
This gives 

?min = ~(W- \p+\-\p- |) 2 . 
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Expanding the momenta as 



2 
m„ 

E c - 

2E 



gives the relation 



9 / m 2 p m 2 p \ -ml ( 1 1 \ 2 

For \g^ ]n | to be small, we indeed see that y + and y_ have to be large. 

We know that the charge form factor of the atom is large only for a range of q 1 
values. In particular, for a maximum cross section we want 



W 



2 - < ^— 

mm 1—^2 

'atom 



which then allows cj 2 to range over all values where the form factor is large. 
Taking 

1 am e Z^ 3 

Y+ -Y--Y and ' r-j . 

r alom t .4 

as in the Thomas-Fermi model of the atom, the cross section will be large pro- 
vided that 

1.4 

This is true in all materials for photon energies in the 100 MeV range and up. 

Equation i 1 .21 can also be used to determine when muons will have significant 
radiative processes. Taking hydrogen as an example, we can replace m e with m jL 
in Eq. 1 1.21 to get the requirement, based on the atomic form factor: 

Y > ('<] I ~ 2.9 x 10 4 . (JJ.22) 



This requires energies — 3 TeV for the muons, a number that decreases, like 
1/Z'/ 3 , for high Z atoms. 

We will see shortly that the electron pair production cross section is propor- 
tional to \ / ml as a result of the virtual e + or e~ propagator appearing in the ma- 
trix element. This feature does not appear in Coulomb scattering, which depends 
mostly on f3 of the beam particle. For pair production of muons, 

1 J 

— is replaced by —r-. 
mj m- L 

As a result, pair production to e+e - always dominates the photon cross section 
at high energies. Electromagnetic showers involve, to good approximation, only 
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electrons, positrons, and photons. But if we look at an incoming muon instead of 
a photon, the formula for y in Eq. I 1.22 indicates correctly the energy at which a 
muon will significantly lose energy via radiative processes. However, once radi- 
ated, photons will generate showers involving e+e~, if they have large energies. 

Rate Calculation for Pair Production 

The matrix element for pair production on atoms in a material is: 



M fi = 



e*Mq) 



U7I 2 



u(p-) 



~ 77— — n jYO 



_ (* - p+y 



(k - p-y 



v{p+). 
(11.23) 



The first and second terms in M // correspond to the following diagrams. 




and 




, respectively. 



The atom acts as a static source described by the Fourier transform of the charge 
density Jo(q), where the charge e has been factored out. The photon spin is e {1 
and can be chosen transverse to the photon direction. Taking the photon direction 
to be along z> the choices for the spin vector are e x and <? v . 

As in the Coulomb scattering calculation, Jo(cj) = 2m il[om p(q). This gives for 
the cross section, for small q 2 : 
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where M is the piece of Mj; left after taking out the factor 

e 3 Mg) 

\g\ 2 ' 

Averaging also over all photon spins: 
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(11.24) 
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We will do the calculation at high energies, much larger than the electron 
mass m e . In this case the process is quasi-one-dimensional. The transverse mo- 
menta are small compared to the longitudinal momenta over nearly the entire 
phase space. This allows a number of simplifications. Indicating the longitudinal 
and transverse components for each particle of the pair as /?+, p~, p*, p t ~, we 
have for each: 



Pz 



ml + Pf 

IE ' 



so that 



Pz = 



ml + pf 



IE 



The combination m 2 4- pf is called the transverse-mass squared. Defining q t =s 
— (y3/ + + /3/~), we can calculate, for negligible energy transfer to the target atom: 



\q\ 2 



f 2 , I--I 2 
>nj+ \P, | 

2£_ 



iat 



2E, 



+ l^/| 2 



(11.25) 



At very high energies, we can therefore approximate q 2 as —\q t | 2 , so q 2 will 
depend only on the sum of the transverse momenta. This will always be a good 
approximation when the first term in brackets, coming from the longitudinal mo- 
mentum transfer, is small compared to the q 2 cut-off determined by the size of 
the atom. This condition is called complete screening. 

When integrating over the phase space, we also ignore the coupling of the lon- 
gitudinal and transverse momenta, that is, we assume that to good approximation 
the integration limits for the energy or longitudinal momenta are independent of 
the values of the transverse momenta, for the small transverse momenta where the 
cross section is large. 

The matrix element factor 



E 



M 



spins 



can be calculated using the trace techniques developed earlier. The result is the 
expression 

l2 



\Qt\ 2 0J 2 



(p- -k)(p+ -k) 



0/7 (P~' e ) , o*7 ( ^+ '^ 

2£+ h 2E- 

+ (p--k) (p + -k) 



-q 



(P- • e) _ (g+ ■ e) 
{p--k) ( P+ -k) 



The last term is higher order in the small quantities p+, p t ,q 2 , than the first two 
terms, since e is transverse by gauge invariance. We will therefore drop this term. 
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We will also use 

/ 2 , I - + l 2 \ 

(/>+ • *) = o>(E+ - />+) = o> I ! 2 ^ ' J 

and the analogous expression for (/?_ • /c). Note that the matrix element vanishes 
for p f + = p,~ = 0, because of the absence of a longitudinal photon polarization. 
With the above approximations: 



£ |A*| 2 = 



?,l 2 



2E+E- , ^ . '""' (m* + \ p, + \ 2 )(m> + \ p.~ \ 2 ) 

c ■ .e ,y spins ^ ' r/ ' v ^ ' ' ; ' 

16£+E_ / p? p~ \ 

+ „ ' ,„ 1 ■ (11-26) 



^ 2 V>^ 2 + Ip, + I 2 ™ 2 + Ip,~I 2 / 

A convenient choice of coordinates for integrating over the phase space are cylin- 
drical coordinates in momentum space, which separate the longitudinal and trans- 
verse momenta. We further approximate for both e + and e~: 

d 3 p = dp z d 2 p, ^dEd 2 p t . 



This gives, for the differential cross section, 



\p(q,) I 2 a + l2 _d£ H 



da = -f-,/ (|*, | 2 , p + ,p | - 1 £+,£.) l^^dV'/V — • (H-27) 

(Z7T)- V 7 1^/ I &> 

where / is the expression given in Eq. 1 1.26. 

To isolate the dependence on | q | 2 in Eq. 1 1.27, we define the new variables 

-i P/ + ~ Pt~ . -/ P? + Pi~ 
Pi = 2 ^ ^ = 2 " 

These are analogous to the use of the center of mass and relative coordinates 
in space. Note, q\ = —c/,/2, and we will use each variable below, based on 
whichever makes the notation simpler. We can rewrite d 2 pfd 2 pj — d 2 p' l d 2 q t , 
which allows the integration over q, after the integration over the independent 
transverse momentum p' r Making the change of variables in Eq. 1 1.26 gives the 
expression: 

81$, I 2 



(^ 2 + l$;-/3;i 2 )(^ + ^ + g| 2 ) 

16£ + £_ / {% + %) 

a>2 w + !«* + # 




The expression in Eq. 11.28 indicates that p' t has a magnitude of order ni e . 
The variable q' t is typically much smaller because of the extra factor of \/\q, | 4 
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appearing in Eq. 11.27. We will therefore make the approximation that |g, | <<C 
m l + \p't I 2 when integrating over d 2 p' r With this approximation, the first term in 
Eq. 11.28 is, to lowest order in \q' t \ 2 , 



whose integral over d 2 p\ is 



8 k/; I 



H + l/5;i 2 ] 



57T _, 9 



The second term in Eq. 1 1.28 is approximately 
16£+£ 
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^ i ^// ' . . o 



(>» 2 + |^l 2 ) (™ 2 + |#| 2 ) J r m 2 + |^| 2 i 2 ' 



whose integral over d~ p\ is 



4E + ^ /8tt _ |9 



3 a; 2 



— ky/i 



Integrating over all angles of the d q t integral leaves finally the expression: 



do 



mj \ qt \ z 



_ 4 E+E-\ dE^ 



CO 



(11.29) 



The cross section expression is a product of two factors. The first term in brack- 
ets, after integration over \q t | 2 and multiplication by the density of scatterers, N 9 
is defined to be the reciprocal of the radiation length for electromagnetic showers. 
In evaluating this integral, the lower cutoff is provided by the atomic radius. The 
upper cutoff is provided by taking into account the exact expression in Eq. 1 1.28. 



Our approximations, valid for low \q t \ z , are invalid for | q t | 2 > m 2 , where the 
terms in Eq. 1 1 .28 are falling instead of rising. A more accurate evaluation of the 
integrals over d 2 p' t indicates that m 2 is the correct cutoff for the \q t \ l integral. 
This gives for the radiation length: 
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(11.30) 



We used for the form-factor the constant value p(q t ) = Z over the range of 
the integral. The result in Eq. 1 1.30 is the same expression that we found in the 
multiple scattering calculation in Section 1 1.2.2. 
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The second factor in brackets in Eq. i 1 .29 gives an energy integral that can be 
rewritten in terms of fractional energies 

_E+ E- 

CO CO 

giving an expression [I — |x + (l — x+)] dx+. The distributions for the fractional 
energies (and longitudinal momentum fractions at high energies) are independent 
of the overall energy scale. These are scale invariant quantities at very high over- 
all energy. The integral over <t/a> gives a factor of |. Thus the number of high 
energy photons in a beam will be attenuated in a material by pair production, in a 
distance z, according to the formula: 

N = N()e -0/9Kz/x {) )^ 

creating electromagnetic showers in the material. 

The calculation for an e + or e~ propagating in a material can be done anal- 
ogously. These particles can radiate many photons, including soft photons for 
which the cross section diverges as the energy goes to zero. The cumulative effect 
of these photons can be summed in a calculation of the rate of energy loss. In this 
case, we can write an expression for the remaining energy of the e + or e~ as it 
penetrates the material The energy attenuation is given by the formula: 

E = Eoe~ z/XQ . 

We see that the radiation length is again the length-scale parameter defining the 
shower properties. 

The above calculations assume that the production of electromagnetic showers 
is the dominant process for photons, which is correct for very high energies, par- 
ticularly for materials with large Z. At lower energies, other processes are dom- 
inant, such as Compton scattering and the photoelectric effect for photons, and 
the dE/dx energy loss for £ + and e~ . Note that the radiation length is smallest 
for high Z materials. These materials provide the best detector choice for distin- 
guishing electrons, which shower, from hadrons, which interact strongly. 



11.4 ■ INCLUSIVE DISTRIBUTIONS IN HADRONIC SCATTERING 

We have looked at two types of electromagnetic processes, elastic Coulomb scat- 
tering with a differential cross section dependent on the momentum transfer, and 
pair production, an inelastic process where the differential cross section depends 
on the transverse momentum and the fractional energies of the final state leptons. 
These processes are quasi-one-dimensional at high energy, in the kinematic region 
where the cross section is large. 

The large cross section hadronic processes also break up into elastic and in- 
elastic processes that are quasi-one-dimensional at high energies. For simplicity 



396 



Chapter 1 1 Large Cross Section Processes 



we consider the scattering of a hadron on another hadron, rather than on a nucleus, 
as would be the case in a material. 

The hadronic cross section is governed by the size of Xqcd and involves non- 
perturbative physics. The elastic part of the cross section is typically about 20% of 
the total cross section and is dominated by small momentum transfers. The distri- 
bution in | q 2 | for the scatters is approximately exponential. This result contrasts 
with elastic Coulomb scattering, which has a power law dependence governed by 
the photon propagator. The hadronic differential elastic cross section da/d\q 2 \ 
approaches a constant as q 2 —> 0, indicating that there is no long-range inter- 
action. The confinement of the color degrees of freedom implies that we should 
not think in terms of individual gluons existing at long distances from colorless 
hadrons. An example of an elastic cross section, for high energy pp scattering, is 
shown in Figure 1 1.2. 



> 




-/(GeV 2 ) 

FIGURE 11.2 Differential elastic p, p cross section at a center of mass energy of 
546 GeV. [From M. Bozzo et al., Phys. Lett. 147B, 385 (1984).] 



A process related to elastic scattering, called diffraction dissociation, occurs 
with a cross section roughly comparable to elastic scattering. This process is 
somewhat similar to Coulomb scattering on an atomic system, where the atomic 
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system is left in an excited state. Since the hadrons are composite, they can scatter 
with little energy and momentum transfer through resonance production, where 
either one or both of the emerging hadrons are in internally excited states of the 
initial hadrons. As in the case of elastic scattering, no internal quantum numbers 
are exchanged between the beam and target systems for this process. 

The remaining part of the cross section at high energies results in inelastic 
events with many final state particles. The vast majority of these events are quasi- 
one-dimensional. To quantify the distribution of particles in these events, an in- 
clusive distribution function in the invariant phase space is formed: 

EdN 



dh 



where the integral of this function over d^p/E gives the average number of par- 
ticles produced in an event. This distribution can further be broken down into 
contributions from different particle types, for example pions, kaons, and nucle- 
ons of various charges. These inclusive distribution functions, which depend on 
the initial colliding hadrons and the center of mass energy, exhibit a number of 
regularities. 

The first regularity is a limited transverse momentum, yielding the quasi-one- 
dimensional behavior. Considering the various particle types, the distribution 
function is roughly an exponential function of the transverse mass, which favors 
the production of light hadrons over heavy hadrons. The particles produced most 
copiously are pions. Their transverse momentum is on average — Xqcd> 

With regard to the longitudinal momentum, we can divide the phase space 
roughly into three regions in the center of mass. The first region is where the 
final state particles carry a significant fraction of the incident particle energy and 
follow its direction, called the beam fragmentation region. The internal quantum 
numbers of the particles in this region are strongly affected by those of the incident 
particle. The second region is the analogous region of phase space relative to the 
target particle. The particles in these two regions are called leading particles. The 
third region, called the central region, corresponds to particles with relatively low 
energies in the center of mass. In this region, the internal quantum numbers of 
the initial colliding particles have little affect, so that the particles are on average 
neutral with regard to internal additive quantum numbers. Most of the particles 
are produced in the central region, since energy conservation limits the number of 
leading particles. 

A convenient variable for studying leading particle behavior is the fractional 
energy or fractional longitudinal momentum in the center of mass. In this frame, 
the maximum value of the energy that a particle can have is ^/s/2. Define 

V-y 

it ranges between +1 (leading particles for the beam direction) and —1 (leading 
particles for the target direction) if we ignore particle masses. Figure 1 1.3 shows 
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FIGURE 11.3 Inclusive distribution functions normalized to F(x)/tt, where F(x) = 
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Data are for pions incident on protons. The incident pion beam momentum is 



indicated in the figure. [From M. Alston-Garnjost et al., Phys. Lett. B39, 402 (1972)/ 



the inclusive distributions, integrated over transverse momentum, for 7r + and n~ 
in tc^ p and tc~ p interactions at several energies. The experiments are performed 
by colliding pions of various momenta on stationary proton targets. The distri- 
butions show that the leading particles in the beam direction are primarily those 
pions identical in charge to the incident pion. In the backward direction, the distri- 
bution functions are suppressed, since a leading particle should carry the baryon 
number of the target proton, which neither 7i + nor n~ do. 

Figure 1 1.3 also suggests that the inclusive distribution is approaching a well- 
defined function of x alone at high center of mass energy, analogous to the behav- 
ior of the distribution function for the final state electron energy in pair produc- 
tion. Such behavior is called scaling. The distributions in hadronic reactions scale 
approximately, with slow logarithmic violations. These violations reduce the dis- 
tributions at large x, resulting in more particles in the central region, as the overall 
energy increases. This is one of a number of quantities that show slow logarithmic 
changes with energy; another is the total cross section, which grows slowly with 
energy. 

The inclusive distributions, integrated over transverse momentum, also illumi- 
nate how the energy is partitioned, assuming a quasi-one-dimensional process. 
Writing 

dN IE dN dN 

F(x) = E — = — — -x — , 
dp- -yjs dx dx 

we expect that f F(x) dx ~ f_ ] F(x) dx c^ I, if we sum over all particle types. 
This is just a statement of energy conservation, with the energy assumed to be split 
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equally between forward- and backward-moving particles. By splitting F(x) into 
contributions from different particle types, we can see the fraction of the energy 
each type carries. 

If we wish to count the number of particles, rather than the energy carried, then 
we are interested in the function: 

dN 1 

— = -F(x). 

ax x 

Since F(x) is a constant at x = 0, dN jdx is large in the central region, indicating 
that most particles are produced in this region. This is, however, the region where 
our approximation that p : = E does not hold. As a result, the central region 
distributions are better displayed using different variables. The typical choice is 
to use a variable y, defined so that 

——dp,=dydpt. 
E 

The variable y is called the rapidity, and is given by 

I / E + p 2 \ 
^=2 l0g U-fe)- (,L3,) 

The data indicate that the inclusive distribution in y and pf, for a given fi- 
nal state particle type, approximately factorizes into a distribution in v and one 
in terms of the transverse mass. If the dynamics populate the longitudinal phase 
space uniformly, the distribution in y will be constant. In practice, this is approx- 
imately true for | v | < 3 for center of mass energies — 100 GeV. This region is 
called the rapidity plateau. The height of the plateau and its width grow slowly 
with energy, providing a multiplicity of final particles that grows somewhat faster 
than logarithmically with the total center of mass energy. The average number of 
charged particles produced, which is easier to measure than the number of neu- 
trals, is about 20 at a center of mass energy of 100 GeV. The choice of a central 
region in the center of mass system corresponds to a region in angle for the pro- 
duced particles. Taking p z ^ E cosO gives the approximate formula 

1 /l + cos£\ 

>— -log . (1132) 

2 \ 1 - cos 6 J 

The region \ y \ < 3 then corresponds to a scattering angle > 6° to the beam 
direction. 

The total rapidity range for a given energy is determined by the logarithm of the 
total center of mass energy, ^/s. For large energy and forward-moving particles, 
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Assuming a typical transverse mass ~ 1 GeV and a maximum value of E = 
y/s/2, gives a maximum value of the rapidity, 

JW - Jog (v^(GeV)) . 

Including the region of negative y gives a total rapidity range of 

A^ = 2 log (v^(GeV)) , 

which grows logarithmically with the total center of mass energy. 

An interesting property of the rapidity is that it shifts by a constant under a 
Lorentz transformation along z. As a result, rapidity distributions are the same in 
the center of mass and in a target rest frame, except for a constant overall shift. 
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FIGURE 11.4 Charged particle rapidity distributions in /?, /? scattering at a range of 
center of mass energies. Points shown correspond to forward-moving particles in the center 
of mass. [From G. J. Alner et al., Z Phys. C33, 1 ( 1 986).] 



The data in Figure 11.4 show the rapidity distribution for forward -moving 
charged particles in pp scattering at a range of center of mass energies. The ra- 
pidity is calculated using the approximation of Eq. 1 1.32, and the value of y for 
the incident beam particle has been subtracted so that the distributions all end at 
V — ^beam = 0. The data points correspond to all forward-moving particles in 
the center of mass. The distribution for backward-moving particles is the same as 
that for forward-moving particles with the correspondence y — >> — y, when the 
distribution is plotted in the center of mass. The data show: 
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1. A nearly universal distribution for rapidities near ybeam, independent of the 
center of mass energy. This is equivalent to approximate scaling of the in- 
clusive distribution function in the beam fragmentation region. 

2. A logarithmic increase in the total rapidity range with center of mass energy. 

3. An increase with center of mass energy in the width of the central region 
(the region over which the distribution is roughly constant). 

4. A slow rise with center of mass energy of the height of the distribution in 
the central region. 
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11.1. For small momentum transfer scattering of a fast particle from a heavy target initially 
at rest, show that the scattering angle for the heavy target is approximately given by: 

cos Ob = . 

2/7? B 

The heavy target mass is m#, q — — p\ to good approximation. 

11.2. Consider n Coulomb scatterings, each through small angles, giving a total spatial 
momentum transfer of 

Q =Q\ +42 H + 9n, 

where each c/j is approximately transverse to the initial large momentum. 

(a) Assuming uncorrelated scatters, show that the expectation values satisfy: 

(l q | 2 ) = n (| q t | 2 ) . assuming (| ft | 2 ) - (| qj | 2 ) 

for all i and j. 

(b) From | q | we can calculate a scattering angle . It is sometimes convenient to 
consider separately the two components of the transverse momentum, q x and q y . 
In spherical coordinates: 

q x = p A sin 9 cos <p ~ p,\9 cos (p = pa&x , 

c lv — Pa s ' n ^ sin( P — Pa& sin = paO\, 

defines the projected angles X and 9 y . Show that (9~) — j{6~). 

(c) After traversing a distance / of scattering material, the particle will suffer a de- 
flection transverse to its initial direction. Assuming a small net deflection angle 
and many scatters, show that 



(x 2 > = 



/ 2 {# 2 > 



11.3. The scattering of a fast particle on a heavy target particle can be thought of as scat- 
tering on a fixed source of the electromagnetic field. Using the Hamiltonian density 
for the electromagnetic interaction, we get a contribution to the S matrix, to lowest 
order: 
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S/i =-i f {f\J^x)A (l (x)\i)d 4 x. 

(a) For the target particle at rest, the fixed potential is just the scalar potential V(x), 
The matrix element of J^ is between states of the incident fast particle with 
momentum p L and pp. Show that this gives 

S fi = -I J -eil(p f )y {) u(p i )e i{ f , f~f , ' )x V(x)d 4 x 

(The incident particle has charge — e and spin A). Integrating over the time coor- 
dinate gives 

S fi = ilnHEf - Ei)eu(pf)y u(pi) f e iC ^ "^ V (x) d 3 x. 

(b) The relation between the potential and charge density of the heavy target is 



V 2 V = -p(x). 



Show that this leads to 



f e"t'*V(x)d 3 x= -^- f e^'Xp&d^x: 



I 



giving 



Sfi = i2TiS(Ef - Ei)eu(pf)you(pi)-rz^j. 

This is an alternative way to get the cross section calculated in the text, 
(c) Suppose we want to use elastic scattering of electrons to study the charge distri- 
bution of the nucleus. What typical value of q is needed for such a study? 



11.4. Consider elastic multiple Coulomb scattering of a fast charged particle in Helium 
gas. Assuming that the density of scattering centers is given by Avogadro's number 
of atoms in 22.4 liters of gas (ideal gas law for standard temperature and pressure) 
and that p{q) ~ 2 for q 2 > l/(^ A) , otherwise, find the number of scatters per 
centimeter of gas traversed. 

11.5. Wc can modify the dE/dx formula in Eq. 1 1.20 to be more general. 

(a) If we keep the velocity ft of the incident particle (that is, take p& = fiE^ rather 
than p\ = £4), show that the calculation in the text can be generalized to 

dE Ana 2 NZ 2m e p 2 y 2 

— = ^ — log ■ 

dx m e p 2 to / 

In the logarithm, the minimum momentum transfer is taken to be 



2 = -' 



where we still assume that E^ ^> / . 



Chapter 1 1 Homework 



403 



(b) Assuming a point-like spin k particle incident on a free electron, we can calcu- 
late the matrix element squared without assuming the scattered electron remains 
nonrelativistic. Show that the matrix element squared, averaged over initial spins 
and summed over final spins, in the frame where the electron is initially at rest, 
is 



m](E A ) 2 +ml{E' A Y + 



V 



2 8c> 4 

l%,| 2 = ^ 



Ej\ is the initial energy, E' A is the final energy of the incident particle. For ener- 
gies such that 



I m A \ i 

Ea « I — l"M, E A ^ E A 



and wc have 



|M/H 2 =16m^i- 



1 + 



2 2 
4m 2 e E 2 A 



(This can be compared to Eq. 1 1 .2.) The expression in brackets is approximately 

P 2 q 2 



+ 



I #max 



Show that the second term will give a correction to the energy loss formula 
through its contribution at large q 2 , giving the result: 



dE 
dx 



AnorNZ 
m e fi 



Jog 



2m e p 2 y 2 \ fi 



A more correct treatment of the atomic transitions results in another —ffi/2 ap- 
pearing inside the brackets, resulting in the Bethe-Bloch energy loss formula 
given in the text. 

11.6. Consider a 100 GeV photon incident on a hydrogen atom. 

(a) Calculate the pair-production cross section using Eqs. 1 1.29 and 1 1.30. 

(b) Calculate the cross section for Compton scattering on the atomic electron. This 
was discussed in Chapter 3. 

(c) Calculate the cross section to produce hadrons by absorption of the photon by 
the proton. You can use the Vector Dominance model of Chapter 6 and assume 
that the meson-proton cross section is 30 mb. 

11.7. Consider a Lorentz transformation along z, given by parameters p and y. Calculate 
the rapidity of a particle in the new frame in terms of the Lorentz transformation 
parameters and the initial value of y. 
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Scattering with Large 
Momentum Transfer 



12.1 ■ TYPES OF PROCESSES 

In Chapter l l we discussed the large cross section processes that are the basis for 
detection of long-lived particles; here we study the rare large momentum transfer 
processes that are the basis for discovering new physics at short-distance and high- 
mass scales. These large momentum transfer processes played an important role 
in establishing the quark and gluon structure of the proton (discovered at distance 
scales that are small compared to the size of the proton) and in the discovery of 
all the heavier, and hence short-lived, particle types. The actual scale by which we 
define "large momentum transfer" or "large mass" has evolved with time, as new 
discoveries have been assimilated into the Standard Model, raising the scale to 
the next potential discovery region. At present, the next region expected to yield 
new discoveries and insights is the mass range of electroweak symmetry breaking, 
somewhere in the region of 100 GeV to 1 TeV 

The largest center of mass energies at accelerators occur for colliding beams. 
The individual beams can be e + , e~ , p, or /5. The highest energies presently 
available in the center of mass are approximately 200 GeV for e^e~ , 300 GeV 
for ep, and 2 TeV for pp scattering. A new pp collider, called the Large Hadron 
Collider, with center of mass energy of 14 TeV, is under construction. Reactions 
between the particles in the beams can proceed via exchange of a particle, for 
example a photon, in which case the large momentum transfer process appears as 
the tail of a distribution containing a wide range of momentum transfers. Large 
momentum transfer processes can also proceed via annihilation of the initial state 
particles. The simplest example of this is e + e~ annihilation. This process, as a 
probe of high mass physics, has the advantage that the entire initial state energy 
is available for the production of new particles. For energies well below the Z° 
mass, e^c~ annihilation is predominantly an electromagnetic process. Above the 
Z° mass scale, we have the full range of electroweak interactions. Calculations 
for large momentum transfer processes for initial and final state leptons were dis- 
cussed in Chapter 3 (below the Z° mass); Chapter 10 generalized the results to 
the full electroweak theory 7 . 

The e + e~ annihilation reaction does not directly couple to color and therefore 
involves small coupling constants. We could achieve higher rates if we could di- 
rectly collide a quark and an antiquark or two gluons, since the coupling would 
then involve a s (q 2 ) 7 if the particles exchanged carry color. We are not able to do 
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this directly because of confinement. However, as constituents of the proton, these 
objects do collide in proton-proton or proton-antiproton collisions. At large mo- 
mentum transfer (or short distances compared to the proton size) we can view the 
interaction as a collision of these proton constituents. Quantifying this point of 
view will be one of the major new results in this chapter. It allows us to think of a 
hadron collider as a glue-glue, glue-quark, etc., collider, although the majority of 
the interactions involve the more mundane large cross section reactions discussed 
in Chapter 1 1. 



12.2 ■ e+e" ANNIHILATION TO HADRONS 

The e + e~ annihilation reaction contributed greatly to our understanding of the 
Standard Model. The change with energy in cross sections and final states, when 
the full set of electroweak processes begin to contribute, is a nice example of the 
opening of "new" physics as the energy increases. 



12.2.1 ■ Energies below Z°, the Electromagnetic Regime 

Figure 12.1 shows the data, accumulated over approximately three decades, for 
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We focus be- 



low on the energy region below Z . The data show the very large resonance cross 
sections for vector meson production near threshold for the creation of a new 
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FIGURE 12.1 Data for e+e~ 



10 

Vs(GeV) 

hadrons divided by e~*~e~ 



10 



li + H , from a number 



of experiments. The sharp peaks correspond to the production of J = l" resonances 
near flavor thresholds. The solid curve is the Standard Model prediction, which applies far 
from flavor thresholds. [Data compilation from the Particle Data Group, K. Hagiwara et al., 
Phys. Rev. D66, OI0001 (2002)]. 
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quark-antiquark pair. These include p, co, <j> for the light flavors, and the J/\js and 
T systems for the charm and bottom flavors. Data collected at the resonances 
have provided much information on the binding potential, as well as heavy me- 
son decay properties. Away from all thresholds, the cross section ratio R is nearly 
constant. In the region around 30 GeV energy in the center of mass, it is approxi- 
mately equal to 3.85. The lowest-order expectation for R is 

i 

based on the production of five flavors of nearly free quarks and antiquarks at short 
distances, including the factor of 3 from color. The lowest-order QCD correction, 
corresponding to the radiation of a gluon, shows up in the final state through the 
production of three jet events, where one jet is a gluon jet. This gives the more 
accurate prediction 



* = 3 E4 



<*s(s) 



(12.13 



In the regime where s = (30 GeV) 2 , the data indicate a gluonic correction of 
about 5%, in agreement with QCD expectations, providing a good measurement 
of ct s at the given s value. 

12.2.2 ■ Quark Fragmentation Functions 

The idea of nearly free quarks and gluons at short distances allows a calculation 
of the e+e~ total cross section, given by Eq. 12.1, as a ratio to the point-like 
cross section to /x^/i'. The quarks and gluons, however, fly apart, and at longer 
distances eventually produce a cascade of colorless particles in jet structures. The 
particles with a large fraction of the initial quark energy and momentum (called 
leading particles), can be expected on average to have internal quantum numbers 
correlated with those of the quark. Lower momentum particles have on average 
no net internal quantum numbers, but are required to neutralize the color fields 
that stretched between the initial rapidly separating quark and antiquark (for the 
case of no additional gluon jets). These lower momentum particles form a central 
region rapidity plateau along the q, q axis, analogous to that seen in inelastic 
hadron-hadron scattering discussed in Chapter 1 1. 

The process leading to the final jets is called quark fragmentation and is de- 
scribed in terms of a number of functions that are matched to the data. These 
functions describe the probability of finding a hadron of a given type in a jet initi- 
ated by a specific quark (or antiquark, or gluon), where the hadron carries a given 
fraction of the large initial quark energy. The functions describe the leading par- 
ticles within each jet in terms of the initiator of the jet and its energy, independent 
of the number of other jets. The particles in the central region cannot be described 
this simply, and their distributions depend somewhat on the types and interactions 
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of the full complement of jets. This simple picture is approximate even for the 
leading particle distributions, which show very slow logarithmic changes, analo- 
gous to those seen in the beam and target fragmentation distributions in inelastic 
hadron-hadron collisions. The quark fragmentation functions are, however, very 
useful, allowing nearly universal predictions of the hadrons produced in a jet, 
which is initiated by a quark far away from all other colored particles in momen- 
tum space, independent of the initial overall scattering process. 

The transverse momentum distributions for the hadrons in a jet, relative to the 
jet axis, are rather similar to those in inelastic hadron scattering. These momentum 
components are exponentially limited, with the scale for the average transverse 
momentum ~ ^ocd> A parameterization in terms of the transverse mass provides 
a good description across particle types. 

The fractional energy carried by a hadron of type h in a high energy jet initiated 
by a quark of type q is defined to be 

Z=-=A- (12.2) 

Eg 

The quark fragmentation function is then defined as 

c!N h . 

— = D;<(z); (12.3) 

it gives the distribution function for the number of hadrons of type h in the jet. 
Energy conservation gives the constraint 



?!' 



zD*(z)dz= 1. (12.4) 



Charge conjugation and isospin symmetry provide relations between a number of 
the fragmentation functions. For example: 

*> n u + =Df -=Df =Df, 

Df = Df. 

For the light quarks, the fragmentation functions can be approximately param- 
eterized as 

D f (z) = N K - -, (12.5) 

1 z 

where N and n depend on q and h. In general, if h contains the quark q y n is 
smaller than if h does not. Thus, for example, D" ^> D* for z near 1. If 
we imagine forming hadrons through a cascade of quarks and antiquarks created 
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from the vacuum, along the colored fields Unking the initially produced u and % 
then 7r + can be created from the initial high-energy u quark combining with an 
antiquark created from the vacuum, whereas n~ is made entirely of the quarks 
and antiquarks created from the vacuum. As a result, for particles moving along 
the initial u quark direction, the average 7r + energy is larger than the average re" 
energy. For large z, n c^ 2 for jt+ and n ~ 3 for n~ in Eq. 12.5. 

We expect the distribution for small z to be universal for a given type of hadron, 
independent of the light quark initiating the jet. Thus we have the general result 
that Dq(z) is independent of q (or q) for q = u, d, or s, as z — » 0. By isospin 
symmetry, we expect these distributions to be equal for h = tt~*~, tt°, or rt~. The 
distribution for z — > is, however, significantly smaller for kaons than for pi- 
ons, because hadronic resonances created in the cascade produce more pions than 
kaons when they subsequently decay, and also because the creation of .s\? from the 
vacuum is significantly suppressed relative to uu and dd. The suppression factor 
is about 3, as determined from the data. 

Figure 12.2 shows the inclusive fractional momentum distributions for a num- 
ber of hadron species seen in e + e~ annihilation at a range of center of mass 
energies. These represent a sum of the fragmentation functions over the quark, 
antiquark, and gluon jets produced. They illustrate the approximate scaling be- 
havior and the large preponderance of pions among the hadron types. 

The fragmentation function for the heavy quarks, c or b, to produce heavy 
mesons is very different from the light quark functions in Eq. 12.5, for two 
reasons. The first is that the cascade of quarks and antiquarks created from the 
vacuum contains only light quarks, to very good approximation. As already 
mentioned, even the ss component is significantly suppressed. Therefore, heavy 
mesons contain the initially produced heavy quark, but do not participate in the 
hadron cascade near z — 0. This cascade is responsible for the \/z factor in the 
light quark to light hadron fragmentation function, but is missing in the heavy 
quark to heavy meson case. The second reason is that the primary meson con- 
taining the heavy quark has a distribution favoring a value of z near one. This 
distribution is very different from the function in Eq. 12.5. To understand this, 
consider the light quark (or antiquark) created from the vacuum that ends up in 
the primary heavy meson. If we assume that the particle creation process from the 
vacuum results in comparable energies for this quark and the energy left for the 
remainder of the cascade, then the remaining cascade will carry very little energy, 
which can be seen as follows. Since the light quark in a heavy meson carries a 
fraction of the meson energy ~ m q jmQ (where q refers to the light quark or 
antiquark and Q refers to the heavy quark or antiquark), it will carry at most this 
fraction of the total jet energy. Taking this to be comparable to the energy in the 
rest of the cascade, and using energy conservation, we predict that the average z 
for the heavy meson is 
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29, and 91 GeV. [Data compilation from the Particle Data Group, K. Hagiwara et al., Phys. 
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FIGURE 12.3 Measured e+e~ fragmentation function of b quarks into B hadrons at 
y/s = 91 GeV. [Data compilation from the Particle Data Group, K. Hagiwara et al., Phys. 
Rev. D66, 010001 (2002)]. 



In this formula, the light quark parameter mass is ~ ^qcd- The measured aver- 
ages are (z) — 0.6 for charm and (z) — 0.75 for bottom mesons, with the most 
likely values even larger. Figure 12.3 shows the fragmentation function for the b 
quark to produce B hadrons. The data come from the decays of the Z , but look 
the same as at lower energy. 

12.2.3 ■ e + e~ Annihilation in the Electroweak Regime 

Figure 12.4 shows the measured e e cross section to hadrons versus center of 
mass energy, along with the calculated value based on the full electroweak contri- 
butions in the Standard Model. At the Z° resonance, the cross section is enhanced 
enormously; it then falls again as the energy increases beyond this resonance. 
The mix of fermion types and the angular distributions at Z° were discussed ex- 
tensively in Chapter 10; they differ significantly from the lower energy values 
where the production is proportional to the electric charge squared of the fermion- 
antifermion pair. The quark fragmentation functions are, however, the same at 
Z° as for virtual photons. Other than at the Z° resonance, the cross section falls 
with increasing energy, requiring accelerators with larger luminosity as the energy 
rises, in order to provide enough interesting events to study. 

The cross section in Figure 12.4 has various contributing electroweak pro- 
cesses. However, those due to the Higgs boson have not yet been seen. The direct 
production process e~^e~ —» A/ is too small to be seen, since the Higgs couples 
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FIGURE 12.5 The domi- 
nant //° production process 



Standard Model. 



to mass and the electron is very light. The dominant process for Higgs production 
in e+e~ annihilation is shown in Figure 12.5. The Higgs coupling is completely 
predicted in terms of the Z° mass in the Standard Model, which has just one single 
scalar excitation. 

The Higgs boson produced via the process in Figure 12.5 should be easy to 
detect once the total energy is above Mz + mg. For example, it can be seen in 
a recoil mass distribution opposite Z°, where Z° can be detected most cleanly 
through its decay to e + e~ or /x + ^~. The present set of data, using the highest 
energy e~*~e~ collider, imply that the mass of H is greater than about 110 GeV, if 
it exists. Therefore, it will require the construction of a new, higher energy, e''e~ 
accelerator to study this process. 

Other interesting H° production processes that are large at high energies are 
shown in Figure 12.6. These again test the couplings to gauge bosons, which 





FIGURE 12.6 Additional interesting electroweak processes leading to an H in e + e 
annihilation. 
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are completely predicted in the Standard Model. Checking these couplings, as 
well as those responsible for H° decay to various final states, would constitute 
crucial tests of the symmetry breaking scheme. Since H° has yet to be found, 
we might find an entirely different mechanism. Whatever the answer is, these 
types of searches are at the forefront of our quest to advance the understanding of 
electroweak symmetry breaking. 

12.2.4 ■ Energy Scale for Production of the Higgs Particle 

We said at the beginning of this chapter that the source of electroweak symmetry 
breaking, the H D or whatever plays its role, should be found somewhere between 
100 GeV and I TeV. The low end of the range is favored by the precision elec- 
troweak data, for example, the ratio of the W and Z masses, which favor a value 
of triH ^100 GeV. The upper limit is provided by considering the diagrams of 
Figure 12.6 more carefully. These diagrams include gauge boson-gauge boson 
fusion, where the H° appears as a resonance. Allowing the H° to decay back 
into gauge boson pairs, we can consider this as a contributor to gauge boson- 
gauge boson scattering. There are, however, other diagrams involving only gauge 
bosons that contribute to gauge boson-gauge boson scattering, since the bosons 
interact with each other. For energies too small to produce the Higgs boson, these 
other diagrams are the only significant contributors. They grow with energy since 
the gauge boson longitudinal polarization terms by themselves would lead to a 
nonrenormalizable theory. At what energy would these terms violate unitarity for 
angular momentum J — 0, the channel where H° contributes, when the ampli- 
tudes are calculated perturbatively? The answer is about 1 TeV. Hence, before 
this energy, either the H° must contribute, restoring unitarity, or the interaction 
becomes strongly interacting so that the perturbative calculation breaks down, in 
either case, new physics will have to show up in the gauge boson-gauge boson 
scattering channel by 1 TeV. 



12.3 ■ HADRON STRUCTURE AND SHORT DISTANCE SCATTERING 

Rare, large-momentum transfer collisions are seen in pp and pp interactions at 
very high energies. The large transverse momenta are typically carried by jets 
of particles, with the properties of each jet rather similar to the light quark and 
gluon jets seen in e + e~ annihilation to hadrons. In addition, heavy quark and 
antiquark pairs are produced with small cross sections. For the case of a large 
exchange of energy and momentum, the constituents of the proton or anti proton 
cannot coherently participate in the scattering process and we expect that we are 
seeing incoherent scattering of the individual point-like constituents of the par- 
ent hadrons. The interaction between these constituents is specified by QCD at a 
large q 2 scale. Since a s (q 2 ) decreases at large q 2 y this is the regime where pertur- 
bation theory should apply. In fact, the successful description of these scattering 
processes has been a major triumph of QCD. 
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To ensure a reasonably small coupling constant, the momentum transferred 
should be > 10 GeV. This is the perturbative regime where the simplest diagrams 
provide a rather good description of the physics. Thus, for example, the very rare 
process g g — > tt for top quark production is a very high q 2 process, and a rather 
good calculation of the rate in very high energy pp or pp collisions should be 
possible in terms of the probabilities for finding gluons of various momenta in 
the proton. This process should be the dominant way to produce tt in future pp 
colliders at center of mass energies larger than 10 TeV. 

To calculate the dominant large-momentum transfer processes in pp or /;/; col- 
lisions, such as gg — > qq or gg s gq — ► gq, qq — > qq, qq — » qq, or gg, which 
are analogues of the electromagnetic processes of Chapter 3 (with the important 
addition of the coupling between gluons), we have to specify how we end up in a 
color neutral system. For example, in a typical scattering process with large mo- 
mentum transfer, the final state consists initially of colored remnants of the beam 
and target hadrons plus the colored scattered constituents. These are each widely 
separated in phase space and give rise to cascades of hadrons. The assumption 
that the longer time-scale hadronization process does not modify the overall rate 
works well. Thus the appropriate treatment of color, when calculating the scat- 
tering cross section, is to average the constituent cross section over colors for the 
initial constituents, reflecting the colorless initial hadrons, and sum over all colors 
for the final quarks and gluons. 

An interesting check of how color should be treated can be made by compar- 
ing a strong and electromagnetic process. Figure .12.7 shows the diagrams for qq 
annihilation to tt (the dominant process for tt production at 2 TeV) and to large 
invariant mass e + e~ pairs. The latter is called the Drell-Yan process. In both 
cases, the q and q must have the same flavor. For the e^e~ final state, they must 
also have the same color, since the photon is neutral. For tt, all final state colors 
contribute incoherently to the cross section. A consequence of color is that the 
factor of 3 in R for color in e^ e~ annihilation is replaced by a factor of ^, com- 
pared to a calculation in a colorless theory, for color annihilation in the Drell-Yan 
cross section. These considerations are all verified by calculations that agree with 
the data. 





FIGURE 12.7 Diagram for q\q\ annihilation through a gluon and through a photon. For 
the gluon, all colors of q\ and q\ contribute; for the photon, only the colorless combination 
contributes. 
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The lowest-order two-body scattering cross sections can be calculated from 
the appropriate Feynman diagrams, where initial spins and colors are averaged 
and final spins and colors are summed over. As an example, the diagrams cor- 
responding to gq and gg elastic scattering are shown in Figures 12.8 and 12.9, 
respectively. 







~g 



FIGURE 12.8 Lowest-order diagrams for quark-gluon scattering. The first two diagrams 
are the same as for Compton scattering; the third comes about because gluons couple to 
each other. 






FIGURE 12.9 Lowest-order diagrams for gluon-gluon scattering. Time flows upward in 
the fisure. 



The differential cross section for each constituent pair, considering only light 
constituents, can be written as 



da 
~dt 



F(s,t,u). 



Here s,t,u are the Mandelstam variables for the constituent pair scattering pro- 
cess and all constituent masses have been ignored, as appropriate for high energies 
and light constituents. The function F is dimensionless, and is tabulated for the 
various scattering processes in Table 12. 1 . In order to get a feeling for the size of 
the various cross sections, the value of F for 90° scattering, where t = u = —s(% 
is included in the table. Note that gg scattering has by far the largest cross section. 
The labels 1 and 2 indicate different lieht flavors. 
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TABLE 12.1 Cross Section Factors for Light Quarks and Gluons. 



Process 



F(s, t, u) 



V 2 2/ 



q\qi -> q\qi 



q\qi -> q\qi 



q\q\ -> ^Kyi 



q\q\ ^ qiqi 



q\q\ -» 4i<7i 



tfitfi -> S£ 



££ "^ ?l<7i 



<7S -> 4£ 



<?£ -> gg 
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12.3.1 ■ Momentum Spectrum for Constituents 

To use the QCD quark and gluon cross sections, we must specify the momentum 
spectrum for the incident constituents. We will take up this issue next. To be spe- 
cific, we take the parent hadron to be a proton. If the proton were a nonrelativistic 
weakly bound system, each constituent would carry a fixed fraction of the proton 
4-momentum (given by the ratio of the constituent mass to the total mass) in any 
frame. For a relativistic system it is more complicated; however, we will be able 
to make use of the limited momentum in the bound state to simplify the result at 
high energies. 

Consider a constituent that at some moment in time has the 4-momentum 
E, p z> p t in the proton rest frame. The momentum components will change over 
time due to interactions, but with typical values ~ ^qcd> Suppose we boost the 
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4-momentum to a high-momentum frame, for example, the center of mass of a 
subsequent collision. At high momentum, p — \, and we have for the transformed 
constituent 4-momentum: 

E' = y(E + /?,), pi = y(E + p z )> pf = Pi- 

Ignoring p\ at large longitudinal momentum, the constituent carries a fraction of 
the total 4-momentum of the proton given by 

£ + Pz 

x = — . (12.6) 

m p 

For a weakly bound nonrelativistic system, this gives the expected unique value 
for a. For the relativistic proton constituents, we expect a continuous spectrum 
of values for a*, since p z and E can be comparable. Thus, the constituent mo- 
menta are specified by a distribution function of the variable x for each type of 
constituent. We shall write these functions as //(a), where / specifies the type of 
light quark or gluon. Energy conservation then requires 

f dx^xfi{x) = I. (12.7) 

We usually sum the probabilities over the color types, which must all be equally 
likely. Therefore, for a quark, //(a) is the distribution for a flavor of type i with 
any color choice; for a gluon, the sum goes over the eight color choices, giving 
the probability to find a gluon of any color. The functions //(a) depend on the 
details of the bound state and thus cannot be calculated from first principles in the 
absence of a detailed theory of the proton. They will have to be extracted from 
data and can then be used for a wide range of processes. 

Consider the scattering of constituent number 1 from the beam particle on con- 
stituent number 2 in the target. We can calculate this in terms of the probabilities 
to find given fractional momentum constituents and their scattering cross sections. 
For fractional momenta x\ and A2, the invariant mass squared for the scattering 
system is s = x\X2S y where s is the analogous quantity for the parent system. 
In this calculation we assume that all particle masses can be ignored. For a 2-jet 
final state, the constituent scattering differential cross section can be written as a 
function of the constituent momentum transfer t for a given s. Therefore, we can 
write the differential cross section as 

do do A * „ 

= /lUl)/2(*2)-pr(*,',K). (12.8) 



dx[ dx2 dt dt 

In this expression, do jdt must have the appropriate average over initial colors 
and sum over final colors. In addition, we typically do not separate events by jet 
type; so the expression has to be summed over all participating subprocesses, that 
is, over all choices for the constituent types. The various cross section factors were 
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given in Table 12. 1 . What we need, in order to do a calculation, are the // (x). We 
turn to this issue next. 



12.4 ■ DEEP INELASTIC LEPTON-PROTON SCATTERING 



To unravel the constituent structure of the proton, we need a probe whose struc- 
ture is simple and well understood. Such a probe is provided by choosing a lepton 

The interaction with 



of high energy and looking at scattering with \q 2 \ ^> X 2 



QCD- 

the lepton involves the electroweak interactions, for which the lowest-order term 
is a good approximation because of the smallness of the coupling. We show in 
Figure 12. 10 a few of the possible processes. We examine only e~ p scattering at 
a momentum transfer such that X 2 q CD <$C \q 2 | <$C M\\ in this case, we need worry 
only about photon exchange. The other processes can be treated analogously to 
the e~ p case. These reactions are called deep inelastic scattering, indicating that 
the momentum transfer is large. Deep inelastic e~p scattering is of great his- 
torical importance, having established for the first time that the proton has light 
constituents that interact in a point-like fashion. These constituents were subse- 
quently identified as the light quarks and gluons, the objects needed to understand 
the spectrum of light hadronic states. 






FIGURE 12.10 Several scattering processes using leptonic probes. The final hadronic 
state can contain many particles. 



The final states produced at high energy in a deep inelastic ep event can contain 
many particles. Denoting a specific such state as |n), the matrix element for the 
process is, in the single photon exchange approximation: 



Mi 



? 2 u(p')y fl u(p)(n\ J jX \P)/q 2 



(12.9) 



Here the initial and final electron momenta are p and p\ respectively; the proton 
momentum is P; and the charge e has been factored out of the matrix element 
of the hadronic current operator. However, focusing on a given final state \n) will 
obscure the basic physics, since the rate to a given state depends both on the 
basic constituent scattering and on the details of how the constituents re-form 
into hadrons. Summing over all final hadronic states, for a given value of the 
kinematic parameters of the scattered electron, allows a separation of the short- 
distance physics from the long-distance hadronization process. This is called an 
inclusive measurement. 
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Prior to looking at the expression for the inclusive cross section, consider the 
kinematics of the process. The scattering of an electron of a given initial energy 
on a proton can be described in terms of the electron scattering angle and its 
energy Joss. These can be combined to calculate the 4-momentum transfer 4. The 
invariant ^J—q 2 can be thought of as roughly the inverse of the distance scale 
probed by the virtual photon. For scales corresponding to 10~ 16 cm, the present 
experimental limit, the quarks and gluons appear to be point-like, whereas the 
proton structure is apparent at distances small compared to 10~ 13 cm. 

From q and the initial proton momentum P, we can calculate two independent 
invariants for the virtual photon-proton system. The first is q 2 . We often take 
Q 2 = —q 2 , in order to use a positive quantity. The second independent invariant 
is P ■ q = m p (E — E') in a frame where the proton is initially at rest. Thus the 
energy transferred in this frame, defined to be the variable v = E — E\ is also an 
invariant. 

If we consider the scattering as due to the proton constituents, we can ask, 
what kinematic quantities describe a constituent in a given scatter? In a frame 
where the proton is initially moving at high momentum, we can solve for the final 
momentum of the constituent via the 4-momentum conservation relation: 

/; (lnal . + #?' = /V nidal + D 

/'constituent ' " /constituent ' r- 

Using Eq. 12.6 and the momentum transfer q, this gives 

tinal _ p , 

/'constituent ~~ A ' ~ L l ' 

Squaring this and assuming that we can ignore the constituent mass squared and 
the proton mass squared compared to the large quantity Q 2 , gives the relation 

-q 2 Q 2 Q 2 

x = — — = — — = -¥— . (12.10) 

IP ■ q IP - q 2m p v 

The dimensionless variable x is called the Bjorken scaling variable. Scattering at a 
given Bjorken x provides a microscope with which to look for proton constituents 
carrying a fraction x of the momentum of the rapidly moving proton. The cross 
section will depend on the distribution function for finding such constituents. 

Finally, we would like to ask, what invariant mass hadronic final states are 
produced in a given reaction? The 4-momentum of the entire hadronic final state 
is given by P + q. Squaring this, we get the hadronic final state invariant mass 
squared 

m 2 = m 2 p + IP ■ q + q 2 = m\ + Q 1 ( - - 1 J . (12.1 1) 

We see from this that x = 1 corresponds to elastic scattering and that < x < 1 
in general, as expected from the interpretation as a fractional momentum for a 
constituent. We require Q 2 and m 2 to be ^> m 2 for the constituent picture to be 
valid. 
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12.4.1 ■ Cross Section for Deep Inelastic Scattering 

We turn next to a calculation of the inclusive cross section. We do this first by 
an entirely general formulation based only on Lorentz invariance, parity conser- 
vation, and gauge invariance for the single-photon exchange term. We will then 
make the connection of the general result to the specific formulation from the 
constituent point of view. 

We perform the calculation in the proton rest frame, the appropriate frame 
for the initial experiments that were performed. We also assume an unpolarized 
electron beam and an unpolarized proton target. Equation 12.9 gives for the dif- 
ferential cross section, summed over all hadronic final states: 

(Ana) 2 d 3 p' ^ r// ).. 44 MOn , 

da = - — - —}L(27z)&(p f - Pi ). (12.12) 

2m p 2E lE'ilny q „ 

L e }iV is the square of the lepton current averaged over initial spins and summed 
over final spins. It is the same tensor that we calculated in electron-muon scatter- 
ing in Chapter 3. Ignoring the electron mass at high energies: 

L \iv = \ T*[£'Y/jl P Yv] = llp'uPv + PvlP' v - P ■ p'guv]. 

We leave the cross section differential in the electron scattering variables, which 
will be the independent variables, and sum only over the hadronic variables. 

To arrive at an inclusive cross section, we sum the tensor involving the square 
of the proton electromagnetic current matrix element to a given final state over 
all final states that satisfy 4-momentum conservation, and average over the proton 
spin. Thus, L^ v is (n\ J (Ji \P)*{n\ J v \P) averaged over the proton spin; it depends 
on \n). L p can then be summed over states \n) in the expression 



E 



L^(2n) 4 8 4 (p f - Pi ), (12.13) 



giving a tensor independent of \n). This tensor depends in general only on the 
vectors and invariants that describe the process. The sum over n includes the sum 
over the invariant phase space for each explicit set of final particles. From the 
delta function expression, p n — P+q fixes the 4-momentum of the final hadronic 
system, which is the same for all hadronic states that contribute. 
We will write the expression in Eq. 12.13 as 

tompW^v =Y^L^(2ji) A &\p f - Pi ). (12.14) 

n 

The historical constant A7tm p is included to simplify the expressions that occur 
later. The tensor W^ v satisfies the following conditions: 

1. It is gauge invariant. Therefore q^ W fXV = q v W flv = 0. 

2. It can be taken to be symmetric, since L e ]lv is. 

3. It is constrained by parity conservation of the electromagnetic interaction 
to transform under parity as a proper tensor of rank two. 
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4. It depends only on the two invariants q 2 and v, on the vectors P and q, and 
the tensor g^ u . 

The above constraints result in the following unique genera] form for W^: 



W^ v 



-gfiv + 



q 2 



Wiiq^v) 



q \ / Pq \ W 2 (q\ v) 



q J \ q J tn 



p 



W\ and W 2 are Lorentz-scalar functions of the available invariants. The physics 
can therefore always be expressed in terms of these two functions. 

At high energy we have, in the proton rest frame, Q 2 = 4EE' sin 2 (0/2), where 
is the electron scattering angle. Multiplying together the following two tensors 
gives, in this frame, 

L^ y W„ = AEE' (cos 2 jW 2 (q\ v) + 2sin 2 °-W { {q 2 , v)\ . (12.16) 

This calculation is facilitated by noting that the terms proportional to q }1 or q v in 
W^ do not contribute because of the gauge invariance of L e v . 

E a dE' dQ, Eqs. 12.12, 12.14, and 12.16, the 



Using d?p' 


= p'E'dE' d£l 


cross section is 




do 


a2 (w 


dE'dSl 


4£2 sin 4| ^ 



W 2 {q 2 , v)cos 2 - + 2Wy(q 2 ,v)sm 2 - ) . (12.17) 

Measuring the electron scattering cross section at different initial and final ener- 
gies and scattering angles allows a measurement of W\ and Wo. These functions 
are called structure functions. The measured structure functions are not small as 
Q 2 gets large; this is expected for point-like constituents in the proton, as we show 
in the next section. The data indicate a number of other regularities, which can be 
more clearly explained once we introduce the calculation in terms of constituents. 

12.4.2 ■ Structure Functions and Constituents 

Since Eq. 12.15 is entirely general, we expect that we can write the two structure 
functions in terms of the properties and distribution functions for the constituents. 
We assume constituents of charge ei (in units of e) and spin \ as expected for 
quarks. We state the resulting structure function formula for spin 0; this spin hy- 
pothesis gives a different result from the spin j case and is ruled out by the data. 
The proton constituents were initially called partons. The picture of the scatter- 
ing process where the partons are identified as quarks is called the quark-parton 
model. 
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Define /)■ (£) as the probability distribution to find constituent z, with charge £/, 
carrying a fraction £ of the proton momentum in a frame in which the proton 
is moving rapidly. We will calculate W^ v in such a frame. For point-like con- 
stituents, the scattering is elastic and the tensor L^ iV is calculated directly in terms 
of the current operator for the constituents. It is similar to the tensor for the scat- 
tered lepton, with the constituent momenta replacing the lepton momenta. Thus, 
with these assumptions: 

Way = I y^e?fi($)d£ f | L? IV — z(27T)*8 4 (p f -pi). 

(12.18) 

Here p' c is the final constituent 4-momentum, p c the 4-momentum for the initial 
state of the constituent. The rate is proportional to ej, since the interaction is elec- 
tromagnetic, and the sum includes the incoherent contribution of all constituents. 
For each constituent the sum over final states is given by the integral over the 
phase space for a single final particle. 

Note that a factor 2 E/2E C appears. This results from the use of covariant fields, 
implying a flux of 2E particles instead of one particle. Thus, when using the 
covariant proton fields, the probability density for incident constituents is actually 
2£//(£). Similarly, to describe a scattering with one constituent in both the initial 
and final state, we have to multiply by 

2E~c) \2Ei) ' 

with the second of the two already included in the invariant phase space. Thus we 
add only the factor of l/2E c . 

A convenient first step in simplifying Eq. 12. 18 is to add an integral over ener- 
gies by replacing 

^ with d 4 p[Mp' c -p' c -m 2 c ). 

This allows an integration over the four energy-momentum delta functions, elim- 
inating them. This gives then: 



1 

2m, 



^-ff c £^ (?) d ^K^p'c ■ p'c - »'')< 



where p' c = £P + q. Therefore, ignoring mr c and m 1 relative to Q 2 : , we have 
p f c .p> c - m l^2${P>q)-Q\ 

Integrating the last delta function against d% results in a factor of2(P • q) in the 
denominator and gives the constraint that 
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Q 2 



* 



IP -q 



Note that this result is an output of the calculation, giving again the relation in 
Eq. 12. 10. The result for W^ v is then 

VV = ^£^)^§. 02.19) 

Eq. 12.19 is so far quite general and would apply to spin constituents with 
appropriate choice of L^ v . 

For spin \ constituents: 

L iv = 2 [PopPc* + P**P'c ~ (Pc ■ Pc)8nv] , 

analogous to the lepton tensor. Using this expression, we are ready to identify 
corresponding terms in the expressions for W MU given by Eqs. 12.19 and 12.15. 
To make this easy, we can leave out all terms proportional to q^ or q v , since they 
give no contribution to the rate. They are present to enforce a gauge invariant 
expression. Therefore: 

P P 

w txv = -gu V W\ + -^-W 2 + terms involving q^ orq v . 

Similarly, 

L lv = 4x 2 P^P v - Q 2 g fXV + terms involving q lL or q v . 
Therefore, using Eq. 12.19: 

W 2 = -Tejxfi(x). (12.20) 

i 

We see several regularities: 

i. vV/2 = 2m p xW\. This equality, called the Callan-Gross relation, is ac- 
tually a unique prediction for spin ^. An analogous calculation for spin con- 
stituents gives the same result for vV/2, but W\ = 0. The data support the spin | 
assignment. 

2. Both VW2 and W\ are functions of x only. In principle they could be func- 
tions of Q 2 and v separately; instead, they are functions of the ratio. This pre- 
diction by Bjorken is called Bjorken scaling and is the signature of a point-like, 
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quasi-free substructure in the proton. We will see later in the chapter that this 
prediction is violated by slowly varying logarithmic terms. It turns out that the 
logarithmic corrections are calculable in QCD, allowing an excellent check of the 
theory. The scaling assumption is a good first approximation. 

For reference, we list a few alternative expressions that are used for the struc- 
ture functions and cross section. To use functions that scale, W 2 and W\ are re- 
placed by structure functions 

i 

Fi =m p W l . (12.21) 

The Callan-Gross relation is then F 2 = 2xF\. 

The differential cross section is often expressed in terms of other variables. As 
an example, 

dE'dQ = — dQ 2 dv 
EE' 

can be used to write the differential cross section 

da 



dQ 2 dv' 

Another choice involves using dimensionless variables, for instance, x. Another 
is: 

P -a 

y = 1 r ± , (12.22) 

p - p 

which for a proton initially at rest is v/E. Both x and y can range between 
and 1. Using the Callan-Gross relation and these variables, the cross section has 
the nice form: 



da 2na 2 r * 

s l+(l->0 2 



dx dy Q 4 



F 2 . (12.23) 



Here, at high energy, s is approximately 2m p E in the proton rest frame, and we 
have ignored terms proportional to m p /E. A measurement of the differential cross 
section allows the extraction of the structure function F 2 . 

12.4.3 ■ The Quark Picture for the Structure Function 

The discussion of the structure functions has so far not made the connection to 
the picture of the proton as a bound state of two u quarks and one d quark. We 
now build these ideas into a parameterization of the structure functions. We will 
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typically discuss the quantities 

F 2 (x) or ^F2(x) = Y^etMx). 

i 

Although we have discussed only ep scattering, very important measurements, 
tests, and constraints come from en scattering (measured using deuterons or other 
nuclei that have proton and neutron contributions), neutrino scattering on nucle- 
ons, and the production of e+e~ (or /z + /i~) with accompanying hadrons in pp 
or pn scattering. These reactions have different couplings to the constituents and 
allow a separation of the individual constituent terms contributing to the structure 
functions. All the data provide a beautiful confirmation of the picture outlined 
below. For the present discussion we will study ep and en results only. 

Define the distribution function for the u quarks in the proton, which corre- 
spond to the u quarks in the bound state picture, as u p (x). Here p tells us we 
are looking at a proton and v stands for a "valence quark." The valence quarks 
account for the internal quantum numbers of the proton. Therefore, we require: 
/ u p (x) dx = 2; J xu p (x) dx is the fraction of the proton's momentum carried 
by the two u valence quarks. Similarly, the valence d quark distribution in the 
proton is d p (x). The simplest expectation is that d p (x) — ^u p (x). 

For a very weakly interacting system, the valence quarks would account for the 
entire structure function, in which case F p would equal x[^u p + <=, d p ]. However, 
QCD is a field theory allowing the creation of particles, and it is also strongly 
interacting on the scale of the proton radius. Thus we expect to find gluons, as 
well as valence quarks, if we look at the proton on a short-distance scale. The 
gluons do not interact electromagnetically and appear as a noninteracting neu- 
tral component that carries some fraction of the proton's momentum. However, 
the gluons can also create pairs, which are electrically charged. This component 
interacts electrically and provides constituents that are called sea quarks and anti- 
quarks. These are denoted u p (x), u p (x), d p (x), d p (x), s p (x), and s p (x), for w, d, 
and s quarks and antiquarks, respectively. They satisfy relations following from 
production in pairs, for example, 



/ u p (x)dx = I u p (x)dx. 



The simplest assumption is that 

u p s {x) = u p s {x) = d s p (x) = d p (x) = s p (x) = s p (xy, 

although St/ (3) violation makes it likely that the strange quark and antiquark 
distribution are suppressed relative to the lighter constituents. Thus the simplest 
approximation involves one valence distribution function and one sea distribution 
function. 

The structure functions extracted from the data, which we turn to shortly, indi- 
cate a few complexities that are nonperturbative in origin: 
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3. 



In the proton, d$(x) does not equal ^Uy(x) as x — > 1. It turns out that only 
a u quark can be found at very large x, indicating that, for the remaining 
valence quarks, an isospin ud state is preferred in this configuration. Ap- 
parently, the probability for a uu state accompanying a d quark that has x 
near 1 is suppressed. 

The probability of finding u and d sea quarks are not equal. The integral of 
the function d.?(x) is larger than that for wf (x). The valence and sea quarks 
are not entirely independent of each other. 
SU(3) violation suppresses strange quarks. 



We use a few simple forms to fit the data in terms of the valence and sea 
distribution functions. For example, for each type of valence quark a function 
of the form A(\ — x) u is a good first approximation, with a more complicated 
polynomial used for higher- precision fitting. For a sea quark distribution, 



B 



-a-*r 



is a good first approximation, where again a polynomial can be used for more 
accuracy. Since the sea quarks arise through a bremsstrahlung and pair production 
mechanism, they have on average much smaller x values than the valence quarks. 
Hence we expect, and in fact find, that m ^> n. As x — » the sea quarks dominate 
F2(x) and lead to a nonzero value, as seen in the data. 

Figure 12.11 shows F^ versus x for a Q 2 of approximately 5 GeV 2 . The cross 
section data are taken using muon beams, instead of electron beams, which should 



F''(x) 



>N 



Q 2 = 5 GeV 7 



<L* . , 




FIGURE 12.11 Ff(x) determined in muon-proton scattering. Curves are predictions of 
several models that were formulated prior to the data collection. The logarithmic scale in 
x allows better visualization of the region at small x. [From P. Amaudruz et al., Phys. Lett. 
B295, 159(1992).] 
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give the same structure functions. F% is large for x values out to about 0.2 and then 
drops rapidly. A very large range of data for F£ are displayed in Figure 12.12. 
The data clearly indicate that scaling is only an approximation. The solid lines in 
this figure are the impressive fits to the Q 2 changes in F% based on QCD, which 
we will discuss later in the chapter. 

The use of neutrons as the scattering target provides a nice additional data set, 
where isospin symmetry provides useful extra constraints. In particular, 
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FIGURE 12.12 The proton structure function at fixed x for a very large range in Q~ . 
Curves are fits based on QCD. Data come from a number of experiments. For clarity, an 
amount C t = 1 3.6 — .06/ is added to Fl , where / = 1(18) for the lowest (highest) jc-value, 
to allow each curve to be followed separately. [From J. Breitweg et ah, Eur. Phys. J. C7, 
609(1999).] 



12.4 Deep Inelastic Lepton-Proton Scattering 



427 



with analogous relations for the sea quarks. Figure 12.13 shows the ratio of F% 



to F%. We see that 



F^(x -> 0) 



Ff(x 



0) 



1, 



as expected from an identical sea quark dominated region at very low x, and 

F2(x -> I) 



F 2 P (x -+ 1) 



1 
4" 



This ratio corresponds to the ratio of the d quark to the u quark charge squared, a 
result expected if the region x —> 1 can only have a u quark in the proton, leading 
to only a d quark in the neutron by isospin symmetry. 
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FIGURE 12.13 Ratio of F^/F^ versus x. Data were taken with muon beams of 90 GeV 
and 280 GeV incident on proton or deuterium targets. Bands in the figure indicate the 
systematic error versus x for each beam energy. [From P. Amaudruz et al., Nucl. Phys. 
B371, 3 (1992).] 



Using the quark charges and assuming an identical sea quark distribution for 
the proton and neutron, we can use isospin symmetry to obtain 



[Ff(x) - F?(x)] = - (uP(x)-dS(x)) 



(12.24) 



The data for F% minus F£ are shown in Figure 12. 14. The difference peaks around 
0.3, as expected naively for three quarks that share the nucleon momentum. In the 
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FIGURE 12.14 Difference of F? — F£ versus x. Data were taken using electrons on 
proton or deuterium targets. [From A. Bodek et al., Phys. Rev. Lett. 30, 1087 (1973).] 



approximation where d»(x) = \uy(x), and ignoring sea quarks, we expect from 
Eq. 12.24 that 3[F£(x) - F»(x)] = F?(x). This is roughly true for 0.25 < x y 
indicating that in this region we find valence quarks predominantly. Relaxing the 
assumption about identical sea quark distributions in the proton and neutron, we 
can derive the interesting result: 

f (F 2 p (x) - F?(x)) - = \ - \ f (d?(x) S!(x))dx. 

JO * 3 3 Jo 

The integral over the measured structure functions is 0.24 ± 0.03, indicating that 
the light-quark sea distributions are not equal for d and u. 

Finally, if we ignore the strange sea quarks, we can use isospin symmetry and 
the data to derive the momentum fraction carried by gluons. Defining the frac- 
tional momentum carried by the sum of quarks and antiquarks of a given flavor: 

fu,u = f dxx [<(x) + 4{x) + u p (x)] , 

with /f - the analogous quantity for d and d quarks, can calculate: 



/ 
/ 



"W = U, + k'j. 



1 



9" 

4 



dxF?(x) = -f p - + -f p -. 



(12.25) 



The measured values of these two integrals are 0.18 and 0.12, respectively. We 
can then solve for each fraction, getting the result: 



^=0.36, /'- = 0.18. 



12.5 Scaling Violations 429 

Assuming that gluons carry most of the rest of the momentum gives a fraction: 

// = 0.46. 

This is a large number; gluons carry nearly half the momentum at Q 2 values 
^ 5 GeV 2 , which are typical values for the data used. 



12.5 ■ SCALING VIOLATIONS 

In the scaling picture of the structure functions, the scattering of either valence 
or sea quarks by the virtual photon results in a final state that consists of the 
scattered quark and the proton remnant. Both of these are colored and result in 
jets of hadrons after hadronization. The final state structure therefore consists of 
two jets. 

The QCD interactions can, however, provide additional dynamic processes. As 
an example, the quark that absorbs the virtual photon can emit a gluon leading to 
a three-jet final state. This is an order a s correction to the scaling cross section, 
analogous to the a s correction to the formula for R in e + e~ annihilation. It can, 
however, be included within the structure function framework given by Eq. 12. 15, 
which was completely general. The question is, however, how does it modify the 
very nice picture of these functions in terms of constituent distribution functions, 
for example, as given in Eq. 12.21, which led to the scaling behavior? 

The diagrams for the lowest-order QCD corrections to the simple quark con- 
stituent picture are shown in Figure 12.15. Note that the diagrams involving an 
initial state gluon allow a measurement of the gluon distribution function, which 
does not contribute directly at lowest order. For sufficiently large Q 2 , the short- 
distance behavior of QCD makes a perturbative calculation of these diagrams a 
good approximation. Using perturbative QCD, we can predict violations of the 
simple scaling behavior as well as the distribution and rate for multi-jet events. 
Then we can compare these predictions to experimental data and validate the dy- 
namics of QCD at short distances. The data also provide a good measurement 
of a s (Q 2 ). This turns out to give one of the most accurate measurements of this 
parameter. It agrees nicely with the other determinations, such as that obtained 
from the value of R discussed earlier in the chapter. 






FIGURE 12.15 Order a s corrections to simple constituent picture. The lepton that emits 
the virtual photon is not shown. 
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FIGURE 12.16 Contribu- 
tion of gluons to quark scat- 
tering by the photon. 



In order for the higher-order QCD processes to make a significant contribu- 
tion of order a s , the kinematics of the various initial constituent particles are 
constrained to be quasi-one-dimensional in a frame where the proton moves at 
very large momentum. Thus, the higher-order processes share some features with 
large cross section processes, particularly the pair- production process discussed 
in Chapter 11. To see how this works, we take as an example the gluon initiated 
diagram, where the constituent that absorbs the virtual photon is a light quark. 
This is shown in Figure 12. 16. 

For the gluon 4-momentum in the diagram, we take a value that is y times the 
proton 4-momentum. We specify the fraction of the gluon's momentum carried by 
the quark as z. The antiquark carries a fraction 1 — z. The quark therefore carries 
a fraction zy of the proton's momentum. We keep the notation that x is the frac- 
tional momentum for the quark that absorbs the virtual photon; therefore x = zy. 
We assume that the various energies and longitudinal momenta are large com- 
pared to the constituent particle masses and the transverse momentum generated 
in the QCD part of the process. These can then be ignored to first approximation, 
allowing the constituent momenta to be defined in terms of fractions of the parent 
particle momentum. It also allows decoupling, to good approximation, of the lon- 
gitudinal and transverse degrees of freedom in integrals over phase space. These 
features are similar to approximations used in the pair-production calculation in 
Chapter 1 1 . 

Next, we calculate the cross section in a coordinate system in which the proton 
momentum, taken to be very large, and the momentum carried by the virtual pho- 
ton are col linear, defining the longitudinal direction. In this frame, the constituents 
have the following 4-momenta, where we now include the transverse momentum 
generated through the diagram of Figure 12.16 as a small correction: 



Pg = (E g ,E g .O), 



m 

2z.Eo 



Pt 



p- q = l(i- z )E g ,(l-z)E g - 



2(1 -z)E g 



~Pt 



Here we ignore the quark and antiquark masses. We will use these expressions 
in the following calculation of the contribution to the rate for this diagram. In 
calculating a rate, the amplitude corresponding to the Feynman diagram for Fig- 
ure 12.16 has to be squared, with appropriate averages and sums over spins and 
colors taken. 

This calculation involves four elements that we consider in turn. 



QCD vertex. For this term in the calculation, we want the contribution from the 
g -» qq part of the diagram given in Figure 12.16. A calculation of this vertex 
factor gives a function of z and \p t | 2 . If we consider the situation of small p t , we 
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can expand this function in terms of a Taylor series around p, = 0. Because of 
gauge invariance, which requires that only the two transverse gluon polarizations 
contribute, this expansion gives a term of the form | p, | 2 times a function of z. 
This result is true for all of the QCD vertices in the diagrams in Figure 12.15. 

To calculate the contribution to the rate, first square the quark-antiquark current 
and sum over spins. The result is the same as that given in Section 3.3.2: 

Next, dot this result with the tensor resulting from averaging over gluon polariza- 
tions, which is 

\(e y e y + e z e z ), 

where the transverse directions are chosen to be the y and z directions. After the 
dot product, this gives 

21/W— + 



- z 



This expression must be multiplied by the strong coupling constant squared, 
47za s , and averaged over initial and summed over final colors. We return to the 
color average at the end of the calculation. 

The propagator. The next piece of the diagram is the quark propagator. We look 
only at the denominator in the propagator and assume that the spinor terms arising 
at each vertex are lumped with the given vertex, as we did with the QCD vertex. 
The denominator in the propagator is given by: 

(Pg ~ Pq) 2 ~ m q = ~ 2 Pg ' Pq- 
In the frame where the x axis is defined by the gluon direction, the dot product is: 

!£,(£'' - pi ) ~ || (\p,\ 2 + m]) = j^ (\p,\ 2 + mfj . 



This has to be squared, yielding a factor in the overall rate calculation (ignoring 
m*)of 

(1-z) 2 

\p f \ 4 ' 

Combine this with the factor of | p, \ 2 from the QCD vertex to get an overall 
factor of 1/| pi | 2 . This factor results in a cross section that favors low transverse 
momentum. 

Sum over states for the constituent that doesn't scatter. To calculate the rate, 
we must sum over the antiquark final states. This is given by 
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d 3 p r ' 
(27T) 3 2E</' 

which is 

dzd\p f \ 2 



16tt 2 (1 -z) 

after integrating over the azimutha] angle. 
In addition, we have a factor of 

lE g ~ Z 

from the state normalization, when we go from an incident quark to an incident 
gluon. This allows the final quark scattering term to be normalized as if the quark 
were the incident particle. 

The electromagnetic vertex where the quark scatters. If we ignore the trans- 
verse momentum, compared to the large longitudinal momentum, as we did earlier 
with the transverse momentum stemming from the proton wave-function, then this 
vertex involves the interaction of a quark of fractional momentum zy with the vir- 
tual photon. This interaction gives a contribution to Fi at a value of x given by zy. 
In this approximation, the contribution at the electromagnetic vertex is the same 
as the lowest-order quark contribution at the given x, outlined in Section 12.4.2. 
The contribution to the structure function of this diagram therefore satisfies the 
Callan-Gross relation, since this relation works for any x value. Therefore, the 
diagram in Figure 12.16 provides a modification of the density function for find- 
ing a quark in the proton, since it contributes the same way as the initial density 
function. This key idea allows the higher-order corrections to be included in the 
distribution functions, although it results in slow Q 2 violations of scaling. In fact, 
these considerations are independent of which probe scatters the quark, and work 
for other kinds of short-distance interactions. 

A few additional comments concern the above structuring of the calculation. 
We considered only one of the two diagrams initiated by the g — ► qq process. 
Treating the two contributions, where the q or q absorb the virtual photon, as sep- 
arate with separate rates, is justified provided Q 2 is large, since the two processes 
then do not overlap in the phase-space for the final state. Thus the contribution 
of the diagram where the virtual-photon is absorbed by the quark can be added to 
the quark contribution to the structure function; the diagram where the antiquark 
absorbs the photon can be added to the antiquark contribution to the structure 
function. 

Our calculation assumes the production of light quarks. The same diagrams 
can, however, be used to calculate the rate for heavy quark and antiquark pro- 
duction explicitly, in terms of the gluon structure function. Such a calculation 
gives a good prediction of these small contributions to the cross section. Finally, 
we could keep the transverse momentum in the calculation of the matrix element 
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at the virtual-photon quark vertex. In this case, the resulting cross section yields 
structure functions that violate the Callan-Gross relation. These small violations 
are in fact found in the data. They also result from the transverse momentum 
stemming from the proton wave-function, which we also ignored. 

We next multiply the four factors in the quasi-one-dimensional approximation 
for the order a s calculation. If we write the photon-quark cross section as ao(x), 
the contribution of the diagram in Figure 12.16, for a fixed y value, can be written 
as 

do ct s 1 

, ,, - , 2 = "Oto^pr^/U). (12.26) 

dzd\p t \ l ^7i\Pt\ z 

The strong coupling constant is factored out explicitly and f(z) is the product of 
the various ^-dependent terms. The fractional momentum x = zy y and the cross 
section still needs to be integrated over the distribution function for various y 
values. Including the color averaging, f(z) is 



f(z) = \[z 1 + (\-z) 1 



(12.27) 



The factor of ^ in Eq. 12.27 arises because of color and is called a color factor. 
Each diagram in Figure 12. 15 has such a factor arising from averaging over initial, 
and summing over final, colors. These factors can be calculated from the color 
interaction discussed in Section 4.5, in particular Eq. 4.7. Thus for given colors, 
the g — > qq interaction is proportional to T% m , where a specifies the gluon color 
and n, m the quark and antiquark colors. When the matrix element is squared and 
then summed over final colors, we get a factor: 



£ 



nm mn ' 



Here we use the fact that the generators are Hermitian (the index a, specifying the 
gluon type, is not summed over). The sum above is just 



Tr 

Using the general formula, 

Tr[r ff 7>] 



T 2 



~2~ ! 



gives a factor of ^. Since this is true for each gluon, averaging over gluon colors 
gives the same result. Contrast this result with what we would get for a transition 
of the gluon to a colorless single particle state, for example, a single vector meson. 
In this case the colors interfere in the amplitude and the amplitude is proportional 
to 
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since the generators are traceless. The color factors weight the different contribu- 
tions in Figure 12.15 differently and are explicit predictions of the theory. 

In order to complete the cross section calculation, we return to Eq. 12.26 and 
integrate over | p, | 2 first. The upper limit in this integral occurs for 90° scattering 
for which \ p, \ 2 = s/4, where s is the square of the center of mass energy. We 
can calculate s by squaring the initial 4-momentum, which is yP + q. Ignoring 
the proton mass, this gives a maximum value of 

I Pi I = T 

Integrating over | p { \ 2 gives then a factor 

Q 2 



log 



l^iz) 



(12.28) 



The lower cutoff of the integral includes the z-dependent factors and depends 
on physics at the scale ~ ^qcd- This includes, for a more exact calculation, the 
particle masses that were omitted in the earlier equations as well as transverse 
momentum in the bound state. Since these nonperturbative features are not com- 
pletely understood, it seems difficult to complete the calculation and obtain the 
cross section contribution of the diagram in Figure 1 2. 16. Note, however, that we 
do not know a priori what the initial constituent distributions are, so it is difficult 
to attribute a given fraction of the cross section to Figure 12. 16. Instead, we com- 
bine the data with the theory in order to calculate the change in the distribution 
with Q 2 as opposed to its exact value. The result in Eq. 12.28 tells us how this 
diagram contributes as we go from a given Q 2 to a slightly higher Q 2 . This de- 
pends only on the Q 2 part of the logarithm with dependence on jjl 2 (z) dropping 
out. Thus what we actually calculate is the evolution of the structure functions 
with <2 2 , which is a logarithmic effect. This effect provides the violation of the 
scaling behavior, with structure functions no longer dependent only on jc, as seen 
in Figure 12.12. 

12.5.1 ■ Evolution Equations for Structure Functions 

We will rephrase the results above from the point of view of the consituent dis- 
tribution functions. As opposed to writing the a s contribution as a separate cross 
section, we use it to calculate the Q 2 evolution of the constituent distribution 
functions. These distributions are expressed as functions of x and Q 2 , so we need 
first to sum over all y and z that contribute to a given x value in Eq. 12.26. This 
sum is weighted by the probability of finding a gluon with a given y value. Taking 
g(y* Q 1 ) as tne gluon distribution function, this will give, for the cross section, 
the integral 

a(x, Q 2 )= [ dy [ dzg(y,Q 2 )8(x-zy)crc(z,Q 2 ), 
Jo Jo 
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where cr c (z, Q 2 ) is the cross section in Eq. 12.26, integrated over the transverse 
momentum. Integrating over the delta function gives the result: 

°{x, Q 2 ) = f —g(y, Q 2 )°c (-, Q 2 ) ■ (12.29) 

Only y values between x and 1 can contribute to a given x. 

Using Eq. 12.29, we can calculate the change with Q 2 of the cross section. 
Rewriting this in terms of the constituent distribution functions and including the 
contribution from all the diagrams in Figure 12.15 for the quarks, in addition to 
the result for g -> gg (which modifies the gluon distribution), results in a set of 
differential equations: 



'/(log Q 2 ) 

dg(x,Q 2 ) ^ aAQ 2 ) f l dy_ 
d(\og Q 2 ) " In J x y 



i: 



E* 



\^)qj(y>Q 2 ) + P8 8 (j) 



(12.30) 



These are called the DGLAP (Dokshitzer, Gribov, Lipatov, Altarelli, Parisi) equa- 
tions and provide the evolution equations for the fractional momentum distribu- 
tions for the light quarks or antiquarks (both indicated as q,(x, Q ), so that / runs 
from 1 to 6 for three light flavors) or gluons (indicated as g(x, Q 2 )). Both valence 
and sea contributions to a given flavor are lumped together in the qi(x, Q 2 ). The 
functions P qq > P qg , P gq , and P gg arc called splitting functions and are just the 
generalization for the various diagrams of the function f(z) (which is P qg (z) in 
Eq. 12.27). The subscripts indicate both the initial constituent and the final con- 
stituent, which can then scatter. The splitting functions can be calculated from the 
various Feynman diagrams. They satisfy a number of relations that follow from 
momentum conservation at the vertices 



Pqo(z) = P*M-z), 



Pc Jg (z) = Po g (l ~ z) = P qg d - z) 



P**(z) 



P SS d 



z). 



The gluon splitting through the term P qg leads to a significant increase of 
Fi(x* Q 2 ) at small x y as Q 2 increases. At large jc, F2U, Q 2 ) decreases with 
Q 2 due to gluon radiation, the P qq term. At intermediate x, 0.1 < x < 0.3, the 
various terms compensate each other approximately and 7*2 (x, Q 2 ) is a very weak 
function of Q 2 for 5 < Q 2 < 500 GeV 2 . 
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In practice, the constituent distribution functions have to be fit to data at some 
modest Q 2 , using a model such as the quark-parton model. The evolution with 
Q 2 is then given by the DGLAP equations. The constituent distribution func- 
tions, now including the logarithmic scale variation resulting from Eq. 12.30, can 
then be used in all hard scattering processes, for example, in scattering of con- 
stituents for pp or pp interactions, in addition to providing excellent fits to the 
deep inelastic data. 



12.6 ■ RESULTS FOR LARGE TRANSVERSE MOMENTUM SCATTERING 
IN pp REACTIONS 

We now return to the production of high transverse momentum jets in hadron scat- 
tering processes. We look explicitly at the case of pp interactions at a center of 
mass energy of 1 .8 TeV, where a substantial amount of data exists. The constituent 
cross sections are given in Table 12.1 and we extract the constituent distribution 
functions from deep inelastic scattering data, as described in the previous sec- 
tion. The data for the differential jet cross section with transverse momentum are 
shown in Figure 12.17. Since the detector measures energy, the energy is used to 
approximate the momentum, so the variable is called the transverse energy. The 
cross section is integrated over an angular region specified by the rapidity range 
0.1 < ly | <0.7. 
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FIGURE 12.17 Inclusive jet cross section in 1.8 TeV pp scattering compared to QCD 
expectations. Data come from two different data-taking periods, as indicated in the figure. 
[From T. Affolder et al., Phys. Rev. D64, 032001 (2001).] 
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The data in Figure 12.17 cover a range of transverse momentum from about 
50 GeV to 400 GeV. The cross section falls by seven orders of magnitude over 
this range and is nicely described by the QCD prediction. The measured jets come 
from a variety of constituent scattering processes. Figure 12.18 shows the ex- 
pected parentage of the jets as a function of transverse momentum. The figure 
shows that gg scattering dominates for jets where the transverse momentum is 
significantly smaller than 5% of the beam energy. For jets where the transverse 
momentum is larger than 30% of the beam energy, the valence quarks dominate 
the rate. 
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FIGURE 12.18 Fractional contribution of each subprocess versus transverse jet energy 
for the jet cross section in Figure 12.17. [From T. Affolder et al., Phys. Rev. D64, 032001 
(2001).] 



12.7 ■ THE NEXT FRONTIER 



The data presented in this chapter, and methods to interpret the data, represent 
several decades of intensive work. The results are now comfortably part of the 
Standard Model. The continued study of physics at higher-mass scales and shorter 
distances will come with the next accelerator, which promises a center of mass en- 
ergy of 14 TeV using pp collisions. This accelerator should, in particular, allow 
a large step forward in our search to understand electroweak symmetry breaking, 
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FIGURE 12.19 Gluon fu- 
sion diagram produces an //° 
via a tt loop. 



for example, through discovery of the H°. This follows from our earlier statement 
that information about the electroweak symmetry breaking mechanism must lie 
in the mass range from 100 GeV to 1 TeV. The processes we discussed, particu- 
larly QCD processes yielding high transverse momentum jets, will become back- 
grounds hindering the search for new phenomena. It is therefore quite important 
to understand these reactions. 

Processes that can produce new phenomena, such as the //°, will be analogs 
of Figures 12.5 and 12.6, where quarks and antiquarks replace the leptons, since 
the pp collider is being used as a quark and gluon collider. In the case of the 
//°, the coupling to tt is particularly large because of the large value of m t . This 
allows an additional diagram specific to a hadron collider, shown in Figure 12.19. 
The contribution to the cross section from this diagram is particularly large for a 
light //°, where gluons with fractional momentum ~ 1 % of the parent proton are 
involved. The combination of these processes should allow discovery of the //°, if 
it exists. In fact, the extensive studies of how the H° would be produced, and how 
the signal for it would be isolated, have determined the energy and luminosity for 
the collider. 



CHAPTER 12 HOMEWORK 

12.1. Compare the fermionic cross sections for annihilation to a photon or a gluon at high 
energies. We will ignore all particle masses below. 



(a) Consider the annihilation reaction e + e 



M + M" 



via a virtual photon, as dis- 



cussed in Chapter 3. Show that you can write the differential cross section as 



do 
~dt 



Ina 1 



t~ + u L 



(b) Consider the annihilation of quark and antiquark flavors q\q\ — > M + M~ v i a a 
virtual photon. Assume that each q\ and q\ come in an incoherent mix of the 
three colors. Show that the differential cross section is 



do 
~dt 



2na l 
~3^ 



t 2 + u 2 



The quark charge is e\ in units of e. 
(c) Consider the annihilation of a quark and antiquark flavor pair to a different flavor 
pair q\q\ — > qiqi v ^ a a virtual gluon. Show that the color part of the amplitude 
is given by the expression 



Yt* 1 tz 



L^ l ot 



where k, I and m, n are given by the colors of the final and initial quark-antiquark 
pairs, respectively. The variable a runs over the eight gluons. 
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(d) Averaging over initial colors and summing over final colors, show that the dif- 
ferential cross section for the process in (c) is: 



do 4naj 



t 2 + u 2 ' 



dt 9s 2 

12.2. Suppose the proton were made of charged constituents of charge e x and spin zero. 
Assume that the constituent distribution function for fractional momentum .v is given 
by fi (jc). Find the expression for the two structure functions in Eq. 12. 15 in this case, 
assuming that scaling is a good assumption. Note that the electromagnetic current 
matrix element for spin zero is the sum of the initial and final constituent 4-momenta. 

12.3. Verify the formula in the text: 

/ 1 v* {x) ~ f 2 (x) ] dx= \~\S ^ P{x) ~ "" cv) ] dx ' 

12 A. One of the QCD corrections to scaling involves the vertex q — » q + g. Show that the 
color factor for this vertex is ^ . 

12.5. Consider the deep inelastic processes v^p — » /x~ + Xand v^p -> pu^ + X. The final 
state X will be summed over so that we are looking at an inclusive measurement. 
Ignoring Cabibbo suppressed transitions and strange quarks in the proton, which 
constituent scattering processes contribute to each of the two cross sections to lowest 
order? 

12.6. Consider a quark doublet pair ( D ), as well as the corresponding antiquark pair. As- 
suming that the quark current matrix elements are identical to those for the lepton 
doublets, show that the lowest-order differential cross sections for the following pro- 
cesses at very high energy are: 



(a) v^D -> fi U 



do __ G 2 F s 

dy tc 



- da G P s 

(b) v^U -+ ix- D: — = -J- (I - v) 2 

dy 7i 

■ da G P s 

(c) v^U -> /z+D: — = -^(1 - y) 2 

dy 7i 

, - do G 2 F s 

(d) v/)~>^: T = — 

dy 7i 

The variable y is the invariant defined in the text and varies from to 1 ; s is the center 
of mass energy squared for the neutrino-quark system. Can you figure out a general 
reason why some of the cross sections go to zero at y — 1 and why some don't? 

12.7. Problem 12.6 is the starting point to derive the high energy neutrino-nucleon inclu- 
sive scattering formulas: 

do _ G 2 P xs 



dxd\ 



(v^N -> ix~ + X) = -^ [D(x) + 0(x)(\ - >>) 2 ] , 

do , G r xs r - 9 -| 

; (v M N -> m+ + X) = -£— [DW + U(x)(\ - y) 2 \ . 



dx dy 
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N can be a proton or a neutron and the quark and antiquark distribution functions 
for fractional momentum are those for the given nucleon. The invariant Mandelstam 
variable s refers to the neutrino-nucleon system. 

(a) Antineutrino scattering with y near I is a good way to measure the sea quark 
distribution function. Why? 

(b) Consider a target with equal numbers of protons and neutrons (called an isoscalar 
target). Show that if we can ignore antiquarks in the nucleon, then the cross 
section for v^ is three times the cross section for v^. 

(c) Consider v^ scattering with large x and y. Which quark fragmentation functions 
can we measure if we look at hadrons that carry a large fraction of the momentum 
of the final state scattered quark? 
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Physics at Higher Energies 



The previous chapters have presented the wide range of data explained by the 
Standard Model of particles and their interactions. The electromagnetic and color 
interactions have the elegance and simplicity one might expect to find in a fun- 
damental theory; however, the origin of the electromagnetic interaction through 
electroweak symmetry breaking means that at least the electromagnetic theory is 
only a low-energy approximation. Such a low-energy theory is called an "effective 
field theory." In fact the electroweak theory raises many additional questions. 

1. Are the SU(2) and U(\) pieces of the theory related in some way? For 
example, can we relate the two coupling constants g and g'l Can we under- 
stand the pattern of weak isospin and hypercharge quantum numbers of the 
various quarks and leptons? 

2. Is the difference between left- and right-handed interactions a low energy 
phenomenon only, so that further interactions favoring right-handed quarks 
and leptons remain to be discovered? 

3. Why are there three flavors for quarks and leptons? What determines the 
masses and mixing matrices? No good suggestions now exist regarding how 
to solve these flavor questions. 

4. What is the physics of the Higgs sector of the theory? Hopefully, we can 
make significant progress on this question in the near future when experi- 
mentation at the TeV scale begins. 

If we exclude gravity, the Standard Model interactions can account for all 
processes observed in nature, as well as the pattern of internal quantum num- 
ber changes seen in these processes, up to mass scales of a few hundred GeV. 
Using the data, extra interactions at these mass scales can be excluded provided 
their couplings are not extremely small. For processes completely forbidden in 
the Standard Model, limits on extra interactions are especially restrictive. As an 
example, proton decay, which requires the transition of quarks to lighter particles 
(say, leptons) has not been seen, with limits for partial lifetimes to explicit final 
states typically greater than 10 32 years. In models discussed below, these limits 
correspond to masses greater than about 10 15 GeV for hypothesized bosons that 
could mediate such decays. If such interactions exist, they have no effect on the 
present universe. Their impact would have been mainly on the evolution of the 
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very early universe, when available energies were comparable to the mass scale 
of the phenomenon in question. This evolution would therefore include the freez- 
ing out of entire interactions, should such interactions exist. 

The one realm in nature not well understood from the quantum field point of 
view is gravity, and the physics dominated by the gravitational interaction. The 
large scale gravitational interaction is described successfully by general relativity, 
but the microscopic foundation for this is not well understood. Important ques- 
tions that can be addressed using general relativity include the geometry of the 
universe on a large scale and the evolution of this geometry. These features relate 
cosmology to the energy and momentum content of the universe. Exploring this 
connection is a very promising direction for the future, since experiments have 
been developed to measure the space-time geometry. The present data indicate 
that the universe began approximately 14 billion years ago from an expanding, 
incredibly dense, high-energy initial state. High-energy interactions are crucial 
for understanding the physics of this state during its early time history. A parame- 
ter allowed by general relativity is a cosmological constant. This parameter seems 
to be nonzero and its cause is called dark energy. Unlike ordinary matter, which 
tends to slow the expansion of the universe, dark energy is now causing the ex- 
pansion of the universe to accelerate. The ultimate nature, or cause, of the dark 
energy is another mystery. 

Gravity also presents us with a dimensional constant, Newton's constant G. 
From G we can form a mass or distance scale. Choosing a mass scale, (1/G) ly/2 
is equal to 1.2 x 10 19 GeV. It is called the Planck mass. Its inverse is the distance 
scale at which gravity cannot be ignored for the Interactions of a pair of particles. 
The presence of this scale raises several questions. 

1. The Planck scale is very large; does it perhaps reflect a lower mass scale 
and complex physics underlying gravity? This can occur in models with 
extra dimensions of space that are compactified at distances that are large 
compared to the Planck length scale. Or is perhaps the Planck mass a fun- 
damental mass scale for physics? 

2. With how many fundamental mass scales does nature provide us? Is the 
weak scale in any way related to the Planck scale? 

3. Why are particle masses so small compared to the Planck scale? 

The search for a quantum theory of gravity has led to the invention of string 
theory, in which the fundamental objects are quantum strings in a space with many 
more dimensions than the four we know. The extra dimensions are compactified 
and have a small extension. Other nontrivial geometrical structures can also exist 
in this space. The implications of these theories are not well understood, but it 
can be shown that they yield Einstein's gravity in the classical limit. But they 
do not explain the dark energy phenomenon. A nontrivial prediction of string 
theory is the existence of supersymmetry. This is a symmetry between fermions 
and bosons, which requires the existence of a boson partner for every fermion 
and vice versa. These partners have the same internal quantum numbers for their 
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Standard Model interactions. If the symmetry were exact, these particle partners 
would be degenerate. Since we do not see such partners (for example, there is 
no bosonic partner of the electron), the symmetry must be broken, if it exists. 
Supersymmetry typically has a new multiplicative quantum number, whose sign 
is determined by the number of supersymmetric particles present. This results 
in the stability of the lightest supersymmetric particle. These particles may well 
provide the dark matter that is visible gravitational ly. 

The linkage of supersymmetry with the Higgs boson is an attractive possibility, 
since it can help solve a problem in the Higgs sector. The mass renormalization of 
the Higgs particle diverges quadratically with the momentum scale up to which 
we consider quantum fluctuations. This contrasts with the electron mass renor- 
malization, which diverges logarithmically and does not change the mass very 
much, provided new physics cuts off the logarithm at a mass scale that is at most 
the Planck mass. The quadratic mass divergence for scalars yields a mass shift 
that dwarfs the weak mass scale if we integrate up to the Planck mass. This prob- 
lem needs to be understood, since the Higgs mass can be at most around 1 TeV. 
With supersymmetry, many extra particles exist that contribute to the mass renor- 
malization. These contributions, as a consequence of the symmetry, cancel after 
summing over a supersymmetric group of particles, at mass scales large com- 
pared to the masses of the supersymmetric particles involved. For this mechanism 
to work for limiting the Higgs mass shift, the missing supersymmetric particles 
should have masses in the I TeV mass region. A disadvantage of this solution to 
the large Higgs mass shift is that it replaces the issue of electroweak symmetry 
breaking with supersymmetry breaking, so we still need additional physics that is 
not understood. 

One important prediction of supersymmetry is that at least two doublets of 
Higgs scalars exist. This yields, after electroweak symmetry breaking, at least five 
physical scalar particles, three neutral and a charged pair. These particles should 
be found in high energy experiments, in addition to the many supersymmetric 
partners of the known existing particles. 

The possibility of new physics at very high mass scales, which may be re- 
quired for gravity, could also be relevant for the Standard Model interactions. A 
particularly appealing possibility is that the various gauge theories unify into one 
larger simple gauge theory at very high energies. Such theories are called grand 
unified theories. A grand unified theory would automatically relate the unusual 
pattern of internal quantum numbers of the quarks and leptons that lie in a com- 
mon multiplet. This unification hypothesis may be surprising, since it requires 
unifying the color interaction with the other, much weaker, interactions. Since a 
non-Abelian gauge theory such as SU(n) has one coupling constant, the dispar- 
ity in couplings between the low energy interactions is a problem. However, the 
coupling constants run with mass scale and the strong interaction becomes quite 
weak at very high mass scales. If we attempt to discern whether the SU{3) color 
and SU(2) x U(\ ) weak interaction couplings might intersect at one unification 
scale, we find that this energy scale is very large. Thus the physics over this entire 
range must be included, since all virtual objects whose mass is small compared 
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to the grand unification scale contribute to the running of the coupling constants. 
If we include only the Standard Model physics, the couplings do not all intersect. 
If we also include supersymmetric particles with masses in the TeV region, the 
couplings may intersect at a scale ~ I0 I5 -10 !6 GeV. 

The grand unified theories require symmetry breaking at two separate scales. 
At the very large scale, the symmetry is initially broken, leaving the SU(3) color 
and SU(2) x (7(1) weak interactions as remaining symmetries. A number of in- 
teractions are frozen out by the symmetry breaking. In particular, interactions that 
create transitions between quarks and leptons are frozen out, since the exchange 
of gauge bosons of mass ~ 10 15 GeV provide very low rates. A signature of such 
theories is proton decay, which is now not completely forbidden, although the 
decay rate in a given theory may be too small to measure. 

At the lower symmetry breaking scale, which is the weak scale, the symme- 
try is further broken, leaving the 5(7(3) color plus 17(1) of electromagnetism as 
unbroken gauge theories. Again, a number of interactions are frozen out, but now 
not as thoroughly, since the weak scale is much smaller than 10 15 GeV. The frozen 
interactions, for example, the charged current weak interactions, can still be seen 
clearly because transitions occur, at a weak rate, which are forbidden in a theory 
containing only the remaining unbroken gauge theories. 

Grand unified theories may play a role in explaining two other mysteries. The 
first is that the universe contains only matter and no antimatter, to good approx- 
imation. The second is that there is also very little matter! For example, the ra- 
tio of matter particles to photons is only about 10~ 10 . An appealing possibility 
is that the universe initially had equal amounts of matter and antimatter, which 
nearly all annihilated, leaving mostly photons. The small amount of matter left is 
then a consequence of some difference between particles and antiparticles. Such 
a scenario is in fact possible, provided we have several ingredients: very heavy 
particles that decay as the universe cools, as provided by the superheavy gauge 
bosons of a grand unified theory; CP violation, providing a difference in some 
decay processes for particles and antiparticles; and a lack of thermal equilibrium 
in the early universe. So far these ideas provide the ingredients for an explanation 
of the present cosmic abundances, but not a detailed explanation. 

We have briefly discussed some of the interesting ideas presently being ex- 
plored. How will they evolve? What new ideas will be suggested by the next 
generation of physics results? Will theorists invent further startling new ideas? 
The unfinished character of the Standard Model suggests that we have much still 
to be discovered. 
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Conventions 



UNITS 

The conventions for units used throughout the text are h = c = 1, with energies 
measured in eV or multiples thereof. Occuring most frequently are MeV or GeV, 
where 1 MeV = 10 6 eV and 1 GeV = 10 9 eV. With c = 1, the units for mass 
and momentum are the same as those for energy. Also, the units for length and 
time are [energy] -1 . We will also use the more conventional units of sec and cm, 
or multiples thereof. Useful choices for distances are: 1 Angstrom = 10~ 8 cm 
and 1 fermi = 10~ 13 cm. These units are convenient for describing atoms and nu- 
clei, respectively. Cross sections are measured in units of cm 2 , with a convenient 
multiple defined by 1 barn = 10~ 24 cm 2 . 
To translate between units, we can use 

h = 6.582 x 10" 22 MeV sec, 
hc= 197.3 MeV fermi. 

For example, the relationship between lifetime and width is 

x — — for h — 1 . 

r 

Here the width is in energy units. To use more conventional units, the general 
procedure is to insert a number of factors of h and c to provide the desired units. 
Thus, the lifetime in units of seconds is: 

_ h 

x ~~ f' 

A width of 1 MeV then corresponds to t = 6.582 x 10 -22 sec. To go between 
units for cross sections, the correspondence is: 

(1 GeV)" 2 = 3.894 x 1CT 28 cm 2 = 38.94 millibarns. 

In addition to the foregoing, we must specify the units for the electric charge. 
We choose for the Coulomb potential of the proton: 

e 

4nr' 
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This leads to a dimensionless coupling constant, measured to be 



? 2 J 



4tt 137.036 
In more conventional units, the dimensionless coupling constant is 



Aixhc 



For other interactions, the dimensionless coupling constants all have a 4n in the 
denominator, as in the case of electrodynamics. 

B ■ USE OF LORENTZ INDICES 

The discussion in the text is 4-dimensional (however, only from the point of view 
of special relativity). Thus quantities are carefully specified by their transforma- 
tion properties under Lorentz transformations. For example, x^ (space-time coor- 
dinates), p fL (4-momentum), and A^ (4- vector potential) are Lorentz vectors; F in; 
(the electromagnetic field) is a second-rank tensor. We use a number of conven- 
tions regarding these, listed below. 

1 . We do not distinguish between upper and lower indices (that is, we don't in- 
troduce contravariant and covariant versions of the same vector). Thus x^ and x fl 
are the same 4- vector with the same components: (t,x, y,z). This allows us the 
freedom to adjust the notation in cases with several indices, some of which may be 
Lorentz indices and some related to internal group transformations. When speci- 
fying components, we take the time component to be the zeroth component, the 
space components to be specified by indices 1, 2, and 3. The use of contravariant 
and covariant vectors is now the convention most common in field theory texts. 
However, to use a variety of texts and to read a variety of papers, the student will 
need to be comfortable with the various conventions that can be chosen. 

2. The dot product of two 4-vectors yields a Lorentz scalar. To simplify the 
notation, we use the convention that a repeated Lorentz index implies that a dot 
product is to be taken. Thus x ■ x, x^x^ x^x' 1 , and x ll x^ all are the quantity 
t 2 — x 2 — y 2 — z 2 (note c = I here). Thus the definition of x^x IL is the same as 
g ,iV x jL x v , had covariant and contravariant vectors been used. As in the choice of 
the summation convention, the dot product convention chosen in the text provides 
an economy in the notation. The minus sign in front of the product of space com- 
ponents is part of the convention. As another example, the quantity F I1V F ILV is also 
a Lorentz scalar, after doing the double sum. For //, v = 0, or two space indices, 
the product enters the double sum with a plus sign; for \jl or v = with the other 
a space index, the product enters with a minus sign. For F /n ,, the electromagnetic 
field tensor defined in the text: 

F/.n>F(xv — 2(B — E ). 
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Two tensors also occur that are the same in all reference frames. These are g /lv 
and 8p V(X p. Here goo = 1, gn = g22 — £33 = — ', with all other terms = 0. 
The fully antisymmetric tensor 6 /iVfT p = if any index is repeated and = +1 
or —J if fjivap is an even or odd permutation of 0, 1, 2, 3. Thus, for example, 
^Oj.2,3 = U etc. A second rank tensor can be obtained by multiplying g /iV by a 
scalar or dotting two 4- vectors into s^ vrTp . 

Finally, we note that we will also look at quantities that transform under inter- 
nal transformations that are not space-time transformations. These will typically 
be unitary transformations in the space of quantum states. The transformation 
groups will typically be SU{2) or SU(3). We can define operators that are scalars, 
vectors, etc., under these transformations. We wijl use the summation convention 
for repeated group indices when making scalars out of two vector operators. In 
this case, when calculating the dot product, all terms enter with a plus sign in the 
sum. 
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Cross sections (a ) 
calculations, 54-58 
definitions, 54-55 
large cross section processes, 

description, 378-380 
See also amplitudes, 

calculations 

Decay diagrams, 169-177 
explanation, 171 
K*+ decay diagrams, 172 
(j) decay diagrams, 169, 172 
p~^ decay diagrams. 173 
p® decay diagrams, 174, 

175-176 
vector meson decay diagram to 
e + e~ final state, 136 

Decay rates, calculations, 52-55 
branching ratio, 54, 210 
decay lifetime (r), 5, 54 
decay width (D, 5, 54, 84 
lifetime (r), 5, 54 
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Decay rates (cont.) 
phase space factor for final 

state, 53, 83-85, 197,298 
transition rate (decays per 

second), 16,53-54 
See also amplitudes, 

calculations 
Deep inelastic lepton- proton 

scattering. 417^29 
Bjorken scaling variable (.v), 

418,422 
Callan-Gross relation, 422, 423, 

432, 433 
differential cross section, 419, 

423 
electron scattering cross section, 

420 
electron scattering kinematics, 

418 
Feynman diagrams, 417 
final momentum of the 

constituent, 418 
inclusive cross section (e~ 

scattering), 419-420 
muon-proton scattering, 425 
Wpv calculations, 420-422 
See also large momentum 

transfer processes; protons; 

structure functions 
Degrees of freedom 

amplitude linearity in spin 

degrees of freedom, 4 
charge (*2), effect on degrees of 

freedom of particle, 23 
color degrees of freedom, 268, 

378, 396 
Dirac equation, 22-23, 31-32 
gauge freedom, 364-366 
spin degrees of freedom for a 

quark/antiquark state, 148 
spin degrees of freedom of an 

electron, 33 
in the spontaneously broken 

theory, 369 
in three-particle decay, J 64 
Deuteron, isospin states, 121-122 
DGLAP (Dokshitzer, Gribov, 

Lipatov, Altarelli, Parisi) 

equations, 435 



Dirac equation 

amplitude calculations for spin 

\ particles, 28-30, 37 
degrees of freedom, 22-23, 

31-32 
Dirac neutrinos, 375 
Dirac spinor fields, 255-257 
Dirac-Pauli representation, 29, 

35, 194 
transformed Dirac equation, 
110 
Distance scales in quantum 
mechanics, I, 3, 418 
Drell-Yan process, 413 

e"'e~ annihilation. See 

positron-electron (e + e~) 
annihilation to 
antimuon-muon {(jl + fi~) 
e + e~ pair production. See pair 

production 
e^e~ production of e^e~ . See 
positron-electron (e + e~) 
production of 
positron-electron (e + e~) 
e~e~ scattering. See 

electron-electron (e~e~) 
scattering 
Eigenstates 

description of, 3 

helicity, 4 

momentum eigenstates in 

scattering experiments, 4 
multiplets, 119 
See also base states; mass 
eigenstates 
Electrodynamics. See quantum 
electrodynamics (QED) 
Electromagnetic interactions 
cross section, 379-380 
as the only unbroken gauge 
symmetry, 253, 350, 
444 
spin-independent 
electromagnetic 
contributions to meson 
masses, 206, 207 
spin rearrangements, 197, 
199 



See also Coulomb scattering; 

electroweak interactions; 

fundamental particles and 

interactions; photon 

coupling to vector mesons; 

photons; radiative 

transitions between 

pseudoscalar and vector 

mesons 
Electromagnetic showers 
conversion of photons into 

e + e~ pairs, 389 
generation by electrons. 336, 

389-390 
generation by photons, 

390-391,395 
Electron-electron (e~e~) 

scattering, 89-90 
differential cross section in the 

center of mass (da/dQ), 

90 
Feynman diagrams, 89 
matrix element (A/ /•/), 90 
possible transitions and 

time-orderings, 89 
trace calculation, 90 
Electron-muon {e~~ fi~) scattering, 

74-86 
amplitude calculations, 43-50 
cross section, 85-86 
decay rate, 84 
differential cross section 

(dcrfdi% 87 
Feynman diagrams for e~ \x~ 

scattering after space-time 

integration, 75 
Feynman diagrams for e~ \x~ 

scattering via scalar 

exchange, 47-48 
4-momentum (q) transferred. 

47,50 
helicity (spinor) changes, 56 
higher-order e~ \x~ scattering, 

105 
matrix element for single 

photon exchange (M/7), 

78-79, 87 
momentum-space propagator 

(/), 47, 50-52, 76 
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momentum-space propagators, 

76,77 
photon propagators, 77-79 
rates (from \M fi \ 2 ),19-SQ 
repulsive Coulomb potential, 79 
scattering cross section, 55-57 
second-order calculation for 

electromagnetic 

interaction, 46^7, 75 
space-time behavior of 

scattering, 46-50 
space- time propagator (Dp), 

46, 5 1 , 75-76 
space-time propagators, 76 
spin-dependent expressions, 81 
spin vectors (P v , e y , g z )» 76-77 
summing of spinors over 

helicities, 80-81 
summing of spinors over 

helicities for spin ^ 

particles, 80-8 1 
tensors g(p) and g(—p), 76-77 
time orderings in scalar 

exchanges, 48^9 
trace calculations and formulas, 

81-83 
two- body phase space factor, 

83-85 
Yukawa potential energy, 58 
See also electrons (e~)\ muons 

00 
Electrons (e~) 

classical radius, 384 

free field Lagrangian (£pree)> 

256-257 
helicity state calculations, 

258-259 
interaction vertices, 7 
mass, 7 

muon decay products, 258 
spin degrees of freedom of an 

electron, 33 
See also electron-muon (e~ jjl~) 

scattering; leptons 
Electroweak interactions, 9-10, 

348-376 
charge operator (Q y ), 349 
commuting transformation of 

isospin doublets, 349-350 



corrections to W and Z masses, 

370-373 
interactions among the gauge 

bosons, 358-360 
mass eigenstate fields, after 

mixing, 350 
mixing for B® and VV° bosons, 

350-352 
parameters of the renormalized 

theory, 370 
quarks, 10-12 
W pair and Z pair production 

from e+e~, 359-360 
weak hypercharge (T), 349, 

351,354 
weak interaction Hamiltonian 

density, 348 
weak isospin (7\ 7 3 ), 349, 351, 

354 
weak mixing angle, 350 
See also electromagnetic 

interactions; gauge bosons; 

neutral current mixing; 

SU(2) x £/(l) gauge" 

symmetry; symmetry 

breaking; weak 

interactions; weak mixing 

phenomena 

Fermi, Enrico 

density effect on energy loss 

relativistic particles, 388 
Fermi four-fermion coupling 

(G/r), 256 
Thomas-Fermi model for the 

atom, 384, 390 
Fermions (spin ^ particles) 
fermjon fields, 64-68, 241, 

253-255, 349 
fennion-scalar coupling, 

373-375 
free field equation for spin ^ 

particles, 1 18 
gauge symmetry breaking as a 

source of mass, 253, 

373-375 
left- and right-handed fermion 

weak interactions, 24, 36, 

253, 255 



left -right asymmetry (A^ ), 

357-358 
spin, 7 
SU(2) requirement for massless 

fermions, 253, 257 
See also fundamental particles 

and interactions; leptons; 

quarks; weak interactions 
Feynman rules 

conservation of electric charge, 

113 
factors requires to calculate 

— M/i for any Feynman 

diagram, 105-106 
higher-order terms in the 

perturbation expansion, 

103-105 
loop diagrams, 97, 103, 37 J , 

372 
Flavors (quarks), 10, 146-149, 

241-246 
flavor symmetry, 146-147, 

241-242,244,246 
flavor transformations predicted 

by the Standard Model 

assumptions, 309 
quark flavor changes by weak 

interactions, 287 
SU(3) flavor multiplets, 

matrices and 

transformations, 

147-149 
See also quarks (spin \ 

particles); SU (3) 
Free field equations, 16, 28, 59, 

118, 194 
Fundamental particles and 

interactions, 6-13 
See also electromagnetic 

interactions; fermions; 

leptons; quarks; Stan- 
dard Model; strong 

interactions; weak 

interactions 

G parity, 177-178,264 
ye~ scattering. See Compton 
scattering 

(y + e~ -» y + 
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Gauge bosons ( W + , W", and Z°) 
corrections to W and Z masses, 

370-373 
electroweak interactions, 9-10 
emission during transitions 

within lepton doublets, 8 
gauge boson and Higgs particle 

loops, 371-372 
gauge symmetry breaking as a 

source of mass, 253, 254 
interaction vertices, 9 
interactions among the gauge 

bosons, 358-360 
mass, 9 
mass-generating reaction, 

SU(2) symmetry breaking, 

9, 253, 254, 309, 365-370 
neutrino scattering processes via 

W or Z () exchange, 9 
SU(2) symmetry, 9, 253 
symmetry breaking, 9 
as virtual particles, 8 
W°, lack of eigenstate, 254 
W exchange, 9,48, 255,271, 

287 
W pair and Z pair production 

from *+*-, 359-360 
Z° branching ratios, 355 
Z^ coupling to fermions, 

352-354 
Z° cross section, 355-356 
Z° decay width, 354-355 
Z° eigenstate, 254 
Z° mass, 352, 368 
Z° mass eigenstate, 254 
Z° propagator, 355, 371 
See also electroweak 

interactions; fundamental 

particles and interactions; 

weak decay of 

pseudoscalar mesons; 

weak decays of the heavy 

quarks; weak interactions; 

weak interactions of 

fermions; weak mixing 

phenomena 
General relativity, 106, 442 
GIM (Glashow-lliopoulos- 

Maiani) mechanism, 300, 

319,328 



Gluons 
color, I 1 

confinement, 11-12,396 
corrections due to loops, 238 
cross section factors for short 

distance scattering, 

414-415 
exchange during meson 

annihilation, 150-151, 

154, 162, 169 
exchange of eight colored 

gluons in SU(3) color 

interaction, 126 
Feynman diagram for 

quark-quark scattering via 

gluon exchange, 127 
gluon annihilation diagrams, 

150, 154 
gluon exchange during meson 

annihilation, 150-151, 

154, 162, 169 
gluon-gluon scattering, 413, 

414,437 
interactions with gluons, 238 
interactions with quarks, 1 1, 238 
neutral color singlets in meson 

decay, 170-171 
neutral (single) gluon exchanges 

described by Cornell 

potential, 134 
penguin diagram, 287-288 
q\q\ annihilation through a 

gluon or through a photon, 

4J3 
quark-gluon scattering, 414 
quark transition with gluon 

emission, 126 
single (neutral) gluon exchanges 

described by Cornell 

potential, 134 
strength of gluon interactions in 

K meson decay, 287 
SU(3) symmetry, 1 1 
use of jets in studying parent 

quarks and gluons, 11-12 
See also strong interactions 
Goldberger-Treiman relation, 

241-244 
g K p tl constant (residue at the 

pion pole), 243-244 



massless pion requirement, 203, 

243-244 
neutron decay, axial vector 

current, 242, 243 
neutron decay, isospin raising 

operator, 242 
partially conserved axial current 

(PCAC), 244 
pion exchange amplitudes, 

242-243 
pion exchange current matrix 

element, 243 
See also chiral symmetry; 

strong interactions 
Gordon decomposition, 194 
Grand unified theories, 443^44 
Gravity 

description by general relativity, 

442 
Newton's constant G, 442 
quantum theory of gravity, 12, 

442^43 
spin, 112,248 

Hadronic scattering 

average number of particles 

produced in an event, 397 
collisions of hadrons, momenta 

of final state particles, 

378-380 
cross sections, 378-379, 396 
diffraction dissociation, 

396-397 
fractional energy, 397, 407 
hadron structure and short 

distance scattering, 

412-415 
hadronic jets from e^e~ 

annihilation, 6, 179-180 
high transverse momentum jets 

in hadronic scattering, 

436-437 
leading particles, 397-398 
limited transverse momentum, 

397 
pp or pp collisions, 413, 436^437 
scaling, 398 
See also inclusive distributions; 

jets; large momentum 

transfer processes 
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Had rem s 
charge structure of strong 
interactions, 1 12-1 13 
collisions, measured cross 

sections, 378-379 
collisions, momenta of final 
state particles, 378-380 
constituent quark masses {m u 

and m s ), 196 
hadronic decays, 286-292 
internal symmetries, 1 17-122 
constraints for fermions or 

bosons, 120-121 
creation operators for 
obtaining particle and 
antiparticle states, 1 18 
definition, 1 17 
free field equation for spin ^ 

particles, I 18 
general unitary matrix (Ujj) 
with unit determinant, 
118 
multiplets, 118-119 
proton-neutron doublet 
SU(2) isospin symmetry, 
121-122 
SU{n) symmetries, 118, 

122-126 
symmetry transformation for 

three quark types, 1 18 
unitary transformations, 
118-119 
quantum numbers and quantum 

rules, 113-117 
spin, 12 
spin-dependent interactions, 

146 
See also baryons; mesons; 
quarks 
Hamiltonian density (H) 
coupling constants (g or e), 

41 
definition, 19 
first-order interaction vertices, 

4 1-42, 43 
U scalar /;0, 20, 38 
second-order interaction terms, 

43-44 
spin i particles, 30 
See also Time history of states 



Hamiltonian (H) operators 
calculation of interaction 

Hamiltonian, 38-40, 7 1 
charged scalar fields, 63, 65-66 
Up time independence, 62 
with Lagrangian (£) functions, 

19-20 
Quantum Field Theory, 61-62 
with spin I particles, 30 
See also Time history of states 
Helicity (X), 4, 23-25 
Higgs mechanism, 360-365 
field equation for gauge field, 

362 
gauge field \A /t (.x)l 361-362, 

364, 368 
Goldstone boson, 363-363 
Lagrangian (£), 362 
mass generation, 362, 366-370 
nonvanishing vacuum 

expectation value, 360, 362 
potential energy term V (</>), 

362, 365 
renormali/.able terms in the 

Lagrangian, 360-361, 

364-365 
scalar field [<p(x)l 361,364, 

368 
spin particles, 360 
symmetry breaking of the weak 

gauge symmetry, 246 
See also symmetry breaking 
Higgs panicle (H) 
energy scale, 412 
gauge boson and Higgs particle 

loops, 371-372 
interactions, 364-365, 369 
linkage with supersymmetry, 

443 
mass, 364,411 
production via e~^~e~ 

annihilation, 410-^412 
High-energy interactions, 441^144 
Higher-order terms in the 

perturbation expansion, 

103-105 
electron propagation, 104 
electron vertex, 104 
higher-order e~ \x~ scattering, 

105 



loop correction to photon 

propagator, 97, 103, 104, 

234 
verification by magnetic 

moment measurements, 

104-105 
See also Feynman rules; S 

matrix 
Hydrogen, resonance states, 5 

Inclusive distributions, 395-401 
angle for produced particles, 

399 
average number of particles 

produced in an event, 397 
fractional energy, 397 
fractional energy in the center 

of mass, 397 
number of particles, 399 
partitioning of energy, 398-399 
rapidity (y), 399-401, 406, 436 
scaling, 398 
Isgur-Wise function, 309 
Isospin 

baryon isospin violating mass 

splittings, 207-209 
conservation during meson 

decay, 155 
conservation during strong 

interactions, 289 
deuteron isospin states, 121-122 
equal masses of members of 

isospin multiplets, 148, 

152 
isospin breaking, 155, 178,212, 

311,313 
isospin conservation during 

meson decay, 155 
isospin multiplets in baryons, 

181-185 
isospin rotations, 147-148, 178 
isospin symmetry of n mesons, 

148 
meson isospin violating mass 

splittings, 205-207, 

209-211 
proton-neutron doublet SU(2) 

isospin symmetry, 121-122 
quantum numbers (/, /3X 121, 

147 
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Isospin (cont.) 

shift operators ([/+, U-, 

V-H V_), 184 
SU(3) flavor multiplets, analog 

isospin states. 148 
symmetry states of 

proton-neutron doublet, 

121-122 
u ** d 5(7(2) symmetry, 147 

Jets 

forward-backward asymmetry, 

358 
hadronic jets from c^e~ 

annihilation, 6, 179-180, 

406-^10 
high transverse momentum jets 

in hadronic scattering, 

436-437 
quark fragmentation functions, 

406-410 
use in studying parent quarks 

andgluons, 1 1-12.358 
See also hadronic scattering 

Kaon decay (A meson), 280-300 
annihilation of quarks in AT - 

decay, 281-282 
branching ratios, 281, 282, 323 
CP relations, 281 
decay to 2tt, 287-290, 3 18-3 19 
decay to 2n , amplitudes, 

295-297,318 
decay to 3tt , 287-290, 318-319 
decay to 37r, amplitudes, 

297-298,318 
7^,282 

hadronic current, 281 
hadronic decays, 286-292 
isospin changing operators 

(A/), 289, 291-292 
isospin properties of hadronic K 

decay, 287-290 
K°, K° system, 280-283, 

3 1 8-327 
amplitudes, 318, 323-324 
asymmetry of intensity 

functions [A(t)], 

321-322 



box diagrams involved in 

A°, A' mixing, 319 
CP violation, 321-327 
decay widths, 318-319 
degree of mixing, 32 1 
eigenstate notation, 3 1 8 
G1M mechanism, 3 19 
intensities for kaon 
components, 320, 
321-322,326,327 
mass difference (Ami<), 3 1 
mass eigenstate evolution, 

326 
oscillations, 320-321 
propagation equation, 321 
Re(s), 322 

time integrated mixing 
parameter (r), 321 



vector dominance model for 



K~ 



7r u , 283-286 



-0 



K u 



K~ 



yy decays, 282, 
298-300 

— > m + m~ decays, 282, 
298-300 
— > 71°, branching ratios, 



284-285 
K~ — » 7T°, coupling constant 
(g IV**)- 284 ^ 



A' 



,0 



matrix elements, 



286 



K + and K~ , similar CP state 

and decay behavior, 

280-281 
K° L (long lifetime) CP state, 

280-281.318-319,323 
K° L (long lifetime) CP 

violations, 321 
K% (short lifetime) CP state, 

280-281,318-319,323 
lifetimes of kaons, 281 
mean flight distance, 281 
model for 2jt decays, 290-292 
q~ dependence of form factors, 

284 
scattering and annihilation 

diagrams, 287-288 
semileptonic decays, 282-286 
spectator diagrams, 287-288 
strong interactions, 287 
transitions in meson 

semileptonic decays, 283 



ways that exchanged W is 

absorbed for K~ and, 

288-289 
ways that exchanged W is 

absorbed for A' ~ and AT 

decay, 284-285, 287-288 
weak effective Hamiltonian, 

286-287, 289-290, 300 
See also mesons; strange 

particles, interactions; 

weak interactions 
Klein-Gordon equation. 16-18 

Lagrangian (£) functions, 18-23 
action (5), 18-19 
charge (Q), effect on degrees of 

freedom of particle, 23 
conserved current (7 /t ), 2 1-22 
Euler-Lag range equation, 19, 

21-22 
Hamiltonian (H) density, 

19-20,21 
Lagrangian density, 18-20 
spontaneous symmetry 

breaking, 20, 245-246, 

366-367 
SU (11) symmetries of C, 118 
symmetries and the Lagrangian, 

20-23 

} -QCD 

defined as mass unit, 135, 239 
uncertainty of source for ^qcd> 

234, 239 
See also quantum 

chromodynamics (QC D) 
Large cross section processes. See 

electromagnetic showers; 

hadronic scattering; pair 

production 
Large momentum transfer 

processes, 404-405 
See also deep inelastic 

lepton-proton scattering; 

hadronic scattering; 

positron-electron (e + e~) 

annihilation to hadrons; 

short distance scattering 
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Lepton currents, 71-74 
creation and annihilation 

operators, 72 
lepton current terms, 71-72 
matrix elements of electron 

current, 72-73 
processes contained in electron 

current, 73 
relations involving photons, 

73-74 
transverse photons combined 

with current conservation, 

74 
Leptons (spin ^ particles), 7-10 
charge, 7 

doublets (families), 8, 254 
gauge boson emission during 

transitions, 8 
interaction Hamiltonian, 71 
interaction vertices, 7 
interactions with photons, 7 
lepton numbers (L r , L /Xi and 

W, U3 
masses, 7 
spin, 7 
stability, 7-8 
weak decay processes, 8 
See also electron-electron 

(e~e~) scattering; 

electron-muon {e~ fi~) 

scattering; electrons {e~)\ 

fundamental particles and 

interactions; muons (//~); 

neutrinos; 

positron-electron {e Jr e~) 

annihilation to 

antimuon-muon (/_*+ ji~)\ 

positron-electron (e~^e~) 

production of 

positron-electron (e""~£~); 

processes with two leptons 

and two photons; tau 

lepton (t~) 
Lifetime (r), 5, 54 
Linearity of quantum mechanics, 

2,4,40,81, 136, 193 
Local gauge symmetry, 

231-234 
coupling constant (#), 234 



current operators and terms, 

232-233 
free field equations for eight 

massless gluons, 234 
generators (7,/) for SU(3) color 

rotations, 231, 232 
global gauge transformations, 

definition, 21, 231 
gluon term, 233 
infinitesimal transformation of 

quark fields, 232-233 
Lagrangian, 23 1-234 
local gauge transformations, 

definition, 25, 231 
Lorentz covariance, 3, 4, 23, 

106-108 
Lorentz invariant quantities for 

two-body scattering 
differentia] cross section 

(da/dt), 87 
Mandelstam variables, 86, 414, 

440 
matrix element M#y, 86-87 
q 2 (used interchangeably with 

s, /, or u variables), 86 
s (square of the total energy in 

the center of mass), 86, 

414 
/ (momentum transfer squared). 

86,414 
u (momentum transfer squared), 

86,414 
Lorentz transformations 
amplitude, 15 
in Lorentz field theory, 

106-108 
Lorentz invariant momentum 

space factor, 5 1 
spin I photons, 24 
unitary operator (£/), 107-108 

Magnetic moments, 193-200 
anomalous moment interaction 

(Dirac-PauJi 

representation), 194 
baryon magnetic moment 

values, 196 
decay width calculations, 198, 

199-200 



first-order magnetic dipole 

transition (A//-/), 197 
gauge invariant interactions of 

protons, 193 
Gordon decomposition, 194 
Hamiltonian density (H) 

calculations, 194-195 
interaction Hamiltonian {H) for 

spin, 195 
magnetic dipole transitions, 

197-200 
measurement, 193 
meson decay to // + y, 

198-200 
photon wavelength and energy, 

197, 199 
S decay to A° + y, 197-198 
Majorana representation of 

particle-antiparticle 

symmetry, 64, 375-376 
Mandelstam variables, 86, 414, 

440 
Mass eigenstates 
D mesons, 303 
electroweak interactions, 350 
K { \ K° system, 326 
mesons, propatation as mass 

eigenstates, 161-163,313, 

315-317 
neutral current mixing, 350 
neutrino propagation, 269, 313, 

333 
quarks, 268, 287 
Z° mass eigenstate, 254 
Mass-generating reaction, SU(2) 

symmetry breaking, 9, 257 
Mass spectrum of baryons and 

mesons, 200-2 1 1 
baryon isospin violating mass 

splittings, 207-208 
baryon magnetic parameter, 

207-2^08 
baryon mass formula, 205 
Xqcd contribution, 201, 202 
magnetic spin-spin interaction 

effect on meson masses, 

206, 207 
meson isospin violating mass 

splittings, 205-207 



464 



Index 



Mass spectrum of baryons and 

mesons {com.) 
meson mass values, 204 
predicted and measured baryon 

mass values, 206 
spin-independeni 

electromagnetic 

contributions to meson 

masses, 206, 207 
spin interaction effect on baryon 

masses, 201-202, 204-205 
spin interaction effect on meson 

masses, 201,202-204 
spin splitting, 135, 202 
u, d mass difference 

contributions to meson 

masses, 207 
u mass from QCD theory, 

202-203 
See also baryons; mesons 
Masses, dynamic determination, 6, 

257 
Maxwell's equations, 25-27 
Measurement, 3-6 
Meson decay. See mesons; weak 

interactions; specific 

particle types 
Mesons 

annihilation of quark-antiquark 

(qiun) pairs, 15CM5J, 

154 
B meson decay, 306-307, 308 
Clebsch-Gordan coefficients, 

171, 173 
Coulomb- like interaction 

energy, V (R), 128 
D mesons 
decay, 302-305, 308-309, 

327-329 
lack of mixing in Z)°, D® 

system, 327-329 
mass eigenstates, 303 
eigenstates, 151, 152,315 
rj meson (eta) decay, 209-21 1 
g (constant), value and 

symmetry assumptions, 

173, 175 
general model lor meson 

masses, 150-152 



gluon exchange during 

annihilation, 150-151, 

154, 162, 169 
ideal mixing and other mix 

states, 153-155, 162, 

217-220 
isospin conservation during 

decay. 155 
isospin violating mass 

splittings, 205-207 
K and K* meson masses, 204 
K*+ meson decay, 172-173 
light mesons, 149-155,309 
light vector meson decay widths 

to^ + e-,212 
magnetic spin-spin interaction 

effect on meson masses, 

206, 207 
mass eigenstates, 161-163 
mass splitting. 205-208, 313 
meson Hamiltonian (H m ) t 150, 

151, 154, 162 
meson mass values, 204 
meson propagator, 157-158, 

161-163,234-236 
meson states and quantum 

numbers, 149-150, 152, 

240 
octet and singlet slates, 150, 

151 
Okubo-Zweig-Iizuka rule, 170 
oj meson decay to 7r + jr~, 

217-220 
oj meson decay to 7r + 7r"~7r , 

164, 166-167, 168-169 
(p meson decay to r\ + y, 

198-200 
meson decay to K + K~, 

169-170, 171 
(j) meson decay to 7r + 7r _ 7r°, 

169-170 
</> meson decay to pic. 170 
4> meson mass, 204 
rt meson (pion) 

charged pion decay, 274-280 

mass, 204 

n~ lifetime, 274 

size, 142 

spin splitting, 202 



pion form factor [F n (q 2 )], 

214-216 
propagation as mass eigenstates, 

161-163,313,315-317 
pseudoscalar mesons 
constituent quark masses 

(m P ), 203 
decay rates summed over 

final helicities 

[r(P -> V + y),22[ 
decays into two photons, 

22^226 
effects of spin interactions on 

masses, 201,202,203 
masses, 153,203,204 
matrix elements (Af/j) for 

radiative transitions, 221 
mixing, 153,315-318 
octet and singlet states, 

152-153 
radiative decay widths, 225 
resonances 

amplitude for interaction 

[n(cr)l 157-158, 162, 

234 
Breit-Wigner propagators, 

155-159, 160, 188,267 
decay widths (r/?), 159, 160, 

162 
independent events, 160-161 
loop corrections due to 

interactions while 

propagating, 158,234 
narrow resonances, 159-161 
or resonances, decay into 

pions, 5-6 
particle propagation and 

interactions, 157-158, 

161-163,234-236,315 
n mesons, interactions, 5 
production of vector meson 

resonances, 1 56- 1 57 
p° resonances, decay into 

pions, 5-6 
S matrix element for 

resonance to go to final 

state, 158 
p+ decay, 173 
p° decay, 173-174, 173-177 
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p meson mass, 204 
spin, 12 
spin-independent 

electromagnetic 

contributions to meson 

masses, 206, 207 
spin interaction effect on meson 

masses, 201, 202-204 
spin splitting, 135,202 
strangeness, 149, 155 
transformations between states, 

150 
w, d mass difference 

contributions to meson 

masses, 207 
vector mesons 

angular distribution, 163, 164 
constituent quark masses 

(/wv/),203 
Dalitz plot of decay 

166-167 
decay rates summed over 

final helicities 

[r(V -> P + y),221 
decay widths (T), 137, 140, 

156, 159, 163 
effects of spin interactions on 

masses, 201, 202, 203 
light vector meson decay 

widths to e+e~, 212 
masses, 154,203-204 
matrix element {Mfi) for 

afi — » ;T + 7r"~~;r decay, 

168-169 
matrix elements (Mfi) for 

radiative transitions, 221 
octet, 153-154 
production of vector meson 

resonances, 1 56- 1 57 
p, co mixing, 217-220 
strong decay to pseudoscalar 

mesons, 156, 163-164 
SU{3) decay width 

expectations for vector 

mesons, 174-175 
See also charged pion (n 

meson) decay; hadrons; 

mass spectrum of baryons 



and mesons; photon 

coupling to vector mesons; 

quarks (spin * panicles); 

radiative transitions 

between pseudoscalar and 

vector mesons; weak decay 

of pseudoscalar mesons 
Mixing phenomena 
CKM mixing, 272, 280 
ideal mixing, 153-154,220, 

222,266,312 
isospin mixing, 154-155, 

209-211 
mixing angles, 153, 336-337, 

343, 349-350 
mixing in meson propagation, 

162,315 
mixing in vector meson mass 

matrix, 188-189 
quark families, 10 
/;, m mixing, 217-220 
See also weak mixing 

phenomena 
Mulliplets 

Casimir operators, 1 19 
constraints for fermions or 

bosons, 120-121 
definition and rules, i 19, 121 
eigenstates, 1 1 9 
pion exchange between proton 

and neutrons, 122 
proton-neutron doublet SU(2) 

isospin symmetry, 

121-122 
quark and antiquark mulliplets 

(3 and 3), 125 
quark-antiquark bound states in 

mesons, 120 
state for mulliplets made of two 

quarks, 125 
state of multiplets made of three 

quarks, 126 
state of multiplets with one 

colored quark and one 

colored antiquark, 125 
SU(?>) flavor multiplets. 

matrices and 

transformations, 

147-149 



SU(2) states formed from \p) 

and |n), 123-124 
unitary transformations, 

119-120 
Muons (/x~) 

charged current matrix element 

calculations, 258-260 
Coulomb scattering, 389 
decay width, 260-261,261 
electromagnetic effects on 

muon decay, 261, 262 
Fermi four-fermion coupling 

G/p, 256, 370 
helicity state calculations, 

258-259 
interaction vertices, 7 
lifetime (r^), 261 
lowest-order diagram for muon 

decay, 258 
mass, 7, 258 
neutrinos released, 258 
radiative processes, 389-391 
weak decay processes involving 

gauge bosons, 8-9, 

258-262 
See also electron-muon (e~ i±~) 

scattering; leptons 

Neutral current mixing, 348-352 
charge operator (Q Y ), 349 
commuting transformation of 

isospin doublets, 349-350 
mass eigenstate fields, 350 
mixing for B^ and W° bosons, 

350-352 
neutral current equation, 339 
Second-order weak neutral 

current process, 353 
SU(2) x U([) gauge symmetry, 

348-349 
weak hypercharge (K), 349, 

351 
weak interaction Hamiltonian 

density, 348 
weak mixing angle, 350 
weak neutral current coupling 

factors, 353 
Z° boson coupling to fermions, 

352-354 
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Neutral current mixing (cont.) 
Z° branching ratios, 355 
Z° coupling to fernrions, 

352-354 
Z° cross section, 355-356 
Z° decay width, 354-355 
Z° mass, 352 
Z {) propagator. 355 
See also electroweak 

interactions; gauge bosons; 

weak mixing phenomena 
Neutrino oscillations, 333-345 
C P violation in neutrino 

mixing, 344-345 
definition, 313 

intensity (I^\ 334-335, 337 
mass pattern, 313 
mass splitting, 313 
matter-induced oscillations in 

the sun, 341-344 
mixing angles, 336-337 
mixing of v (L and v z , 335-336 
MSW (Mikheyev, Smimov, and 

Wolfenstein) effect, 34 1 
oscillations of accelerator 

neutrinos, 337 
oscillations of atmospheric 

neutrinos, 335-336, 337 
oscillations of reactor neutrinos, 

337-338 
oscillations of solar neutrinos, 

339-341 
suppression of v e oscillations to 

v^ and v r , 335, 336-337 
three -generation neutrino 

mixing, 336-338, 344 
two-generation neutrino mixing, 

335, 337-338 
U a j (neutrino analogue of the 

CKiM matrix), 334 
See also neutrinos; weak mixing 

phenomena 
Neutrinos 

accelerator-produced neutrinos, 

337, 345 
atmospheric neutrinos, 335, 

337 
charged current interactions, 

333, 338-339, 342 



Cherenkov detectors, 335-336, 

338-340, 344 
determination of neutrino 

direction, 338-339, 340 
elastic scattering on electrons, 

339, 340 
lack of charge and interactions, 

8 
left-handed neutrino production 

in weak interactions, J 16 
lepton flavor eigenstates (\v a )), 

334 
Majorana neutrinos, 375-376 
mass eigenstates (v/) in neutrino 

propagation, 269, 313, 333 
neutral current interactions, 339, 

342 
neutrino scattering processes via 

W or Z° exchange, 9 
nuclear transformations induced 

by 1^,340-341 
v e detection, 335-336, 

338-341 
u M detection, 335-336 
parity violations in weak 

interactions of neutrinos, 

116 
n + decay to n + v /t ,314,315 
production during neutron 

decay, 185 
reactor-produced antineutrinos, 

337-338 
solar neutrino energy spectrum, 

338, 339, 341 
solar neutrino production, 338 
U a j (neutrino analogue of the 

CKM matrix), 334 
weak interactions involved in 

production and detection, 

313 
See also leptons 
Neutrons 

binding energy, 12 

free neutron decay (d quark 

decay), 12 
magnetic moment, 196 
neutron decay, current 

conservation by QC D 

chiral symmetry, 242-243 



neutron decay, neutrino 

production, 185 
proton -neutron doublet isospin 
symmetry, 121-122 
Noether's theorem, 20 
Nuclei 

binding energy per nucleon, 12 

Okubo-Zweig-Jizuka rule, 
170 

Pair production, 212-213, 
389-395 
cross section, 390, 391-394 
e^ e~ pair production diagrams, 

213 
energy attenuation, 395 
minimum momentum transfer, 

389-390 
radiation length, 394-395 
rate calculation, 391-395 
See also photon coupling to 
vector mesons 
Parameters, 269-270, 271 
Parity transformations, 25, 

116-117, 168 
Parity violations 

forward - backward asy m met ry, 

358 
left- and right-handed fermion 
weak interactions, 24-25, 
253, 255 
left-right asymmetry {Air), 

357-358 
weak interactions of neutrino, 
116 
Particle decay rates. See decay 

rates, calculations 
Particle momentum, effects on 

amplitude, 15-16 
Particle spectrum, measurement, 3 
Particle-antiparticle interactions, 

112-113 
Penguin diagrams, 287-288, 298, 

303, 305, 306 
Perturbation expansion. See S 

matrix 
Photon coupling to vector mesons. 
211-220 
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current matrix element, 21 1, 212 
light vector meson decay widths 

to <?+<?", 212 
pair production, 2 1 2-2 1 3 
values of g y y from light vector 

meson decay widths, 212 
vector meson dominance 
Feynman diagram for 

K~ -> tt°, 283 
Feynman diagram for virtual 
photons with q 2 < and 
q 7 > 0,216 
K~ — ► 71°, branching ratios, 

284-285 
K~ — » it , coupling constant 

K~ -> tt°, decay width (F), 

284-285 
pion form factor [F n (q 2 )], 

214-216 
q 2 dependence of form 

factors. 284 
p y co mixing, 217-220 
p dominance in the 7T + , tc~ 
channel with 7^ + 1^, 
214-217 
p meson contribution for 
y + p — > hadrons, 
213-214 
vector meson dominance 
and radiative decays, 
225-227 
vector meson width, 211,212 
See also electromagnetic 
interactions; mesons; 
photons 
Photon propagators 
electron-muon (e~ /t~) 
scattering, 77-79 
loop correction to photon 

propagator, 97, 103, 104, 
234 
matrix element for single 
photon exchange (M //), 
78-79 
Photons 

amplitude calculations, 24-27 
comparison to massive particles, 
24 



electromagnetic current density 

Uv), 25 
electroweak interactions, 9-10 
gauge invariance, 7 
helicity, 24-25 
interactions with leptons, 7 
lack of charge, 7 
local gauge transformations, 

25-27 
negative charge conjugation, 

112 
photon held calculations, 25-27 
polarization choices, 27 
polarization vectors, 26-27 
relations involving lepton 

currents, 73-74 
spin, 7, 24-27 
wavelength and energy, 197, 

199 
Pions (tt mesons). See mesons 
Planck mass, 442, 443 
Polarization vector, 23-24, 26-27, 

99, 117,200 
Positron -electron (e + e~) 

annihilation to 

antimuon-muon (/x + /i~), 

86-88 
annihilation cross section (<r), 

88 
Lorentz invariant quantities, 

86-88 
Positron-electron {e + e~) 

annihilation to hadrons, 

405-412 
cross section ratio R, 405^4-06 
energies below Z°, 405^06 
energies in the electroweak 

regime, 410-412 
Higgs boson, 410-412 
quark fragmentation functions, 

406-410 
See also large momentum 

transfer processes 
Positron-electron (e^e") 

production of 

positron-electron (e + e~), 

90-94 
Bhabha scattering, 92-93 
bound states, 91-92 



differentia] cross section in the 

center of mass (da/dQ), 

92,93 
Feynman diagrams, 91 
helicity conservation in the 

relativistic limit, 92-94 
matrix element (M /■,■). 91, 92 
scattering current and 

annihilation current 

operators, 92-94 
Positronium (electron-positron 

system), 91-92, 132,133, 

227-228 
See also positron-electron 

(e+e~) annihilation to 

antimuon-muon (/^+ //,"); 

positron-electron (e~*~e~) 

production of 

positron-electron (e + e~) 
Potential, as a consequence of 

particle interactions, 3 
Processes with two leptons and 

two photons, 94-103 
Feynman diagrams, 94, 95, 

96 
higher-order terms in the 

perturbation expansion 
higher-order e~ ' jjl~ 

scattering, 105 
loop correction to photon 

propagation, 97 
spinor expressions for g(p) and 

g(-p), 96-91 
virtual particle types, 94 
See also Compton scattering 

(y +e~ -> y + e~) 
Projection operators, 36, 68 
Protons 

anomalous moment interaction 

(Dirac-Pauli 

representation), 194 
baryon number. 149 
gauge invariant interactions of 

protons, 193 
Hamiltonian density (7i) 

calculations, 194-195 
interaction Hamiltonian (H) for 

spin in a magnetic field, 

195 
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Protons (cont.) 

magnetic moment, 196 
momentum spectrum for 

constituents, 415—417 
muon-proton scattering, 425 
pp or pp collisions, 413, 

436-437 
proton decay, 441^442 
proton-neutron doublet isospin 

symmetry, 121-122 
size. 142,418 
stability, 185 

structure functions, 423—429 
wave function, 1 83 
See also deep inelastic 

lepton-proton scattering; 

structure functions 
Pseudoscalar mesons. See 

mesons 
Pseudoscalar mesons, weak decay 

of. See weak decay of 

pseudoscalar mesons 

q (4-momentum transferred), 47 
QCD. See quantum 

chromodynamics (QCD) 
QED. See quantum 

electrodynamics (QED) 
Quantum chromodynamics (QCD) 

X QCD 

defined as mass unit, 135, 

239-240 
uncertainty of source for 

X<2 CO ,234, 239 
lattice gauge calculations, 248, 

282 
massless quark theory and the 

massless limit of QCD, 

202-203, 240-248 
meson propagator, 234-236 
pseudoscalar meson eigenstates 

from QCD Hamiltonian, 

209 
QCD Lagrangian, 233, 241, 

243^ 246 
running coupling constant for 

QCD, a s (\q 2 \), 238-240 
u mass from QCD theory, 

202-203 



u mass relationship to ^qcd^ 

202-203 
See also color interactions; 

color potential; running 

coupling constant a{q^)\ 

structure functions; 

SUO) 
Quantum electrodynamics (QED) 
factors required to calculate 

— M fj for any Fey n man 

diagram, 105-106 
as the first successful particle 

theory, 71 
relationship between q , m , 

and tt(4 2 ), 234-235 
renormalization, 236 
running coupling constant 

a(q ) in electrodynamics, 

234-238 
Quantum events, 1 
Quantum Field Theory, 58-68 
annihilation operators, 59, 61, 

64,67 
anti-commutation relations, 

64-66 
charged scalar fields, 63-64 
commutator, 59-60, 62 
creation operators, 59, 60, 61, 

64,67 
eigenstates, 60 
fermion fields, 64-68 
Fock Space, 58-59, 63 
Hamiltonian operators, 61-62, 

63, 65-66 
Hf time independence, 62 
scalar particle charge operator, 

63-64, 65, 66 
spin operator, 67 
zero-point or vacuum energy of 

the field, 62 
See also amplitudes, 

calculations 
Quantum mechanics, basic 

principles, 2-3 
Quantum numbers and quantum 

rules, 113-117 
additive quantum numbers 

(energy, momentum), 

114-115 



angular momentum operators 

J X ,Jy,J Z , 115-116 

Casimir operators, 115-116 
charge conjugation operation, 

116 
conserved momentum, 114-115 
Feynman diagrams, 1 13 
Hermitian generator of the 

transformations, 114-115 
isospin quantum numbers 

(/, / 3 ), 121, 147 
lepton numbers (L e , L A , and 

L T \\\3 
meson states and quantum 

numbers, 149-150. 152, 

240 
multiplicative quantum 

numbers, 1 16-117 
parity rules and exceptions, 

116-117, 131 
positronium (electron-positron 

system), 92 
quantum conservation rules, 

113 
SU(2) x U(\) quantum 

numbers, 354 
vectorial ly additive quantum 

numbers, 115-116, 125 
Y (weak hypercharge quantum 

number), 349 
Quarks (spin ^ particles), 10-13, 

146-155, 193-227 
b (bottom) quark, mass, 130, 

136, 307 
b (bottom) quark, weak decay. 

10, 305-307 
baryon number conservation, 

149 
bottomonium (bb), 131 
c (charm) quark, decay, 

302-305 
c (charm) quark, mass, 130, 

136,307 
charged weak currents for 

quarks, 267-269 
charmon iu m (cc), 131, 136, 

140 
colored quarks in colorless 

multi-quark states, 120 
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confinement, 11-12, 128-129, 

135,404-405 
constituent quark masses (m u 

andm,), 195, 196,202, 

203-204 
constituent quark (m e ff), 142 
cross section factors for short 

distance scattering, 

414-415 
d (down) quark, weak decay, 1 1 
DGLAP (Dokshitzer, Gribov, 

Lipatov, Aitarelli, Paris i) 

equations, 435 
doublet families, 10 
e + e~ production of cc and bb 

resonances, 130-131 
e + e~ production of hadronic 

jets, 179-180 
electric charges, 10 
electroweak interactions, 10-12 
flavors (up, down, charm, 

strange, top, and bottom), 

10 
Heavy Quark Effective Theory, 

307-309 
interaction Hamilton ian (H q ) 

for spin in a magnetic held, 

195 
light quark flavors [u (up), d 

(down), and s (strange)J, 

146-149 
light quark isospin quantum 

numbers, 147 
light quark 5(7(3) flavor 

symmetry, 146-147 
masses, 10, 136 
masses in the Lagrangian, 

246-247 
massless quark theory and the 

massless limit of QCD, 

202-203, 240-248 
mixing of states, 146 
rif description of "light" flavor, 

135 
particle exchange properties of 

SU(n) generators, 123-124 
c/\cj\ annihilation through a 

gluon or through a photon, 

413 



quantum numbers of states, 

131 
quark and antiquark multiplets 

(3 and 3), 125 
quark flavor changes by weak 

interactions, 287 
quark fragmentation functions 

in jet structures, 406^1 1 
quark-gluon scattering, 414 
sea quarks, 425, 427, 428 
size of bound states, 136-141 
stability, 10-12 
state for multiplets made of two 

quarks, 125 
state of multiplets made of three 

quarks, 126 
state of multiplets with one 

colored quark and one 

colored antiquark, 125 
strangeness, 149 
strong interactions, 11-12 
structure functions, 423-429 
SU{3) shifts among three 

colored quarks, 124 
symmetry transformation for 

three quark types, 1 18 
/ (top) quark decay, 130, 

300-302 
/ (top) quark mass, 372 
u, d mass difference 

contributions to meson 

masses, 207 
u «* d SU{2) symmetry 

(isospin), 147 
u mass from QCD theory, 

202-203 
valence distribution functions, 

424 
valence quarks, 423, 424, 425 
vector particle T, size, 133, 

137-141 
See also baryons; charged weak 

currents for quarks; color 

interactions; color 

potential; fundamental 

particles and interactions; 

hadrons; mesons; 

multiplets; 5c/(3); weak 

decays of the heavy quarks 



Radiative transitions between 

pseudoscalar and vector 

mesons, 220-223 
decay rates summed over final 

helicities, 221,223 
fvpy, 221-222 
matrix elements (Mfi), 221 
See also mesons 
Rapidity (y), 399-401,406, 

436 
Renormalizability, 248 
Resonances 

decay lifetime (r), 5 

decay width (O, 5 

mass spectrum and pattern, 5 

measurement, 5-6 

at thermal equilibrium, 5 

transitions from heavier to 

lighter states in accelerator 

experiments, 5 
See also under mesons 
Running coupling constant u(q^), 

234-240 
in electrodynamics, 234-238 
for large <? 2 , 238 
meson propagator, 234-237 
photon propagator, 234-235 
for QCD, a s (|<y 2 i), 238-240 
for small <y 2 , 237 
See also quantum 

chromodynamics (QCD) 

S matrix 

CPT theorem and CPT 

symmetry, 108-109 
energy and momentum 

conservation 

(4-dimensional 8 function), 

41 
higher-order terms in the 

perturbation expansion, 97, 

103-105 
loop correction to photon 

propagator, 97, 103, 104, 

234 
matrix elements (Mjj), 

amplitude calculations, 

41-50 
S fj, equation, 41 
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S matrix (cont.) 
special symmetries of the S 

matrix, 1 08- J 09 
use in time history of states, 

41—43 
verification by magnetic 

moment measurements, 

104-105 
.s -wave 

energy states, 127, 131,206 
kinetic energy, 142 
spin perturbation, 201-202 
symmetric s-wave final state, 

211,288,297-298,318 
Scalar particle charge operator 

(0), 63-64, 65, 66 
Scattering. See Coulomb 

scattering; 

electron-electron (e~e~) 

scattering; electron-muon 

(e~ \jl~) scattering; jets; 

positron-electron (e+e~) 

annihilation to 

antimuon-muon (m + aO; 

positron-electron {e + e~) 

production of 

positron-electron (e~*~e~)\ 

processes with two Jeptons 

and two photons 
Semileptonic decay 

charged pion (n meson) decay 

rate, 280 
kaon decay (K meson), 

282-286 
strange baryons, 185-186 
transitions in kaon decay (K 

meson), 283 
weak interactions leading to 

semileptonic decay of 

baryons, 185, 186 
Short distance scattering, 412-417 
cross section factors for light 

quarks and gluons, 

414-415 
differential cross section, 416 
Drell-Yan process, 413 
gluon-gluon scattering, 414, 

437 
Mandelstam variables, 414 



pp or pp collisions, 413, 

436^137 
q\q\ annihilation through a 
gluon or through a photon, 
413 
quark-gluon scattering, 414 
See also large momentum 
transfer processes 
Sizes of bound states (quarks), 

136-141 
Space-time processes contained in 
the weak Hamiltonian, 
272-273 
Special relativity, 15, 54, 446 
Spectator diagrams, 287-288, 

303-305, 306 
Spin particles 

amplitude, calculations, 16-18 
antisymmetric spin state, 180 
pion, as a spin zero particle, 

146, 246 
propagators, 76, 234, 248 
W MU ,422 
Spin I particles 

amplitude, calculations, 23-24 
momentum-space propagators, 

76,77 
photon propagators, 77-78 
space-time propagators, 76 
spin vectors (e x , e y , e z ), 76-77 
tensors g(p) and g(-p), 76-77 
See also gauge bosons; gluons; 
photons 
Spin dependence [x(P/j.)] 
free particle amplitude (</>) 

calculations, 15-16 
polarization vector (e^) % 23-24 
spin 1 panicles, 23-24 
Spin notation, 4-component, 67 
Spin operators, spin ^ particles, 

27-28,31,67 
Spin splitting, 135,202 
Spontaneously broken symmetry, 

244-246, 366-367, 369 
Standard Model 

flavor transformations predicted 
by the Standard Model 
assumptions, 309 
general concepts, 6-13 



interactions at high energy. 

441-444 
predictions for e~^e~ 

annihilation to hadrons, 

405,411 
predictions for three neutrino 

species, 356 
requirements for a 

renormalizable theory, 248 
See also fundamental particles 

and interactions 
Strange particles, interactions 
baryon strangeness values, 181 
charged weak currents for 

quarks, 267-269 
mesons, strangeness, 149, 155 
quarks, strangeness, 149 
semileptonic decay of strange 

baryons, 185-186 
tau lepton (r~), decay to 

strange quarks, 265-267 
See also kaon decay (K meson); 

quarks 
Strangeness, 149 
Strong interactions 

charge structure of strong 

interactions, 1 12-1 13 
hadronic collisions, 378-379 
in pion mass determination, 5 
in p° and aP decay, 5 
See also baryons; fundamental 

particles and interactions; 

gluons; hadrons; mesons; 

multiplets 
Structure functions, 420-429, 

420-436 
antiquark final states, 431-432 
calculation, 420-423 
Callan-Gross relation, 422, 423, 

432, 433 
constituent distribution 

functions, 429, 434-436 
contribution of gluons to quark 

scattering by the photon, 

430 
DGLAP (Dokshitzer, Gribov, 

Lipatov, Altarelli, Parisi) 

equations, 435 
differential cross section, 423 
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electromagnetic vertex where 

quark scatters, 

432-433 
lowest order corrections to 

simple quark constituent 

picture, 429-433 
QCD interactions, 429^33 
QCD vertex cajcujation, 

43CM3 1 
quark picture for the structure 

function, 423-429 
quark propagator, 43 1 
scaling violations, 429—436 
sea quark distribution, 425, 427, 

428 
splitting functions, 435 
valence quarks, 424, 425 
W, n , calculations, 420^22 
See also deep inelastic 

lepton-proton scattering; 

protons; quantum 

chromodynamics (QCD) 
SU(2) 
Casimir operators, 123 
different W couplings to left- 

and right-handed fermions, 

253 
equal masses of members of 

isospin muitiplets, 9, 148, 

152 
lowering operators, 272, 

273-274 
mass-generating reaction, 

SU(2) symmetry breaking, 

9,257 
matrices (7) = 07 /2), 122, 

124-125 
matrix commutation relations, 

.122 
particle exchange properties of 

SU(n) generators, 

123-124 
raising operators, 272-273 
requirement for massiess 

fermions, 253, 257 
space-time processes contained 

in the weak Hamiltonian, 

272-273 
SU(2) generators, 122,253 



two-particle states formed from 

|/?> and |n), 123-124 
it <r± d 5/7(2) symmetry 

(isospin), 147 
See also gauge bosons; weak 

interactions 
SU(3) 

approximate SU(3) flavor 

symmetry for u, d, and s 

quarks, 146-147,241-242, 

244, 246 
Casimir operators, 124 
Coulomb-like interaction 

energy, V(R), 128 
diagonal operators, 123, 125 
isospin raising operators, 184, 

242 
matrices (7/ = A.//2) for quark 

states. 122-123, 124-125 
matrix commutation relations, 

123, 124 
particle exchange properties of 

SU(n) generators, 

123-124 
prediction of equal messes in a 

multiplet, 205 
quark and antiquark muitiplets 

(3 and 3), 125 
shifts among three colored 

quarks, 124 
SU(3) decay width expectations 

for vector mesons, 

174-175 
SU(3) flavor muitiplets, analog 

isospin states, 148 
SU(3) flavor muitiplets, 

matrices and 

transformations, 147-149 
SU(3) generators, 122-123 
SU(3) symmetry for quarks due 

to quarks in each singlet, 

129-130 
5/7(3) vector addition, 125 
SU(2) x (7(1) gauge symmetry, 

348-349 
quantum numbers, 354 
quantum numbers for 

fermion-scalar coupling, 

373 



Weinberg and Salam theory, 

365 
See also electroweak 

interactions; symmetry 

breaking 
Supersymmetry, 442-444 
Symmetry breaking 

corrections to W and Z masses, 

370-373 
mass of gauge bosons (W + , 

W~ t and Z°), 9-10, 

254 
spontaneous symmetry 

breaking, 20, 245-246, 

366-367 
in vector meson decays, 163 
weak gauge theory, 253 
See also electroweak 

interactions; Higgs 

mechanism 

Tau lepton (r~) 

amplitude for decay, 265-266 
axial vector current, 264 
branching ratios, 263-265 
coupling constant gw, 266 
decay to hadrons, 263-267 
decay to strange quarks, 

265-267 
decay to it and d quarks, 263 
decay width, 266 
effective weak Hamiltonian, 

255-256, 264 
electromagnetic current 

operator, 266 
G parity, 264 
gluonic corrections to branching 

ratio, 264 
hadronic vector current, 264 
interaction vertices, 7 
lifetime (r T ), 262-263 
mass, 7, 262 
polarization (left- and 

right-handed r~), 

357-358 
weak decay processes involving 

gauge bosons, 8-9, 

262-267 
See also lepton s 
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Three-body decay, 164-168 
Dalitz plot density calculations, 

165-166 
Dalitz plot of decay 

J/f -> K+K-tt , 

166-168 
Dalitz plot of decay 

166-167 
Dalitz plot of decay 

co° -> ti+^-jt , 166-167 
Dalitz plot of event density 

versus £[ and £?' 165 
invariant masses related to the 

center of mass energies, 

165 
variables describing 

configuration in the decay 

plane, 164-165 
variables describing dynamics, 

164-165 
Time history of states, 38-50 
electromagnetic interactions, 

43-45 
Feynman diagrams for e~ \i~ 

scattering via scalar 

exchange, 47-48 
first-order interaction vertices, 

41^12,43 
momentum-space propagator 

(/), 47, 50-52 
S matrix elements, 41, 43 
scalar interactions, 45^16 
second-order interaction terms, 

43-44 
space-time propagator {Dp), 46 
time-dependent perturbation 

theory, 38^13 
time evolution and particle 

exchange, 43-50 
time orderings in scalar 

exchanges, 48-49 
See also Hamiltonian density 

(H)\ Hamiltonian (//) 

operators 
Two-body scattering. See Lorentz 

invariant quantities for 

two-body scattering; 

specific particle types 



Uncertainty principle, 3 1 3-3 1 4 
Unitary matrices and quark 

masses, 268 
Unitary operator (U), 39-41, 44, 

107-1.08, 118 
Universality, 254 

Vacuum state, notation, 38 
Vector meson dominance. See 

photon coupling to vector 
mesons 
Vector mesons. See mesons 
Virtual scalar exchange 
amplitude calculations, 

43-50 
Feynman diagrams for e~ ijl~ 
scattering via scalar 
exchange, 47-48 
4-momentum (q) transferred, 

47,50 
momentum-space propagator 

(/), 47, 50-52 
space-time behavior of 
scattering, 46-50 
space-time propagator (Dp), 

46,51 
time orderings in scalar 
exchanges, 48-49 
V UD matrix, 268-269 
See also Cabibbo-Kobayashi- 
Maskawa (CKM) matrix; 
charged weak currents for 
quarks 

W bosons. See gauge bosons 
Wave-particle-duality, 2 
Weak decay of pseudoscalar 
mesons, 292-295 

amplitudes, 294-295 

CP violation, 295 

lifetime (T/j), 294 

mass matrix (Am) for mixing, 
316-317 

mixing phenomena, 315-31.8 

role of unitarity, 293 

strong phase <$„/, 294 

weak phase $ n \ , 294 

weak scattering matrix, 
293-294 



width matrix (F) for mixing, 

316-317 
See also mesons; weak 

interactions; weak mixing 

phenomena 
Weak decays of the heavy quarks, 

300^307 
B meson decay, 306-307, 308 
bottom particle lifetimes, 306 
bottom quark (b) decay, 10, 

305-307 
charm quark (c) decay, 302-305 
charmed particle lifetimes, 

302-303 
D meson decay, 303-305, 

308-309 
decay widths, 301,302 
Heavy Quark Effective Theory, 

307-309 
Isgur-Wise function, 309 
top quark (/) decay, 300-302 
See also quarks (spin ^ 

particles); weak 

interactions 
Weak effective Hamiltonian, 271, 

286-287, 289-290, 300, 

353 
Weak gauge group. See gauge 

bosons 
Weak interactions 

comparison of weak and strong 

interaction theories, 253 
quark flavor changes by weak 

interactions, 287, 300 
space-time processes contained 

in the weak Hamiltonian, 

272-273 
weak effective Hamiltonian, 

271,286-287,289-290, 

300, 353 
See also electroweak 

interactions; fundamental 

particles and interactions; 

gauge bosons; weak decay 

of pseudoscalar mesons; 

weak decays of the heavy 

quarks; weak interactions 

of fermions; weak mixing 

phenomena 
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Weak interactions of fermions 
change in fermion charge, 253 
charged current interactions, 

254-255 
charged current matrix elements 

(Mfj) for low q 2 , 

255-256 
charged weak currents for 

quarks. 261-214 
comparison of weak and strong 

interaction theories, 253 
different W couplings to left- 

and right-handed fermions, 

253 
effective weak Hamiltonian, 

255-256, 264 
Fermi four-fermion coupling 

G/r,256, 262, 370 
fermion field doublets (</>/J, 

253-254, 255 
free field Lagrangian (£p rc e)> 

256-257 
interaction Hamiltonian density 

(H\ 253-254, 255 
lepton (jj,~ and r~) decay by 

emission of gauge boson, 

8-9 
matrix elements {Mji) for low 

q 2 f 255-256 
muon (jll~) decay, 8-9, 

258-262 
neutral weak currents for 

quarks, 268, 348 
neutrino scattering processes via 

W or Z° exchange, 9 
parity violations by left- and 

right-handed fermions, 

24-25, 253, 255 
second-order charged current 

process for low q , 

255-256 
5(7(2) generators (7^), 

253 
tau lepton (r~) decays, 8-9, 

262-267 
W propagator, 255 
weak eigenstate fields, 267 
weak Hamiltonian, 272-273 



weak interactions leading to 

semileptonic decay, 185, 

186 
See also electroweak 

interactions; fundamental 

particles and interactions; 

gauge bosons; SU(2) 
Weak mixing phenomena 
£°,£°and £ ( s \ B° s meson 

systems, 329-333 
amplitude, 332 
CKM factors, 330-331, 332, 

333 
CP violating parameter (/3), 

332-333 
CP violation, 331-333 
diagrams and terms for mass 

mixing, 329-330 
time-dependent asymmetry, 

332 
weak neutral current 

couplings, 353 
D°,D° system, 327-329 
degree of mixing (x), 

327-328 
°, K° system, 280-283, 

318-327 (See also mixing 

phenomena; weak 

interactions) 
amplitudes, 318,323-324 
asymmetry of intensity 

functions [A(0L 321-322 
box diagrams involved in 

A' , A mixing, 319 
CP violation, 321-327 
decay widths, 318-319 
degree of mixing (/*), 32 1 
eigenstate notation, 318 
GIM mechanism, 319 
intensities for kaon 

components, 320, 

321-322,326,327 
K° L (long lifetime) CP state, 

280-281,318-319,323 
K^ (long lifetime) CP 

violations, 321 
AT? (short lifetime) CP state, 

280-281,318-319,323 
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mass difference (Am k), 3J9 
mass eigenstate evolution, 

326 
oscillations, 320-321 
propagation equation, 321 
Re(e), 322 
mass matrix (Am) for mixing, 

316-317 
time integrated mixing 

parameter (r), 321,327 
weak decay of pseudoscalar 

mesons, 315-318 
width matrix (T) for mixing, 

316-317 
See also mixing phenomena; 
neutrino oscillations; weak 
decay of pseudoscalar 
mesons 
Weinberg and Salam theory, 
365-370 
gauge boson mass generation 
(Acalar). 365, 
367-370 
parameters determining (p(x), 

366 
weak isospin rotation, 366 
See also electroweak 
interactions; Higgs 
mechanism; SU(2) x U(\) 
gauge symmetry; 
symmetry breaking 
Wigner-Eckart theorem, 286, 289 

Yukawa potential 

amplitude calculations, 17, 20 
Born approximation, 57 
cutoff Coulomb potential, 384 
effect of coupling constants (g), 

17,58 
electron-muon (e~ n~) 

scattering, 58 
interaction potential energy, 20 
particle-antiparticle interactions, 

112 
spin zero particle amplitudes, 

17,20 

Z° bosons. See gauge bosons 
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